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Abstract

Algebraic geometry is an area of Mathematics that looks at solving geometric
problems using algebraic methods. We can do this by looking at the zeros of
polynomials in different spaces. The aim of this dissertation is to construct
morphisms into affine and projective spaces and classify conics in A? and P2.



Introduction

Algebraic geometry is an area of Mathematics that looks at solving geometric
problems using algebraic methods. We can do this by looking at the zeros of
polynomials. The following Masters will introduce the concept of algebraic ge-
ometry. In order to achieve this we look first at the basic properties in topology,
studying affine varieties, projective varieties and finally at how we construct
morphisms with a goal of constructing morphisms into projective space. This
will lead to classifying conics in A% and P2. It is assumed that the reader has
a basic knowledge and understanding of set theory and abstract algebra.

For this dissertation the theory I used and the structure I followed was predom-
inantly from Robin Hartshornes book ‘Algebraic Geometry’. I fill in the missing
proofs and complete some exercises in the hope of giving the reader a more in
depth understanding of the basics of Algebraic Geometry.

The first area of study is topology. Section 1 will introduce the notion of topol-
ogy and topological spaces which we will be working in.

Section 2 will introduce the Affine n-space, define zero sets of polynomials, the
relationship between ideals of the polynomial ring and subsets of affine n-space
and finally it will define affine varieties.

Section 3 studies the Projective n- space. It will look at what defines a func-
tion on projective space, homogeneous polynomials and their zero sets before
ultimately defining projective varieties.

Section 4 introduces the concept of localization of rings.

Section 5 discusses the mappings that are allowed between varieties and intro-
duces regular functions.

Section 6 is where the main goal of this dissertation is discussed. This is the
section where we study how to construct morphisms into projective space and
classify conics in A2 and P2.
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1 Topology and mappings

1.1 Topological space

Definition 1.1. A topology on a set X is a non-empty collection of subsets
of X, called open sets, such that any union of open sets is open, any finite
intersection of open sets is open, and both X and the empty set are open.

A set together with a topology is called a topological space.

Before we discuss topology further it is useful to recall the following properties
in set theory known as De Morgan’s Laws.

1 (AU B)¢ = A°N B¢ where (AU B)° is the complement of A union B.
2 (AN B)¢ = A°U B® where (AN B)¢ is the complement of A intersection

B.

3 (U A= A~
AeT AeT

4 (N A= 4~
AeT AeT

with A C X and T is a set of subsets of X, where X is a set.

Remark. Let X be a set and A C X. Note here that A° means the complement
of A. i.e everything not in A. It can also be expressed as X\ A or X — A. These
are used interchangeably throughout the text so I make note of it here.

1.1.1 Standard topology on R"

Let U C R be a non-empty open subset. Here R is the real number line. Given
x € U, suppose there exists an open interval (a,b) such that z € (a,b) and
(a,b) C U. Can we find € such that every number y with z — e < y < x + € lies
in (a,b)? We can if we take the lesser value of  — a and b — z.

Suppose © —a < b— x. Then we have z — (x — a) < y < x4 (z — a) which gives
a<y<z+z—abut we know x —a <b—=z. Hence z —a+x < b. So we have
a <y <b. Similarly if b—z <z —a we have z — (b—z) <y < x+ (b— ). This
gives z —b+2x < y < b. But we know b —x < z —a and therefore a < z +x —b.
Hence a < y < b. So we can always find € just by taking the lesser value of x —a
and b — x.

Note: In the case of x — a = b — z, we simply substitute in say x — a and we
get x — (r —a) < y < x+ (x — a) which gives a < y < z + x — a but we know
x—a=0b—xhence z —a+x=1>. So we have a < y < b.

The standard topology on R, the real number line, is characterized as follows.

A set U is open, if given = € U, we can always find a positive real number €
such that every number y with x — e < y < x 4 € lies in U. In other words a
non-empty subset U C R is open if for each x € U, there exists an open interval
(a,b) such that = € (a,b) and (a,b) C U.



Lemma 1.2. The standard topology on R is a topology.

Proof. Let I be an index set. For every ¢ € I let U; C R be open. First we show
the union of such open U; is open in R. Let « € |JU;. Then x is contained in at
least one of these U;. But each of these U; are open in R. Hence there exists an
open interval (a,b) such that x € (a,b) and (a,b) C U;. But U; C |JU;. Hence
(a,b) C |JU;. Therefore |JU; is open in R.

Let U,V be open subsets of R. Let x € UNV. Then x € U and x € V.
Given that x € U, there exists an open interval (a,b) with z € (a,b) and
(a,b) C U. Given that x € V there exists an open interval (c,d) with = € (¢, d)
and (¢,d) C V.

Put p = max(a,c¢) and ¢ = min (b,d). (p,q) is an open interval. We will show
x € (p,q) and (p,q) CUNV.

Given that = € (a,b) we have that ¢ < z < b. Given that z € (c,d) we have
that ¢ < & < d. Since z is greater than both a and ¢ we have that > p. Given
that x is less than b and d we have that z < gq. Therefore z € (p, q).

Let y € (p,q). Then p < y < q. Therefore a < y, ¢ < y, y < b and y < d.
Therefore y € (a,b) C U and y € (¢,d) C V. Hence y € UNV. Therefore
(p,q) CUNV.

Therefore U NV is open in R. This can be done for any finite intersection of
open sets of R.

By definition of the standard topology on R a subset of R is open if for each
x € U, there exists an open interval (a,b) such that z € (a,b) and (a,b) C U.
Let U = (). There are no elements in () hence ) satisfies the condition and is
therefore open in R.

By definition of the standard topology on R, R C R is open if for each x € R,
there exists an open interval (a,b) such that z € (a,b) and (a,b) C R. It is
trivially true that R is open in R, since for any x € R we have the open interval
(—00,00) C R which contains all z.

Therefore the standard topology on R is a topology. O

The standard topology on R?, the Euclidean plane, is characterized as a set U
is open if given u € U we can always find a positive real number € such that
all points (x,y) in the disc with centre u and radius e lie entirely in U. i.e All
points in the disc whose distance from u is less than e.

Lemma 1.3. The standard topology on R? is a topology.

Proof. Let I be an index set. For every i € I let U; C R? be open. Let u € |JU;.
Then u is in at least one open U;. Hence there is a positive € such that all points
(z,y) in the disc with centre u and radius e lie entirely in U;. But U; C JU;.
Hence for u € |JU; we have found there exists positive € such that all points
(z,y) in the disc with centre v and radius € lie entirely in |J U;.

Let U,V be open subsets of R2. Let a € UNV. Then a € U and a € V. Given
that a € U, then there exists positive € such that all points (z,y) in the disc



with centre u and radius € lie entirely in U. Given that a € V, then there exists
positive ¢’ such that all points (z/,4’) in the disc with centre u and radius €’ lie
entirely in V.

If € = ¢ then the disc with centre v and radius ¢ lies entirely in UNV. If € > ¢
then the disc with centre u and radius € — ¢’ lies entirely in UNV. If ¢ > € then
the disc with centre u and radius € — € lies entirely in U N V. Hence U NV is
open in R2.

By definition of the standard topology on R?, (} is open as there are no elements
in (). Hence () satisfies the condition.

By definition of the standard topology on R?, R? C R? is open if for each a € R?,
we can find a positive e such that all points (z,y) in the disc with centre a and
radius € lie in R?. We let € = 1. Hence R? is open.

Therefore the standard topology on R? is a topology. O

The proof for the standard topology on R™ is similar to the proof of the standard
topology on R2. We simply replace disc with ball.

Definition 1.4. In general we define the standard topology on R™ as follows. A
set U is open, if given u € U, we can always find a positive real number e such
that all points in the ball with centre v and radius e lies entirely in U.

Let U be an open subset of R? with the standard topology. Then for every
x € U there is an open disc denoted D, around x which is contained in U.

Lemma 1.5. The union of all D, over x € U s equal to U.

Proof. |J D, C U. This is given. So we just need to show U C |J D,. Let

zeU zelU
y € U. Hence there is a disc Dy around y which is contained in U. Hence y is
also contained in the union. Therefore U C |J D,. Hence |J D, = U. O
zeU zeU

Likewise for the standard topology of R, a subset is open only if and only if it
is the union of open intervals.

Definition 1.6. A subset S C X is closed if its complement X\S is open.

Ezample 1.7. The set of integers Z is closed in R. Let (n,n+ 1),n € Z be an
open interval in R\Z. For any r € R we can find n € Z such that n <r <n+1.
Let r € R\Z. Thenn < r < n+1. ris in the open interval from n to n+1. Hence
R\Z is just the union of such open intervals and hence an open set. Therefore
Z is closed in R.

Lemma 1.8. Let X be a topological space. Let U,V be closed sets of X. UUV
1s closed in X.

Proof. Let U,V be closed subsets of X. Then by definition U® and V¢ are both
open in X. Since X is a topological space U° N V¢ is open in X. U°NV® =
(U U V)¢ by De Morgan’s law 1. Hence (U U V)° is open in X. Therefore
(UUV)9)is closed in X. But (UUV)¢)*=UUV. Hence UUYV is closed in
X. O



Definition 1.9. A topological space X is called Noetherian if it satisfies the
descending chain condition for closed subsets. That is for any sequence Y; 2
Ys O ... with Y; a closed subset of X, there is an integer r such that Y, =
}/T-_A'_l = ....

Theorem 1.10. Let X be a topological space. The intersection of closed subsets
of X is itself closed.

Proof. Let T be a set of closed subsets of X. Let D be the intersection of this
set of closed subsets.
D=4

AeT

The complement of D is

D= ()4

AeT

De Morgans Law 4 gives us

(4= A

AeT AeT

We know for all A € T, A is closed. Hence A€ is open. X is a topological
space. Hence by definition the union of open subsets is open. Therefore D¢ is
open. This means the complement of D¢ is closed. But (D¢)¢ = D. Recall D
was defined as the intersection of closed subsets of X. Hence the intersection of
closed subsets of a topological space X is closed. O

Definition 1.11. The closure of a subset A of X is defined as the intersection of
all closed subsets which contain A. We denote the closure of A as A. Theorem
1.10 tells us this closure is itself closed.

Definition 1.12. A subset S of X is dense in X if the closure of S is all of X.

Lemma 1.13. Let X be a topological space and S a subset of X. The following
statements are equivalent.

(i) S is dense.

(ii) The only closed subset of X that contains S is X itself.

(i1i) Every non-empty open subset of X contains at least one element of S.

Proof. Assume (i). S is dense in X. Hence S = X. Let C be a closed subset
of X such that S C C. From the definition of closure this means that it is the
intersection all such closed sets C' which contain S. Since it is all of X this
happens when X only intersects itself. Therefore X is the only closed subset of
X that contains S. Hence (i) implies (ii).

Assume (ii). The only closed subset of X that contains S is X itself. Hence X
is the intersection of all closed subsets that contain .S. By definition S is dense.
Therefore (ii) implies (i).



Assume (ii). The only closed subset of X that contains S is X itself. Let U
be a non-empty open subset of X. We want to show that U NS # (). Assume
UNS =10.Let C=X\U. Cisclosed in X. Since UNS = (), S is a subset of C.
But our initial assumption was that the only closed subset of X that contains S
is X itself. Therefore C = X. Hence U must be empty. This is a contradiction,
as U was non-empty. Therefore U NS # (). Hence every non-empty open subset
of X contains at least one element of S. Therefore (ii) implies (iii).

Assume (iii). Every non-empty open subset of X contains at least one element
of S. Let C be a closed set of X that contains S. Let U be the complement of
C. Then U NS = (. Since U is the complement of the closed subset C, U is
open in X. By assumption every non-empty open subset of X contains at least
one element of S therefore U must be empty. Hence C' = X. Therefore (iii)
implies (ii).

Hence (i), (ii) and (iii) are equivalent. O

Lemma 1.14. Q is dense in R.

Proof. Let a,b € R with a < b. We can always find r» € Q such that a < r <b.
[ABB, Page 22] Let U C R be an open non-empty subset. Let z € U. Then we
know all y for which x — e < y < x + € lie in U and € a positive real number.
We would like to show that at least one y is an element of Q. x —e < x4+ €. Let
a=x—ecand b=2x+e Hence a < b. From our given statement we know there
is at least one y € Q between a and b. Hence we have found that every non
empty open subset of R contains at least one element of Q. By Lemma 1.13 Q
is dense in R. O

1.2 Subspace topology

Definition 1.15. Let X be a topological space and Y C X. The subspace
topology on Y is defined by intersecting all the open sets of X with Y. That is,

a subset U of Y is open in the subspace if U = ONY for O an open subset of
X.

Theorem 1.16. The subspace topology is a topology.

Proof. We need to prove that,
(i) The empty set ) and the whole space Y are open.
(ii) Any finite intersection of open sets is open.
(iii) The union of open sets is open.

Proof of (i). 0 is open in X. ) = 0 NY. Hence we have found an open subset
of X namely @ for which =0 NY. Hence () is open in Y. X is open in X and
Y = X NY . Hence we have found an open subset of X namely X for which
Y =X NY . Therefore Y is open in Y.

Proof of (ii) Let U1 = O1 NY and Us = O2 NY be open sets in Y for O1, 04
open subsets of X. Then Uy NU; = (O1NY)N(O2NY) = (01 N0O3)NY.



Since O, 04 are open in X and X is a topological space O1 N5 is open. Hence
Uy NUs; is open in Y. This can be done for any finite intersection of open sets
of Y. (01 ﬂY)m(OgﬂY)ﬂ'”ﬂ(OnﬂY) = (OlﬁOQQ ---ﬂOn)ﬂY.

Proof of (iii). Let U; be open in Y. Then U; = O; N'Y for some open O; C X.

UO;nY)=YnN JO;. O; is open in X and the union of open sets is open in
i€l icl
X. Hence YN |JO; is open in Y.
i€l
Therefore the subspace topology is a topology. O

Lemma 1.17. Let X be a topological space and Y C X with the subspace
topology on'Y . A subset Z of Y is closed in the subspace topology if and only if
Z =CnNY for C a closed subset of X.

Proof. Assume Z is closed in Y. Then Y\Z is open in Y. In the subspace
topology on Y, Y\Z =0 NY for O open in X. This gives us X\O is closed in
X. Z=Y N (X\0). Hence Z is the intersection of a closed set of X with Y.

Assume Z = CNY with C closed in X. This gives X\ C'is open in X. By definition
of subspace topology (X\C)NY equals an open set in Y. But (X\C)NY =Y\ Z.
Hence Z is closed. O

Lemma 1.18. Let X be a topological space and U C X an open subset. Let
W C U be open for the subspace topology on U. Then W is open in X.

Proof. W C U is open for the subspace topology on U. Hence W = ONU
for some open O C X. Hence W is the intersection of two open sets of X.
Therefore W is open in X. O

Lemma 1.19. Let X be a topological space and V- C X a closed subset. Let
Y CV be closed for the subspace topology on V. ThenY is closed in X.

Proof. Y C V is closed for the subspace topology on V. Hence Y = C NV
for some closed C C X. Hence Y is the intersection of two closed sets of X.
Therefore Y is closed in X. O

Lemma 1.20. Let X be a topological space and U an open subset of X. Let
S C X be a subset Then SNU = SNU where SNU is closure in U and S is
closure in X.

Proof. C. By definition SNU = ({K 2 SNU : K is closed in U}. We want
to show SN U is closed in U and contains SN U. i.e SN U is one these K in
{K28NU: K isclosed in U}. S is the closure of S in X and S is closed in
X. By the subspace topology on U, SN U is closed in U. We have S DO S and
therefore SNU O SNU. Hence SN U is indeed one of these K. Therefore
SNUCSNU.

D By definition S = (J{M C X : M D S and M is closed in X}. SNU =
N(MNU). Let K be closed in U and contain SNU. We want to show for all K,




KONMnNU)or K2 MNU for some M. K can be expressed as K = CNU
for C closed in X. Put M = CU (X\U). M = CU (X\U) is closed in X by
Lemma 1.8. We have M D C 2 K 2 SNU. Since S C X, X\U contains the
points of S which are not in S N U. Therefore C' U (X\U) contains all of S.
MNU=(CuUuX\U)NU=(CnU)Uu((X\U)NU)=(CNnU)uUb=CNU =
K .Hence

KD>MnU
K2 \(MnU)

Hence SNU =8SNTU. O

Lemma 1.21. Let X be a topological space, S C X dense and ) #V C X
open. Then V NS is dense in V.

Proof. Let ) # U C V be open. By Lemma 1.18, U is open in X. UN(VNS) =
UNS. Since U is open in X and S is dense in X then U N S # (). Therefore
UN((VNS)#0and hence VN S is dense in V. O

Definition 1.22. Let X be a topological space. A covering C of X is a collec-
tion of subsets U; of X whose union is all of X. We say C' is an open covering
if each U; is in T the topology on X. i.e each U; is an open set.

Let X = R? with the standard topology. Let U C R%2 and P € U. We say U is
a neighbourhood of P if there exists € > 0 such that for all Q, |Q — P| < € we
have that Q € U.

Definition 1.23. An open neighbourhood of P is an open set U C X with
PeU.

Definition 1.24. A neighbourhood of a point P is a subset V' C X, such that
V 2 U for some open neighbourhood U of P.

Lemma 1.25. Let X be a topological space covered by open subsets U;. That is
X =UU; foriel. Let Z C X such that ZNU; is open in U; for each i € I.
Then Z is open in X.

Proof. Z =JZ NU,;. We are given that Z N U; is open in U;. By Lemma 1.18
Z NU; is open in X. By definition of topology the union of all Z N U; is open
in X. But Z =JZ NU;, therefore Z is open in X. O

Lemma 1.26. Let X be a topological space covered by open subsets U;.That is
X =UU; foriel. Let Z C X such that ZNU; is closed in U; for each i € I.
Then Z 1is closed in X.



Proof. Let X = |JU;, Z C X and Z N U; closed in U; for each ¢ € I. Put
W =X\Z. W C X. Since ZNU; is closed in U;, WNU; C U, is open in Uj.
By Lemma 1.25 W is open in X. But W = X\ Z. Hence Z is closed in X.

O

Lemma 1.27. The Subspace Topology of the x-axis in R? is simply the standard
topology of R.

Proof. Let U be an open set in the subspace topology. This means that U =
O N z-axis for some open subset O C R%. We need to show that each U is open
in the standard topology of R. From Lemma 1.5 we know that O is simply the
union of open disks D; that lie in O. If we intersect one of these open disks
with the z-axis either this intersection is empty or it is an open interval from
(z1,0) to (z2,0) for z1,z2 € R. Then this open interval which we can call (p, q)
is open in the standard topology of R since for any = € (p,q) we can find an
open interval (a,b) for which x € (a,b) that is contained in (p, ¢) namely (p, q).
\J D; Nz-axis is the union of open intervals in R. Since each interval is open in
R, the union of these intervals is open.

Let (a,b) be an open interval in R with the standard topology. We construct an
open disc D through (a,b) with centre P = 2% and let R € D with |RP| < 252
where ”_T“ is the radius of the disc D. Put € = b_T“ — PR. We want to show
for all points @ in the small disc with centre R and radius €,@ is also in D. i.e
|PQ| < b*T". We have by the triangle inequality that |PQ| < |PR|+|RQ|. Since
|RQ| < €,|PQ| < |PR|+e. |[PQ| < |PR|+ %% —|PR| so |[PQ| < %3*. Hence Q
lies in D. Hence D is open in R2. Therefore z-axis N D is open in the subspace
topology. Let U C R be an open subset with the standard topology in R. U
is the union of open intervals. That is, U = |JI; where I; is an open interval.
Put I; = D; N z-axis where D; is an open disc. Hence U = (|J Dj;) N 2- axis.
Since D, is open in R? the union of these open discs is open in R?. Hence U is
open in the subspace topology. U

Definition 1.28. Let X be a topological space. X is defined as Hausdorff if
the following holds. For any two points P, Q, where P # (@, there exist open
subsets U and V in X such that Pe U and Q € V and UNV = ).

R and R? are both Hausdorff topological spaces with their respective standard
topologies.

1.3 Mappings

Definition 1.29. Let X and Y be topological spaces. A map f: X — Y is
continuous if for every open subset V C Y, f~1(V) C X is open in X. Note
f~Y(V) is the inverse image of V under the map f.

Lemma 1.30. Let X and Y be topological spaces. Let g : X — Y be a contin-
uous map. Let C CY be closed. Then g~1(C) C X is closed in X where g~ !
18 the inverse image.



Proof. Let C C Y be closed. Then Y\C is open in Y. Since g is con-
tinuous g~1(Y\C) is open in X. Hence X\g~'(Y\C) is closed in X. But
X\g~1(Y\C) = g71(C). Hence g~1(C) is closed in X. O

Lemma 1.31. Let¢p: A — B and ¢ : B — C be maps. Let V C C be a subset.
Then ¢~ L1(xp=1(V)) = (¢ o ¢)"1(V). Note here that ¢, 4=t and (¢ o ¢)~!
mean inverse 1mage.

Proof. ¢~ (¥~ H(V)) ={Q € A: ¢(Q) € v~ (V)} ={Q € A:4(4(Q)) € V}.
We see {Q € A:9(4(Q)) € V} is exactly the set (0 0 ¢) "1 (V).

Hence ¢~ (=1 (V) = (0 ¢)7H(V). L

Lemma 1.32. Let ¢ : A — B and ¢ : B — C be continuous maps. Then the
composition map Y o ¢ : A — C is continuous.

Proof. Let U C C be an open subset. Since ¢ is continuous ¢~1(U) is open
in B. Since ¢ is continuous ¢~ !(»~1(U)) is open in A. By Lemma 1.31
¢~ LY H(U)) = (¢ o ¢)"1(U). Hence (1 o ¢)~1(U) is open in A. Therefore
Yo¢:A— C is continuous. O

Definition 1.33. Let f: X — Y be a map and S C X a subset. The map,

f|SZS—>Y
s f(s)

is called the restriction of f to S.
Lemma 1.34. Let X,Y be topological spaces. Let X = |JU; an open covering.

1
Let ¢ : X =Y be a map such that ¢y, : U; — Y is continuous for each i. Then
¢ is continuous.

Proof. Let V' C 'Y be an open subset. Since ¢y, is continuous, (;SE(V) is open
in U;. By Lemma 1.18 (b\_Ul, (V) is open in X.
G (V) ={P e U ¢y, (P) €V}
={PeU;:¢(P)eV}

o (V) ={PeX:¢(P) eV}
={Pe|JUi:¢(P) eV}



We see ¢~ H(V) = U(bel (V). Since each qSE(V) is open in X, U(bel (V) is

open in X. Hence ¢~1(V) is open in X, proving ¢ is continuous.
O

Lemma 1.35. Let f: A — B be a bijective map. Let X C A andY C B. Then
FYf(X)) =X and f(f~5(Y)) =Y. Note here f~1 means inverse image.

Proof. f~Y(f(X)) ={P € A: f(P) € f(X)}.Hence f~(f(X)) must contain
X. Therefore X C f=(f(X)). Let Q € f~(f(X)). Then f(Q) € f(X). Hence
there exists Q' € X such that f(Q) = f(Q’). But f is injective. Therefore
Q = Q. Hence f~1(f(X)) C X. Therefore f~1(f(X)) = X.

Let P € f(f~1(Y)). Then there exists a point @ € f~1(Y) such that f(Q) = P.
By definition f~1(Y) ={R € A: f(R) € Y}. Hence f(Q) = P € Y. Therefore
f(f7YY)) C Y. Let P € Y. Since f is surjective there exists Q € A such
that f(Q) = P. Hence Q € f~X(Y). Therefore f(Q) € f(f~1(Y)). Hence
Y C f(f~1(Y)). Hence Y = f(f1(Y). 0

Definition 1.36. A map f : X — Y is closed if it maps closed sets in X to
closed sets in Y.

Lemma 1.37. Let f : X — Y be a bijective map. f~' is continuous if and
only if f is closed. Note here f~' means inverse map of f.

Proof. = Assume f~! is continuous. Since f~! is continuous this means for
every closed set C C X, (f~1)71(C) C Y is closed. But (f~!)~1(C) = f(C) so
f(C) is closed. Hence f is closed.

< Assume f is closed. This means f takes closed sets in X to closed sets in Y.
Let C be a closed set in X. Then we need to show (f~1)7!(C) is closed in Y.
f is a bijective map, therefore (f=1)~1(C) = f(C). f is closed by assumption
so f(C) is closed in Y. Therefore f~! is continuous.

O

Definition 1.38. Let A, B be sets such that A C B. The inclusion map i is
defined as,
1:A— B

z—i(z) =z

Lemma 1.39. Let X,Y be topological spaces andY' CY a subset. Leti:Y' —
Y be the inclusion map. Let ¢ : X — Y’ be a map such that i o ¢ is continuous.
Then ¢ is continuous.

Proof. Let U C Y’ be an open subset. By the subspace topology on Y/, U =
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ONY’ for some open O CY. (io$)~(O) is open in X.

(io§)"1(0) = {P e X : (iog)(P) € O}
={Pe X :i(¢p(P)) € O}
={PeX:¢(P)eOnY’'}
={PeX:¢(P)eU}
=¢7'(U)

Hence ¢~ 1(U) is open in X and ¢ is continuous. O

Definition 1.40. A function f between two topological spaces is a homeomor-
phism if the following properties hold. f is a bijection, f is continuous and the
inverse function f~! is continuous.

Lemma 1.41. Let ¢ : X =Y be a homeomorphism and S C X a subset. Then
o(S5) = ¢(9).

Proof. By definition ¢(S) = ({D 2 ¢(S) : D is closed in Y'}.

S D S hence ¢(S) D ¢(S). Since S is closed in X, ¢(S) is closed in Y. Hence

o(S) 2 ¢(S5).

&(S) = ({D 2 ¢(S) : Disclosed in Y}. We pick arbitrary D and show

D 2 ¢(S). S=N{C 28 : Cisclosed in X}. We have that D 2 ¢(S).

Then ¢~1(D) D ¢~ 1¢(S) from which we obtain ¢~1(D) 2 S. ¢~1(D) is closed

'n by homeomorphism. ¢~1(D) is one such C' in the closure of S and hence
(D) O S. Taking ¢ of both sides we get D 2 #(S). D 2O $(S) means

A(D) 2 () aud honee 3(5) 2 6(3).

Therefore ¢(S) = &(S5). O

1.4 Irreducible topological spaces

Definition 1.42. A topological space X is irreducible if it cannot be expressed
as the union of two proper closed subsets. A proper closed subset of X is a
closed subset of X that is not all of X.

Theorem 1.43. R is not an irreducible topological space.

Proof. Let A = {z < 0|z € R}. A° is open in the standard topology of R since
for any y € R and y > 0 we can find an open interval (a,b) that contains y
namely (0,y + 1). Hence A is closed in R and A # R.

Let B = {x > 0]z € R}. B¢ is open in the standard topology of R since for
any y € R and y < 0 we can find an open interval (p, ¢) that contains y namely
(y — 1,0). Hence B is closed in R and B # R. We see R can be expressed as
the union of two proper closed subsets of R. Therefore R is not an irreducible
topological space. O
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Definition 1.44. A non-empty subset Y of a topological space X is irreducible
if it is irreducible as a topological space for the subspace topology.

Lemma 1.45. Let X be an irreducible topological space. Let U,V be two non-
empty open subsets of X. Then UNV is a non-empty open subset.

Proof. U NV is open by definition of a topology. Assume U NV = (. Let
U =X—-Uand V' =X —V. Then U’,V’ are closed subsets of X which are
proper. Since UNV =0, U' UV’ = X. X is therefore not irreducible, which is
a contradiction. Therefore U NV # (). O

Theorem 1.46. Let U be a non-empty open set of an irreducible topological
space X. Then U is irreducible and dense in the subspace topology.

Proof. Let U C X be a non-empty open subset. Let V' C X be a non-empty
open subset. By Lemma 1.45 UNYV is a non-empty open subset. UNV contains
at least one element of U. Hence by Lemma 1.13 U is dense.

Let U C X be a non-empty open subset and suppose U is not irreducible. Then
U = U, UUs for Uy, Uy two proper closed subsets of U. In the subspace topology
Ui =0CiNU and Uy = CoNU for Cq,Cy closed subsets in X. C7 U Cy contains
U and U¢ is closed in X. Therefore C;UCoUU€ is all of X. But we have that X
is irreducible so either C1 UCy = X or U¢ = X. If C; UCy = X then, given that
X is irreducible either C; = X or Cy = X. If C; = X then U; = X NU which
means U; = U a contradiction since U; is a proper subset of U. If Cs = X then
Us; = X NU which means Uy = U. Again this is a contradiction since Uj is a
proper subset of U. If U¢ = X then U is empty. This is a contradiction since
we assumed U is a non-empty set. Hence U must be irreducible. O

Lemma 1.47. IfY is an irreducible subset of a topological space X then'Y is
wrreducible in the subspace topology.

Proof. Let Y C X be irreducible in the subspace topology. Suppose Y is not
irreducible. Then ¥ = Y; UY; for Y7,Y, proper closed subsets of Y. In the
subspace topology on Y, Y] = C1NY and Y3 = CoNY with Cy, Cy closed in X.
So we have Y = (C1NY)U(C2NY) =Y N(C1UCy) which implies Y C C; UCs.
Since Y C Y then

Y=YNnY

Y=YN(1UYs)
Y=nY)UunNYs)
Y=(NnCiNY)u(Y N(CynY))
Y= (Y NC)U (Y NGCy)

By the subspace topology on Y, Y NCy and Y NC5 are closed in Y . Since Y is
irreducible either Y = YNCiorY =Y NCs. If Y = YNy thisimplies Y C C4.
Since the closure of Y is the intersection of all closed sets that contain Y then
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YcCcC,. ButY, =0 rl? so we have Y; =Y which is a contradiction since Y7
was a proper subset of Y. If Y =Y N Cy this implies Y C C3 and hence Y C C»
but Yo = Co N'Y which implies Y5 = Y. This again is a contradiction. O

Lemma 1.48. Let X,Y be topological spaces with X irreducible. Let ¢ : X —Y
be a continuous surjective map. Then 'Y is irreducible.

Proof. Assume Y is not irreducible. ie Y = Yy UY; for Y1 C Y, Y, C Y,
and Y1,Ys closed in Y. o 1Y) = o { (Y1 UY2) = o1 (Y1) Up 1(Ya). ¢ is
continuous therefore ¢ ~1(Y1), p~1(Y2) are closed in X. X = ¢~ 1(Y1)Up 1 (Y2).
By assumption X is irreducible hence X = ¢=*(¥7) or X = ¢~ (Y3). wlog we
can assume X = ¢~ 1(Y7). This means p(X) C Y;. This is a contradiction since
 is surjective. Hence Y is irreducible. O

Definition 1.49. Let S be a set. A minimal element in S is defined as an
element of S that is not larger than any other element in S.

Definition 1.50. Let S be a set. A maximal element in S is defined as an
element of S that is not smaller than any other element in S.

Lemma 1.51. Let X be a topological space. The following statements are equiv-
alent.

i X is noetherian.
1 Every non-empty collection of closed subsets contains a minimal element.
111 X satisfies the ascending chain condition for open subsets.

1w Every non-empty collection of open subsets contains a maximal element.

Proof. Assume (i). X is a noetherian topological space. Let S be a non-empty
collection of closed subsets of X which does not contain a minimal element.
Then for Y7 € S there is Y5 € S such that Y7 2 Y,. There exists Y3 € S such
that Y2 2 Y3. Since S contains no minimal element this chain will continue on.
Hence we have a contradiction to X being noetherian. Therefore (i) implies (ii).

Assume (i). X is a noetherian topological space. Let S be an ascending chain
of open subsets O; C O, C ... which does not become stationary. Taking the
complements of these open subsets we obtain a chain of descending closed sub-
sets Of D 05 D ... .Hence we have a contradiction to the assumption. Therefore
(i) implies (iii).

Assume (iii) and let T' be a descending chain of closed subsets C; 2 Cy D ...
which does not become stationary. Taking the complements of these closed
subsets we obtain a chain of ascending open subsets Cf C C'§ C ... .Hence we
have a contradiction to the assumption. Therefore (iii) implies (i).

Assume (ii). Let S be a non-empty collection of open subsets of X which does
not contain a maximal element. Let S’ be the collection of the complements of
the open sets of S. Then we obtain a non-empty set S’ of closed subsets which
does not contain a minimal element. Hence a contradiction to the assumption.
Therefore (ii) implies (iv).
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Assume (iv) Let T be a non empty collection of closed subsets of X which does
not contain a minimal element. Let 7" be the collection of the complements of
the closed sets of T. Then we obtain a non empty set 7" of open subsets which
does not contain a maximal element. Hence a contradiction to the assumption.
Therefore (iv) implies (ii).

Assume (ii). Suppose X is not noetherian. Then there is a chain of descending
closed subsets of X which does not become stationary say C; 2 Cy 2 --- D
C, D .... But this is a collection of closed subsets and we have assumed
every non empty collection of closed subsets contains a minimal element. No
element of this chain is minimal therefore we have a contradiction and X must
be noetherian, Hence (ii) implies (i).

O
Lemma 1.52. LetY = Y1 U---UY,. be a non-empty closed subset of a topological

space X with each Y; an irreducible closed subset of Y and Y; DY, fori # j.
ThenY =Y =YoUY3U---UY, where Y — Y7 is closure in Y.

Proof. Y — Y is the intersection of all closed subsets of Y that contains Y —Y7.
One such closed subset is YoUY3U---UY,.. We need to prove there is no smaller
closed set than this containing ¥ — Y7.

(Y = Y1) NY; is closed in Y; for the subspace topology on Y;. (Y —Y;)NY; is
open for the subspace topology on Y;. But (Y —Y1)NY; =Y, —Y;. ¥, - Y1 is
non-empty and open in Y;. Y; — Y7 is dense in Y; and the closure of Y; — Y7 is
all of Y;. Therefore (Y —Y1)NY; =Y;. Hence Y — Y] D Y;. Since this is true
foreach Y uptor, Y —Y; DYoUY;5...Y,.

We have Y —Y; = YoNY3U- - -UY,.. By definition of closure, Y — Y7 C YoU- - -UY,..
Therefore Y — Y, =Y, UY3...Y, O

Theorem 1.53. In a noetherian topological space X every non-empty subset' Y
can be expressed as a finite union Y =Y, U---UY, of irreducible closed subsets
Yi. IfY; 2Y; fori # j then' Y; are uniquely determined and are called the
irreducible components of Y.

Proof. Let C' be the set of non-empty closed subsets which cannot be written
as a finite union of irreducible closed subsets. We will show C'is in fact empty.
Assume C' is non-empty. Since X is noetherian, C' contains a minimal element
Y. Then by construction of C, Y is reducible. Therefore Y = Cy U Cy with C;
and Cy proper closed subsets of Y. Since Y is minimal then C7 and C5 are not
elements of C. Hence C7 and C5 can be written as a finite union of irreducible
closed subsets. Therefore, so can Y, which is a contradiction. Hence C = 0.
To show uniqueness we use induction on 7.

Our statement P(r) : If Y C X is non-empty closed such that Y =Y, U...Y,
with ¥; irreducible closed and Y; 2 Y; for i # j and Y = Y{ U...Y/ is another
such representation of Y with Y} irreducible closed and Y; 2 Y] for i # j then

s=rand Y/,...Y! is just a renumbering of Y7,...Y,.
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P(1) : This is trivial since when » = 1 we have Y = Y; with Y; irreducible
closed. This means in our other representation we must have that s = 1 also.
Hence for P(1), s=1=r.

We assume that P(r — 1) is true.

We now show P(r) is true. Assume Y =Y, U...Y, =Y =Y/ U...Y/ asin
P(r). By this assumption Y/ CY =Y, U---UY;: s0 Yy = J(¥Y{ NY;). But Y/
is irreducible, so Y{ C Y; for some i say ¢ = 1. Similarly Y7 C Yj’ for some j.
Then Y{ C Y] so by assumption j = 1. Hence Y; = Y.

Put Z = Y—-Y;. From Lemma 152 Z =Y -Y; = Yo UY3...Y,. Also
Z =Yy U---UY/ is another representation. By assumption P(r — 1) is true.
Hence r —1 = s — 1 and Yy,...Y/ is just a renumbering of Y5,...Y,. Hence
s=rand Y{,...Y] is just a renumbering of Y7,...Y,.

This shows the Y; are uniquely determined.

Hence P(r) is true.
O

Lemma 1.54. Let Y be a topological space, S CY dense and ) £V CY open.
Then VNS is dense in V.

Proof. Let ) 2 U C V be open. UN(VNS)=UNS. Since U is open in Y and
S is dense in Y then UNS # () by Lemma 1.13. Therefore U N(V NS) # 0 and
hence VNS is dense in V. O

Lemma 1.55. Let ¢ : X — Y be a map. Let V. C Y.Then o(¢~1(V)) =
VNe(X)

Proof. Let y € VNp(X). Theny € Vand y € p(X). Sincey € o(X), y = ¢(P)
for some P € X. Also y € V, therefore ¢(P) € V. Hence P € ¢~ 1(V).
Therefore y = p(P) € p(p~1(V)). Hence V N(X) C p(p (V).

Let y € (¢~ 1(V)). Then y = ¢(Q) for some Q € =1 (V). Hence p(Q) € V.
Therefore y € V. Since p 1(V) C X. ¢(Q) € ¢(X). Hence y € ¢(X).
Therefore y € V N o(X). p(e 1 (V)) €V Np(X). Hence p(p=1(V)) =V n
P(X). m

Definition 1.56. We define the dimension of a topological space X denoted
dim.X to be the supremum of all n € Z such that there exists a chain Zy C Z; C
... Z, of distinct irreducible closed subsets of X.

Given the following chains in X, Zy C Z1 C Zy, 1o C 1y C 1Ty C T3 and
So C Sy C Sy C S3 C Sy the dimension of X is 4. The dim X is the length of
the longest chain of irreducible closed subsets of X.

Lemma 1.57. IfY is a subset of a topological space X, then dimY < dimX

Proof. Let C =2y C Z1 C --- C Z, be a chain of irreducible closed subsets of
Y such that dim Y = n. Then for the subspace topology on Y, Z; = X; NY for

15



X;closedin X. C=XoNY CX;NY C---C X, NY. Hence we have a chain
ZoC Zy C - C Zy, of closed subsets of X with Z; irreducible by Lemma 1.47.
They are distinct since if they were not then Z; =Y NZ; =Y NZi1 = Ziy
which is a contradiction O
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2 Affine Space

This section will look at the affine space with particular interest in affine va-
rieties. It is important to discuss the polynomial ring and some important
properties in advance. Also we note the following,

Definition 2.1. Let K be a field. We say K is algebraically closed if for non-
constant f € K[t], f has a root in K.

Lemma 2.2. If K is an algebraically closed field, then K is infinite.

Proof. Suppose that K is finite. Say K = {a1,a2,...,a,}. Let f(z) be the
polynomial f(z) = (x—a1)(z—ag) ... (z—a,)+1 € K[z]. Then f(z) has no roots
in K since f(z) # 0 for any elements in K. Hence K is not algebraically closed.
Therefore, we can conclude that any algebraically closed field is infinite. O

Definition 2.3. [AM, Page 80] A ring R is Noetherian if it satisfies one of the
following equivalent statements.

(i) the ascending chain condition on ideals of R. This means given an in-
creasing sequence of ideals

LCLCI3---Clp1 €I Clhyr ...

there exists n € N such that I, = I,,41 = ...
(ii) Every ideal in R is finitely generated.
Lemma 2.4. A field K is Noetherian

Proof. A field K has only two ideals. The 0 ideal and the field itself. Hence we
have an ascending chain of ideals 0 C 0 C --- C K C K. We can find an n such
that I, = Iyq. O

Unless stated otherwise we assume K is an algebraically closed field. Let A =
Klz1,x9,...2z,] be the polynomial ring in n variables over a field K.

Lemma 2.5. A = K[x1,2,...,%,] is a Noetherian ring.

Proof. If R is Noetherian then R[x1,...x,] is Noetherian [AM, corollary 7.6

page 81] . Here we have the polynomial ring A = Klz1,...,z,] over a field
K. By Lemma 2.4 K is Noetherian. Hence the polynomial ring over K is also
Noetherian. O

Definition 2.6. An integral domain is a non-zero commutative ring R in which
if ab =0 for a,b € R then either a =0 or b = 0.

Theorem 2.7. If a ring R is an integral domain then R[t] is an integral domain.

Proof. Let f and g be non-zero polynomials in R[t]. i.e f = ant"™ +a,_1t" " +
cee a1t1 4+ ag and g = b t™ + bmfltmil + -+ bltl + bg with a;,by € R
and an, by # 0. Then fg = anb,t™™™ + .-+ + agbg. Considering the first term
apbmt™ ™, a,b,, # 0 since R is an integral domain then fg # 0 for f and g non
Z€ro. U
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Theorem 2.8. If a ring R is an integral domain then Rlt1,. .., t,] is an integral
domain.

Proof. We prove this lemma using induction on n. Our statement P(n) is if a
ring R is an integral domain then RJty, ..., t,] is an integral domain. In Theorem
2.7 we proved the base case for n = 1. If R is an integral domain then R[t] is
an integral domain. Let n = 2. Since R = RJ[t1] is now an integral domain,
Theorem 2.7 tells us R[t1][t2] is an integral domain. This ring is isomorphic to
RJt1,1t2] and therefore R[t1,ts] is an integral domain. Assume our statement
is true for a fixed k > 1. i.e. For R an integral domain then Rt ...tx] is an
integral domain. We must prove P(k + 1) is true. We have Rl[t;...¢;] is an
integral domain. By Theorem 2.7 we have that R[t; ...¢x][tk+1] is an integral
domain. R[ty...t5][tk+1] = R[t1,...,tkt1]. Hence if R is an integral domain
then RJty,...,t,] is an integral domain. O

From this we can state the following. Since a field is by definition an integral
domain, the polynomial ring A = Klz1,...x,] is an integral domain.
Definition 2.9. Let R be a ring. Let » € R. 7 is a unit in R if there exists
s € R such that rs = 1 where 1 is the multiplicative identity in R.

Lemma 2.10. The units in the polynomial ring K[t] are the constant polyno-
mials.

Proof. Assume f(t) is a unit in K[t]. This means there exists g(t) € K[t] such
that f(t)-g(t) = 1. If f, g are polynomials with coefficients in K, then deg(fg) =
deg f+ deg g.[SL, Theorem 1.4 page 112 | Hence deg f(t)+deg g(t) = deg 1.
The polynomial 1 has degree 0. Hence deg f(t) + deg g(¢t) = 0. This can only
happen when deg f(t) = deg g(t) = 0. Therefore f(¢) is a constant polynomial.
Hence the units in Kt] are the constant polynomials. O

Definition 2.11. Let R be a ring. An element p € R is irreducible if p is not
a unit and given a factorization p = ab with a,b € R then a or b is a unit.
Definition 2.12. A unique factorization domain(UFD) is a ring R that is an
integral domain in which every non zero element which is not a unit, has a
unique factorization into irreducible elements.

Definition 2.13. A polynomial f € K|[t] is #rreducible if it is of degree > 1,
and if, given a factorization f = gh with g,h € KJt], then deg g = 0 or deg
h = 0.. Therefore, up to a non-zero constant factor, the only divisors of f are
f and 1.

Theorem 2.14. A field K is a UFD.

Proof. K is an integral domain. The non-zero elements in a field are all units.
Hence by definition a field does not contain any non-zero, non-unit elements.
Hence it is trivially a UFD. O
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If R is a UFD then R[t] is a UFD. [SL, Theorem 6.9 page 148] And again using
induction we can prove that R[t;...t,] is a UFD. Since a field K is a UFD,
Klzy...x,) is a UFD.

Definition 2.15. Let R be a commutative ring and I an ideal of R. The radical
of I is defined as

VI ={z € R| 2" € I for some n > 0} (1)

Lemma 2.16. /T is itself an ideal.
Proof. Let I be an ideal of a commutative ring R and VT its radical. We need
to show

(i) Ogr € VI where Op is the zero element in R.

(ii) For z € VT and r € R then rz € V1.

(iii) If z,y € VI then z +y € V1.
Proof of (i). Let Ogr € R be the zero element. Og € I since I is an ideal. Let
n=1. 0% = 0. Hence 0} € I. Therefore 0 € /1.

Proof of (ii). Let € /T and » € R. Then by definition 2™ € I. (rz)” = r"a™.
Since I is an ideal and 2" € I, ™ € R then r"z" € I. Hence rz € /1.

Proof of (iii). Let 2,y € v/I. Then 2™, y™ € I.

n+m fang n+m n+m—i, 1
@+y)m=> (" y

- 7
=0

n+m _ n+m n+m n+m n+m—1 n-—+m n+m
(x+y) ( 0 >m +( 1 )gc y'+ +<n+m y

2" T™ ¢ I since 2™ € I. y™™™ € I since y™ € I. If i < m then m —4 > 0 and
m-+n—4 > nhence "™~ € I. If i > m then y* € I. So when "7 % € R and
y' € I then "™~ iyt € [. When 2"t~ € T and y* € R then 2" iyt € I.
Therefore, (x +y)"+™ € I. Hence x +y € V1.

Hence /T is an ideal. O

2.1 Affine n-space

Definition 2.17. The affine n-space over a field K denoted A" is defined as
the set of all n-tuples of elements of K.

P € A" is called a point, and if P = (aj,as,...a,) with a; € K then these a;
are the coordinates of P.

Theorem 2.18. For T a subset of A = K|[x1,...,x,], the set a of all elements

glfl +92f2 + - +gnfn
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such that n is any natural number, g; € A, f; € T is an ideal.

Proof. Clearly this set of elements is a subset of A. We must prove the three
properties for an ideal.

i The additive neutral element of A is the zero polynomial. For n = 1 we
have 04 f; which is 0. Hence the additive neutral element is in a.

i Let g1f1+g2fo+ -+ gnfn and b fry1 +hofnio+ -+ hy frgr, nyr €N
be elements of a. When we add these elements we get g1 f1 +gafo+ -+
Infn + h1fns1 + hofnio + -+ + Ay fryr which again is in a.

iii Let g € A we have g(g1f1 +92fo+ ---gnfn) = 991f1 + 992f2 + - .. ggn fn
where gg; € A.

If T = () then T contains no f;. In this case a is the zero ideal.
Hence a is indeed an ideal. O

Definition 2.19. The ideal a in Theorem 2.18 is called the ideal in A generated
by T.

2.1.1 Zero set of polynomials

Definition 2.20. Given T a subset of A, we define the zero set of T" as

Z(T)={P e A"|f(P)=0forall feT}
Lemma 2.21. If Ty C Ty are subsets of A, then Z(T) C Z(Ty).

Proof. Let P € Z(T5) then for all f € Ty, f(P) =0. Since Ty C Ts, let f € Ty,
then f(P) =0 hence P € Z(Ty). Therefore Z(Tz) C Z(T1). O

Theorem 2.22. If a is the ideal of A generated by T, then Z(T) = Z(a)

Proof. D. Since T C a, by Lemma 2.21 Z(a) C Z(T).
C. Let P € Z(T). Take any element from a. Say h = g1f1 + gafo + -+ + gnfn
where f; € T. Since P € Z(T), fi(P) =0, fs(P) =0, ... fuo(P) = 0.

h(P) = g1(P) f1(P) + g2(P) f2(P) + - -+ + gn(P) fu(P)
h(P) = g1(P)(0) + g2(P)(0) + - - + gn(P)(0)
h(P)=04+0+---40
h(P)=0

Therefore P € Z(

a). Hence Z(T) C Z(a).
Since Z(a) € Z(T) and Z(T) C Z(a) then Z(T) = Z(a) O

Lemma 2.23. Given T C A = Klz1,...2,], Z(T) can be expressed as the
common zeros of a finite set of polynomials f1, fo,... fr.
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Proof. Let T C A. Let a be the ideal generated by 7. From Theorem 2.22
we have Z(T) = Z(a). Since A is a Noetherian ring, every ideal is finitely
generated. Hence we have a finite set of polynomials which generate a. Let
this set be denoted T". Theorem 2.22 tells us Z(T') = Z(a). Hence Z(T) =
Z(T"). Therefore Z(T) can be expressed as the common zeros of a finite set

f17f2~'~7f7‘~ O

Definition 2.24. Let Y be a subset of A™. Y is an algebraic set if there exists
a subset T' C A such that Y = Z(T).

Lemma 2.25. The union of two algebraic sets is algebraic.

Proof. Let Y1,Y> be algebraic sets. Then Y; = Z(T3) for some T3 C A and
Yo = Z(T3) for some T, C A. Y1 UYs = Z(Th) U Z(T3). We will show Z(Ty) U
Z(Ty) = Z(ThTz) where T1T» is the set of all products of elements of T7 by
elements of T,. i.e products of polynomials.

Let PeYiUY5. Then Pe€Y; or PeYs.

If P €Y then f(P) =0 for all f € T1. Hence, we have f(P)-g(P) =0-g(P).
for all g € T5. 0- g(P) = 0. Hence P € Z(T1T3).
If P € Y5 then g(P) = 0 for some g € To. Hence we have f(P)-g(P) = f(P)-0.
forall f € Ty. f(P)-0=0. Hence P € Z(T1T3).

Hence Z(Tl U Tg) - Z(TlTQ)

Let P € Z(T1Tz) such that P ¢ Y;. Then there exists f € Tj, such that
f(P) #0. For all g € T; we have 0 = (fg)(P) = f(P)g(P). Since f(P) # 0, we
have g(P) =0 for all g € T>. Hence P € Y5.

Let P € Z(T\T») such that P ¢ Y. Then there exists g € To, such that
g(P) # 0. For all f € Ty we have 0 = (fg)(P) = f(P)g(P). Since g(P) # 0,
then f(P) =0 for all f € T}. Hence P € Y;.

Therefore Z(T1T2) C Z(T1 UT?).

Therefore Z(Ty U Tz) = Z(T1T>) showing the union of two algebraic sets is
algebraic. O

Lemma 2.26. The intersection of any family of algebraic sets is algebraic.

Proof. Let {Y,} be a set of algebraic sets over an index «. Then each Y, =
Z(T,) for T, € A. N, Yo =N, Z2(Ta). We will show O, Z(Tn) = Z(U,, T)-

Let P €, Z(T,). Then P € Z(T,) for all o. Therefore f(P) = 0 for all a and
for all f € T,. Hence f(P) =0 for all f € J,T~. Therefore P € Z(|J, Tn)-
Hence (N, Z(Tw) € Z(U, Ta)-

Let P € Z(J, Ta). Then for all f € J, T, f(P)=0. Hence for all o and all
[ €Ty, f(P) = 0. Therefore, for all a, P € Z(T,). Therefore P € (", Z(T,).
Hence (N, Z(Tw) 2 Z(U, Ta)-

Hence the intersection of any family of algebraic sets is a zero set and therefore
algebraic. O
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Lemma 2.27. A" and () are algebraic sets.

Proof. A" is algebraic as it the zero set Z(0). () is algebraic as it can be expressed
as the zero set of a constant function namely Z(1). O

2.2 Zariski topology

Definition 2.28. We define the Zariski topology on A™ by taking the open
subsets to be the complements of the algebraic sets.

Theorem 2.29. The Zariski topology on A™ is a topology.

Proof. We need to show the following conditions hold.
(i) The empty set ) and the whole space A™ are open.
(ii) Any finite intersection of open sets is open.
(iii) The union of open sets is open.

Proof of (i). By Lemma 2.27 the whole space A™ is an algebraic set. The
complement of A™ is the (). Hence @) is open in the Zariski topology.

By Lemma 2.27, # in A™ is an algebraic set. The complement of §) is the whole
space A". Hence A™ is open in the Zariski topology.

Proof of (ii). Let U; and Uy be two open subsets. We will prove U; NUs is open.
(U1NUy)¢ = Uy UUs. Uf is an algebraic set and US is an algebraic set. Lemma
2.25 tells us Uf U US is an algebraic set. Hence (U; N Us)° is an algebraic set
and therefore Uy N Us is open. Let Us be another open subset. (U3 NUz) NUs
is open. We can repeat this process for finitely many open sets and we see the
intersection of finitely many open sets is open.

Proof of (iii). Let O be a set of open subsets. Let D = |J U . We would like to
Ueo
show that D is open in A™. This can be proved by showing D¢ is an algebraic

set.

D= (JU)

UeO

:nUC

UeO

Since U is an open subset, U€ is an algebraic set. By Lemma 2.26 the intersection
of algebraic sets is an algebraic set. Hence D¢ is an algebraic set and therefore
D is an open subset.

Hence the Zariski topology is a topology. O

Lemma 2.30. The algebraic sets in A are the finite subsets, § and the whole
space.
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Proof. Let Y be an algebraic set in Al. Then Y = Z(T) for some T'C A. We
therefore have three cases to consider.

() T =0
(i) T' = {0}

(iii) T contains a non-zero polynomial
Note. If T = () then Z(0) = A'.
If T = {0} then Z(0) = AL
If T contains a non-zero polynomial f(x) we can write this as f(z) = c¢(z —
a1)---(xr—an), c,a1,...an € K. Then Z(f) = {a1,...a,} which is a finite set.
Since f € T by Lemma 2.21 Z(T') C Z(f). Therefore Z(T') is a finite set.
Let Y = 0 in A'. Then we have a subset S C A namely S = {1} such that
Y = Z(1). Let W = A!. Then we have a subset S; of A namely S; = {0}
such that W = Z(0). Hence () and A! are algebraic sets. Let X = {a1,...,a,}
be a finite subset in A'. Then we have a subset T' = {f(z)} where f(z) =
(x—ay) - (x—ay), ay,...a, € K such that X = Z(f(x)). O

Definition 2.31. Let X be a topological space. X is defined as Hausdorff if
the following holds. For any two points P, Q, where P # (@, there exist open
subsets U and V in X such that Pe U and Q € V and UNV = .

Theorem 2.32. The Zariski Topology on A is not Hausdorff

Proof. If we can show there are two points P and @, P # @ such that for all
open sets U and V with P € U and Q € V, UNV is not empty then A' is
not Hausdorff. From the previous lemma we know the open sets in Al are the
empty set and the complements of finite subsets. Let U be the complement of
the finite subset W7 with P € U. Let V be the complement of the finite subset
Wy with Q € V. Then UNV = WfnW§ = (W7 U Ws)¢ where Wi UWs is a
finite subset. Hence we have U NV is the complement of a finite subset. We
identity A' with K since elements in A' are simply elements in K. Hence A'!
is infinite. The complement of a finite set in Al is therefore non-empty. Hence
U NV is non-empty. Therefore the Zariski topology on A! is not Hausdorff.

O
Lemma 2.33. A! is irreducible in the Zariski topology.

Proof. By definition 1.42, A! is irreducible if it cannot be expressed as the union
of two proper closed subsets of A'. Lemma 2.30 tells us the only algebraic sets
of A are the finite subsets, ) and A'. Hence the proper closed subsets of Al
are the finite sets. A! is infinite hence it cannot be expressed as the union of
two proper closed subsets of A'. Therefore A! is irreducible. O

Before we discuss affine varieties it is necessary to look at the relationship be-
tween subsets of A" and ideals in A.
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2.3 Ideals of A and subsets of A"
Definition 2.34. For any subset Y C A", we define the ideal of Y in A as

I(Y)={f € Alf(P)=0forall P € Y}

With this definition and definitions 2.20 and 2.24 we obtain a map from subsets
of A to algebraic sets and a map from subsets of A™ to ideals. The properties
of these maps are given in Lemma 2.35 to Lemma 2.40. One other property of
these maps was proved earlier in Lemma 2.21.

Lemma 2.35. If Y, C Y, are subsets of A™, then I(Y2) C I(Y7).

Proof. Let f € I(Y2) then for all P € Y3, f(P) = 0. Since Y7 C Y3, let P € Y7,
then f(P) =0 hence f € I(Y1). Therefore I(Y3) C I(Y1). O

Lemma 2.36. For any two subsets Y1,Ys of A", then I(Y1UY2) = I(Y1)NI(Y3).

Proof. O Let f € I(Y1) N I(Y2) then f € I(Y7) and f € I(Y3). Hence f(P) =
Oforall P € V7 and f(Q) = Oforall @ € Ya. I(Y1) and I(Y2) are sets of
polynomials who vanish for all points in Y; and Y. So if f vanishes for all
points P and also for all points @ then f will vanish for all points in Y; U Ys
Hence f € I(Y1 UY3). Therefore I(Y1) N 1(Y2) C I(Y1 UYs).

C. Let g € I(Y1 UY3). Then g vanishes for all P € Y{UY3. Y1 C Y1 UY,
so by Lemma 2.35 I(Y; UY3) C I(Y1) hence g € I(Y1). Yo C Y7 UY; so by
Lemma 2.35 I(Y; UY3) C I(Ys) hence g € I(Y3). Therefore g € I(Y1) N I(Y3)
and I(Y1 UYs) C I(Y1) N I(Y2).

Hence I(Y, UY2) = I(Y1) N I(Y>3) as required. O
Definition 2.37. The radical of an ideal a is defined as,

Va={f € Alf" € a for some r > 0} (2)

Definition 2.38. Let R be a ring and I an ideal in R. [ is a radical ideal if
I=+VI.
Lemma 2.39. For any ideal a C A, I(Z(a)) = v/a.

Proof. D. Let f € v/a then by definition f" € a. f" will vanish for all points of
Z(a) hence f will also vanish for all points of Z(a) . Therefore f € I(Z(a)) and
1(Z(a) > Va

C Hilberts Nullstellensatz [SLA, Page 380]tells us that for an ideal a in A and
f € A a polynomial that vanishes for all points of Z(a) that f" € a for some
integer » > 0. This means for f € I(Z(a)), f is also in the radical. Hence

Va2 1(Z(a),
Therefore I(Z(a)) = v/a O

Lemma 2.40. For any subset Y C A", Z(I(Y)) = Y where Y is the closure
of Y.

24



Proof. D I(Y) = {f € A such that f(P) = 0 for all P € Y}. The zero set of
I(Y) is all points @ in A™ such that f(Q) = 0 for all f € I(Y). Hence Y C
Z(I(Y)). Since Z(I(Y)) is a closed set containing Y and Y is the intersection
of all closed sets that contain Y then Y C Z(I(Y)).

C. Let W be any closed set containing Y. Then Y = (W for W closed and
Y C W. We want to show Y D Z(I(Y)). In other words (\W 2 Z(I(Y)). That
is Z(I(Y)) has to be in all W to be in the intersection. Since W is a closed set of
A" it is an algebraic set and hence W = Z(T') for T' C A. Since W D Y we have
Y C Z(T). By Lemma 2.35 I(Z(T)) C I(Y). Also T' C I(Z(T')). This gives
us T C I(Z(T)) CI(Y). Hence T C I(Y). By Lemma 2.21 Z(I(Y) C Z(T).
Therefore Z(I(Y) C W.

Hence Z(I(Y)) =Y.
O

Definition 2.41. Let R be a commutative ring. r € R is a nilpotent element
if there exists a positive integer n such that »™ = O where Og is the zero in R.

Definition 2.42. A ring R is said to be reduced if it contains no non-zero
nilpotent elements

Theorem 2.43. Let R be a ring and I C R an ideal. I s radical if and only if
R/I is reduced.

Proof. Let I be a radical ideal. This means v/I = I. Suppose R/I contains non-
zero nilpotent elements. Let r + I be a non-zero nilpotent element in R/I. By
definition 2.41, (r+1)" = Og,; for n a positive integer. This gives 7" +1 = 0+1.
Hence r™ € I. Therefore r € /I = I. Hence r € I. Therefore, r + I =0+ 1
which is a contradiction to the assumption that r + I was non-zero. Hence R/I
contains no non-zero nilpotent elements showing R/I is reduced.

Suppose R/I is reduced. Let r € VI. Then r" € I for some n € Z*. Hence
7" 4+ I = 0g/;. Therefore (r + )" = 0g/;. Given that R/I is reduced, r + I is
nilpotent. Therefore 7 + I = 0+ I. Hence r € I. Therefore /T = I. Hence I is
a radical ideal. O

If K is not algebraically closed, then these results do not hold. For example,
if K = R, then the curve 22 + y2 + 1 = 0 has no roots in R. z2 > 0, y2 >0
for z,y € R hence 22 + y?> + 1 > 0. Therefore, it has no points in A2. So
Z(x* +y*+ 1) = 0. Let a be the ideal generated by f. We note here that
a does not contain the constant polynomial 1 hence a # A. By Lemma 2.22
Z(f) = Z(a). Given that Z(z? + y? + 1) = ) we would have Z(a) = (). Hence
I(Z((a))) =1(0) = A. A # a. Therefore A # /a. Hence Lemma 2.39 would be
false.

Definition 2.44. An irreducible closed subset C C A™ is said to be minimal if
C # () and there exist no irreducible closed subset S C A™ such that § C S C C.

25



Lemma 2.45. Let K be an algebraically closed field. Every minimal irreducible
closed subset of A™ is a point.

Proof. Let C be a minimal irreducible closed subset of A™ which consists of more
than one point say C = {(a1,...an),(b1...by),...}. If C is minimal it means
there is no irreducible closed subset S such that §# € S C C. We need to show
that the sets containing one point are closed and algebraic. Let S = {(a1 ...a,)}
be a set containing one point. If there exists T C A such that S = Z(T) then S is
algebraic. Taking A? as an example we let P = (a1, as). T = {x1 — a1, 72 —as}.
Let @ = (z,y) be an arbitrary point. Is @ in Z(T)? If it is then f(Q) = 0 for
each f € T. So we have x — a; = 0 which gives z = a;. y — as = 0 which gives
y = ag, hence Q is only in Z(T) if Q = P. Hence any point in A? is closed.
In general case let P = (ai,...,a,), then T = {z1 — a1,...2, — a,}. Hence
we have found a subset T" such that S = Z(T'). The smallest closed subsets of
A" are sets containing one point. If S is not irreducible then we could express
it as the union of two proper subsets of S but the only proper subset of S is
the empty set. Hence S is irreducible. Therefore we have found a non empty
irreducible closed subset which is contained in but not equal to C' hence C' is not
minimal. Therefore every minimal irreducible closed subset of A™ is a point.

O

Theorem 2.46. Let f € K[z1...x,]) andI = (x1—ay ... 2p—ay) foray...a, €
K. Then f=C Mod (I) for some C € K.

Proof. For the constant polynomials ¢ € K[x1...x,], we have ¢ = ¢t Mod (I).
For non-constant polynomials we have f; = ¢; Mod I, fo = ¢co Mod I. In fact
for any f; € K[z1...x,], fi = ¢; Mod I. Through addition and multiplication,
we obtain f; + fo =c¢1 4+ c2 Mod I and fi fo = c1c0 Mod 1.

We can deduce the following. For any polynomial f € Klzy...z,], f
C Mod (I) for some C € K.

Theorem 2.46 tells us that all f € K[z ...z,] can be expressed as f = g1(z1 —
a1) + ... gn(xn —ay) + C with C' € K a constant and ¢ ...¢, € K[z1...2,).

Definition 2.47. Let R be a ring and I C R an ideal. [ is a mazimal ideal if
I # R and if for any ideal J O I then either J = R or J = 1.

Lemma 2.48. Ideals of the form I = (x1 — a1, ... Ty, — a,) are mazimal ideals

of A.

Proof. We have a ring homomorphism from A — K namely the evaluation map
EVp : f— f(P) of a point P = (ay...a,). The kernel of EVp is the set of
all ¢ € A such that EVp(g) = 0. This means g(P) = 0. The polynomials
T1 — a1,To — Ay ...Ty — G, are in the kernel for this evaluation map. And we
know the kernel of a ring homomorphism is an ideal. So is the ideal generated
by these elements in the kernel? This ideal consists of all elements of the form
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gifi+gafo+- -+ gnfn where g; € A and f; are the generators. When we input
our point P each term will become 0 since EVp(g;f;) = ¢:f:(P) = g:(P)0 = 0.
Hence (z1 — a1,...2n, — a,) C Ker(EVp). Let f € Ker(EVp). By Theorem
246 f = gi(zx1—a1)+...gn(2n —a,)+C. Since f € Ker(EVp) then f(P) = 0.
F(P) = g1 (P)(0) + -+ + ga(P)(0) + C. This gives g,(P)(0) + -+ + ga(P)(0) +
C = 0 hence C = 0. Therefore the elements in Ker(EVp) are of the form
g1(x1—a1) +...gn(x, — ay) which are precisely the elements in the ideal (1 —
ai,...Tn—an) hence Ker(EVp) C (z1—ay, ... oy, —ay). Therefore Ker(EVp) =
(z1 — a1,... 2y — ay). We have a ring homomorphism from A — K and the
ideal I = (1 — a1,22 — ag...x, — ayn) its kernel. For each coset M of I the
image under the evaluation map is an element of K and EVp : M +— EVp(M)
is a ring isomorphism of A/I onto the image of EVp. [SL, Theorem 3.1 page
93] . But the image of EVp is all of K since EVp is surjective. For any element
k € K there exists f € A such that f(P) = k namely f = k. Hence A/I is
isomorphic to K. Since K is a field this means A/ is a field. Therefore I is a
maximal ideal of A. [SL, Theorem 3.4 page 96].

O

Definition 2.49. Let C' and D be sets of sets. A map f: C — D is inclusion
reversing if for every pair aj, as € C where a; C as then f(az) C f(aq).

Lemma 2.50. There is a one to one inclusion-reversing correspondence between
algebraic sets in A™ and radical ideals in A given by

I:Y — I(Y)

and
Z:aw— Z(a)

Proof. First we show I o Z and Z oI are the respective identity maps. Let a be
a radical ideal.

(IoZ)(a) =1(Z(a) = Va

by Lemma 2.39. Since a is radical, /a = a.
Let Y C A™ be an algebraic set.

(ZoD)(Y) = 2Z(I(Y))
By Lemma 2.40 Z(I(Y)) =Y. Since Y is algebraic and a closed set Y =Y.

Next we show the inclusion reversing.

Let Y7 C Yo. Then I maps Y7 — I(Y1) and I maps Y, — I(Y3). By Lemma
2.35 1(Ys) C I(Y).
Let a; C ay. Then Z maps a; — Z(a;) and Z maps as — Z(az). By Lemma
2.21 Z(ag) - Z(al).

This shows there is a one to one inclusion-reversing correspondence between
algebraic sets in A™ and radical ideals in A. 0

27



2.4 Affine Varieties

Recall an algebraic set Y C A" is irreducible if Y # () and Y cannot be expressed
as the union of two proper algebraic subsets.

Definition 2.51. Let R be a ring and I C R an ideal. [ is a prime ideal if
I # R and if a,b € R such that ab € I then either a € I or b € I. Prime ideals
are radical ideals.

Theorem 2.52. An algebraic set is irreducible if and only if its ideal is a prime
ideal.

Proof. Let Y be an irreducible algebraic set, and let I(Y) be its ideal. If I(Y) =
A, then I(Y) = I(0). But Y # 0. Hence I(Y) # A.

Let fg € I(Y). ThenY C Z(fg) = Z(f)UZ(g). Hence Y =Y N(Z(f)UZ(g)) =
(YNZ(f)) U (Y NnZ(g)) both being closed subsets of Y. Since Y is irreducible
then either Y =Y NZ(f)or Y =Y NZ(g). HY =Y NZ(f) then Y C Z(f).
Y =YnNZ(g) then Y C Z(g). So either f € I(Y) or g € I(Y). Hence I(Y)
is prime.

Let I(Y) be a prime ideal. If Y = () then I(Y) = I(#) = A. But I(Y) is prime
hence I(Y) # A. Therefore Y # (). Assume Y is not irreducible. Then Y = Y1 U
Y3 for two proper closed subsets of Y. Then I(Y) = I(Y1 UY3) = I(Y1)NI(Y2).
Since Y1 C Y then I(Y) C I(Y1) by Lemma 2.50. Let f € I(Y1)\I(Y). Since
Yo C Y then I(Y) C I(Y2). Let g € I(Y2)\I(Y). Hence fg ¢ I(Y) since I(Y)
is prime. I(Y7) contains f and also fg. I(Y3) contains g and also fg. Hence
fg e (I(Y1) NI(Y2)\I(Y). From our assumption that Y is not irreducible we
deduced I(Y) = I(Y1) N I(Y2) hence we have a contradiction and therefore ¥
must be irreducible.

Hence an algebraic set is irreducible if and only if its ideal is a prime ideal.

O

Lemma 2.53. Let R be a ring and I an ideal of R. I is prime if and only if
R/I is an integral domain.

Proof. Let R be aring and I an ideal of R. Assume R/ is an integral domain.
I # R. Otherwise we would have that R/I = R/R. R/R is the set of all
equivalence classes {[r + R] : r € R}. This set contains only one element. The
zero element. Hence we have the zero ring. The zero ring is not an integral
domain. Therefore I # R. Let ab € I, a,b € R. Hence ab+ 1 = 0+ I, Therefore
(a+I)(b+1I)=0+1. Since R/I is an integral domain then either a+1 =0+1
or b+ 1 =0+ I. Hence either a € I or b € I. This shows [ is a prime ideal.

Let R be a ring and I a prime ideal of R. If R/I = {0} then I = R. But
I is prime hence I # R. Therefore R/I # {0}. Suppose a + I,b+ I are non
zero elements of R/I such that (a +1)(b+1) =0+ 1. Hence ab+ 1 =0+ 1I.
Hence ab € I. Since [ is prime this means either a € I or b € I. In otherwords
a+I1=0+1orb+1=0+1I. Therefore R/I is an integral domain.

O
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Ezample 2.54. Taking the polynomial ring A = K[xz1,...xz,] and the zero ideal
in A. By Lemma 2.53 the 0 ideal is prime if A/0 is an integral domain. A/0 is
the set of equivalence classes {f +0: f € A}. This set is simply A itself which
is an integral domain. Hence the 0 ideal is prime.

Theorem 2.55. Given an irreducible polynomial f € A = K[zy...2,], Y =
Z(f) is irreducible.

Proof. Since A is a UFD, f generates a prime ideal a in A We have Y = Z(f).
Then I(Y) = I(Z(f)). By Theorem 2.22 Z(f) = Z(a) hence I(Y) = I(Z(f)) =
I(Z(a)). By Lemma 2.39 I(Z(a)) = v/a. This means I(Z(a)) is the radical of a.
a is a prime ideal, equal to its own radical. i.e I(Z(a)) = a. Hence I(Z(f)) =a
and by Theorem 2.52 Z(f) is irreducible.

O
Lemma 2.56. A™ is irreducible.

Proof. A™ is an algebraic set. Its ideal I(A™) = (0) the zero ideal. The zero
ideal is prime. Hence by Theorem 2.52 A™ is irreducible. O

Definition 2.57. These irreducible algebraic sets(with the subspace topology)
are called affine varieties.

Definition 2.58. A non-empty open subset of an affine variety is called a
quasi-affine variety.

Definition 2.59. If Y C A" is an affine algebraic set, we define the affine
coordinate ring A(Y) of Y to be A/I(Y) where A = K[z1,...,z,).

Lemma 2.60. IfY is an affine variety, then A(Y') is an integral domain.

Proof. Let Y be an affine variety. This means Y is an irreducible algebraic set.
By Theorem 2.52 its ideal I(Y) is a prime ideal. By Lemma 2.53 I(Y") is prime
ifft A/I(Y) is an integral domain. Hence A(Y') is an integral domain. O

Definition 2.61. A K-algebra is a commutative ring B that has the structure
of a K-vector space and the following holds. If z,y € B and a € K then

(az)y = a(zy) = z(ay)
Lemma 2.62. Let R be a K-algebra and I an ideal of R. Then R/I is a
K-algebra.

Proof. R/I is a commutative ring. So we need to show it is a K-vector space.
We define an association,

K x R/T — R/I
¢:kyr+1)—kr+1

We check ¢ is well defined. Let (k,r1 + I),(k,r2 +I) € K x R/I such that
(k,rv + I) = (k,ro + I). This gives us 11 + I = ro + I. Hence r; — 19 € 1.
k(ri —m) =k-1(ry —rg) € Isincery —ro € I. k-1(ry — o) = k(r; —ma) =
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kri — kro € I. Hence kry —kro +1 = (kry +1) — (kro +I) = 0+ I. Hence
kri 4+ I = kro 4+ I. Therefore ¢ is well defined.

Let 1 be the unit element in K and r+ 1 € R/T

1-(r+0)=1r4+1
=r+17

Let ke Kandrm + I,ro+ 1€ R/I.

k(ri+1+re+1)=k(ri+ro+ 1)
=k(ri+mr)+1
=kri+kro+1
= (kri+1)+ (kro+1)
=k(r+1)+k(ro+1)

Let kl,kQEKandr+I€R/I.

(kl +]€2)(T’—|—I) = (kl —|—k’2)(’f‘+[)
= k1T+k2T+I
= (kir+ 1)+ (kar+ 1)
=ki(r+1I)+ko(r+1)

(k?lkg)(’l“ + [) =kikor +1
k1((k2)(r+ 1)) = ki(kor + 1)
= klkgr + I

(k(ri+ D)o+ 1) = (kri+ D)(ra+ 1)
= (kT1T2+I) = k(’l"17’2+1)
=k((ri+I)(r2+1))
= k((r2 + I)(r1 + 1))
= (kro +I)(T1 -‘rI)
= (7“1 +I)(/€T2 +I)
O

Definition 2.63. Given two K-algebras B and C, a K -algebra homomorphism
is a map F': B — C such that for all k € K and z,y € B
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Lemma 2.64. Let f : B — C and g : C — D be K-algebra homomorphisms.
Then go f: B — D is a K-algebra homomorphism.

Proof. Tt is known that the composition of two ring homomorphisms is a ring
homomorphism. So we only have to show that for all k € K and b € B (go
£ (kD) =k((go f)(b). Let k € K and b € B.

(g0 f)(kb) = g(f (kb))
= g(kf(b))
=k(g(f(b)))
=k((go f)(b))
Hence g o f is a K-algebra homomorphism. O

Definition 2.65. B is a finitely generated K-algebra if there is a K-algebra
homomorphism from K|[zy,...z,] onto B.

Theorem 2.66. A(Y) is a finitely generated K -algebra.

Proof. There is amap from K|z1,...x,] onto A(Y) namely F': f — f Mod I(Y).
We check this is a K-algebra homomorphism. Let k € K and f,g € K[z ...x,].
Then F(kf) =kf Mod I(Y) = k(f Mod I(Y)) = kF(f).
F(f+9)=(f+g) Mod I(Y) = f Mod I(Y') + g Mod I(Y') = F(f) + F(g).
F(fg) = fg Mod I(Y)) =(f Mod I(Y))(g Mod I(Y)) = F(f)F(g)-

O

Lemma 2.67. Any finitely generated K-algebra B which is an integral domain
is the affine coordinate ring of some affine variety

Proof. Let B be a finitely generated K-algebra. Then there is a K-algebra
homomorphism F from A = Klz1,...2,] onto B. A/Ker(F) is isomorphic
to B [SL, Theorem 3.1 page 93]. Ker(F') is an ideal a. We are given that
B is an integral domain hence a is a prime ideal in A. Since a is prime it is
radical. Lemma 2.50 tells us there is a correspondence between radical ideals
and algebraic sets. Hence a = I(Y') for some algebraic set Y. Since a is prime

by Theorem 2.52 we know Y is irreducible and hence it is an affine variety.
Therefore B = A/I(Y). O

Lemma 2.68. f(z,y) =y — 2? is irreducible.
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2 is a polynomial of total degree 2.

Proof. Assume y — 2 is reducible. y — z
By assumption of reducibility, it can be expressed as the product of two linear

factors. y — 22 = (ax + by + ¢)(dx + ey + g) for a,b,c,d,e,g € K. Hence we
would obtain,
? = (ax + by + ¢)(dz + ey + g)

= adz? + aexy + agx + bdyx + bey? + bgy + cdx + cey + cg

= adz? + bey® + (bd + ae)xy + (ag + cd)x + (bg + ce)y + cg

y—x

Hence we would have the following equations.

ad = —1
be =0
bd+ae=0
ag+cd=0
bg+ce=1
cg=0

From be = 0 either b =0 or e = 0.
Case 1: If b = 0, then we would obtain the following.

ad = -1
ae =10
ag+cd=0
ce=1
cg=20

From ae = 0 either a = 0 or e = 0. We see from ce = 1 that e # 0. We also see

from ad = —1 that a # 0. Hence ae = 0 is not true.
Case 2: If e = 0 then we would obtain the following equations.
ad = —1
bd =0
ag+cd=0
bg=1
cg=10

From bd = 0 either b = 0 or d = 0. We see from bg = 1 that b # 0. We also see
from ad = —1 that d # 0. Hence bd = 0 is not true.
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Hence y — z~ is irreducible. O

Lemma 2.69. Let Y = Z(y — x?). Then A(Y) = K[t] where KJt] is the
polynomial ring in one variable.

Proof. A(Y)=A/I(Y) = K|x,y]/I(Y). First we determine what I(Y") is. From
definition
I(Y)={fe€Alf(P)=0forall PeY}

Y is the zero set of f =y — 22 we are looking for the I(Z(f)). Since y — 22 is

irreducible in K[z, y] then it generates a prime ideal (y —22). Every prime ideal
is equal to its own radical. By Lemma 2.39 we have I(Y) = I(Z(f)) = (y — 2?).
So we have A(Y) = K|[z,y]/(y — ) and we want to show it is isomorphic to
the polynomial ring in one variable over K. We can construct a homomorphism

Klz,y| — K[t]
(b:f(xay) Hf(t7t2)

but we would like a ring isomorphism from (I; E’;Z]) — K]t]. This can be achieved
if we can find a ring homomorphism

(]3' K[x7y]

: — K|t
TEFI
and a ring homomorphism
Klz,y]
v: K[t] — ——~
S ?)

such that ¢ o ¢ and ¢ o ¢ are the respective identity mappings. Let ¢ be the
map

ngf(xﬂy)""(y_m%'_)f(tvﬁ)

We check that ¢ is well defined. Let f(x,y) + (y — 22) and g(z,y) + (y — 22) €
Klx,y]/(y — 2?) and assume f(z,y)+ (y —22) = g(x,y) + (y — 22) then we have
f(z,y) — g(z,y) € (y — 2?) so f(z,y) — g(x,y) is some polynomial multiple of
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o(f(z,y) = glz,y)) = ¢(h(m7y)(y - mz))
o(f(x,y)) — d(g(x,y)) = 6(h(z,y))p(y — 2?)
F@t,1%) = g(t,1%) = h(t, *)(* — )
f(t,8%) = g(t,8%) = h(t,*)(0)
f(t,1%) —g(t,t?) =0
f@t,8%) = g(t,1%)

Hence ¢ is well defined.
Let f(x,y) + (y — 2?) and g(z,y) + (y — 22) be elements of K|[x,y]/(y — x2).

(f(z,y) + (y — 2°) + g(z,9) + (y — 2*)) = (f(x,y) + g(z,y) + (y — 27))
= o((f +9)(z,y) + (y — 2%))

= (f +9)(t,t°)
= f(t,1) + g(t, )

=o(f(z,y) + (y — %)) + d(g(z,y) + (y — 2*))

O(f(x,y) + (y — 2*)(g(z,y) + (y — 2%)) = 6(f (2, y)g9(x, y) + (y — 2°))
o(fg(z,y) + (y — ?))
fo(t,t%)
F@t,8%)g(t, %)
O(f(x,y) + (y — 2*)d(g(x, y) + (y — 27))

The multiplicative unit element in K[z, y]/(y—=z?) is 1+(y—2?). ¢(1+(y—z?)) =
1 and we see that the unit element from K[z, y]/(y—2?) maps to the unit element
in K[t].

Hence ¢ is a ring homomorphism.

Let ¢ be the map
o1 f(t) = fla)+ (y —2?)
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e(f(t)g(t) = »((f9)(1))
= (f9)(x) + (y — 2*)
= f(z)g(x) + (y — 2?)
=(f

The unit element in K[t] is the polynomial 1. (1) = 1 + (y — 2?). The unit
element in K [t] maps to the unit element in K|x,y]/(y — 22).

Hence ¢ is a ring homomorphism.

We have found two ring homomorphisms and we need to check that the condition
is satisfied. Let f(z,y) + (y — 2%) € K[z, y]/(y — x?) then

f(z,2?) + (y — 2%) = f(x,y) + (y — 22) since they are the same coset.

Proof. These cosets are equal since
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y = 2% mod(y — %)
v = (2%)7 mod(y — x?)
'yl = 2'(2*) mod(y — z?)

aijz'y’ = a;;x'(2%)? mod(y — z?)
n

n
Y agr'y = Y ayai(®) mod(y —z?)

i=0,j=0 i=0,j=0

Therefore f(z,2?) + (y — 22) = f(z,y) + (y — z?). O

Hence ¢ o ¢ is indeed the identity mapping in K[z, y]/(y — x2).
Let f(t) € K]t]

@ o © is the identity mapping in Kt].
Hence ¢ is a ring isomorphism and A(Y) = K[t] O

Lemma 2.70. f(x,y) = zy — 1 is irreducible.

Proof. Assume zy — 1 is reducible. zy — 1 is a polynomial of total degree 2. By
assumption of being reducible it can be expressed as the product of two linear
factors. xy — 1 = (ax 4+ by + ¢)(dx + ey + g) for a,b,c,d,e,g € K. Hence we
would obtain,
xy—1=(az+by+c)(dr+ey+g)
= adz? + aexy + agz + bdyx + bey? + bgy + cdx + cey + cg
= adz? + bey? + (bd + ae)zy + (ag + cd)x + (bg + ce)y + cg

Hence we would have the following equations.

ad =0
be =0
bd+ae =1
ag+cd=0
bg+ce=0
cg=—1
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From ad = 0 either a = 0 or d = 0.

Case 1: If a = 0, then we would obtain the following.

be =0
bd =1
cd=0
bg+ce=0
cg=—1

From cd = 0 either ¢ = 0 or d = 0. We see from bd = 1 that d # 0. We also see
from gc = —1 that ¢ # 0. Hence c¢d = 0 is not true.

Case 2: If d = 0 then we would obtain the following equations.

be =0
ae =1
ag =20
bg+ce=0
cg=—1

From ag = 0 either a = 0 or g = 0. We see from c¢g = —1 that g # 0. We also
see from ae =1 that a # 0. Hence ag = 0 is not true.

Hence zy — 1 is irreducible. O
Ezample 2.71. Let f(x,y) =a2y—1€ K[z,yland Y = Z(zy—1). A(Y) 2 K[t].

Proof. In this example A(Y) = K[z,y]/(zy — 1). To show A(Y) 2 KJt] we
look at the units in K[t] which we know to be the constant functions. Assume
f+(xzy—1),f € K[z,y] is a unit in K[z,y]/(zy — 1). Hence we have that for
some g+ (zy—1) € K[z,y]/(zy—1), (f+(@y—1))(g+ (2zy—1)) =1+ (zy—1).
Hence fg+ (zy—1) = 1+ (zy—1). This means fg—1 € (zy—1). We can simply
choose f = x,g =y since xzy—1 € (zy—1). Hence z+ (zy—1) and y + (xy — 1)
are units in Kz, y]/(xy —1). Assume z + (zy — 1) is a constant function. Then
x4+ (xy — 1) = ¢+ (zy — 1) for some ¢ € K. Therefore x — ¢ € (zy — 1). But
elements in (zy — 1) are of the form f - (zy — 1), f € K[z1,...2y]. This means
the total degree of any element in (xy — 1) is either 0 or greater than or equal
to 2. x — ¢ has total degree 1 and hence cannot be in (xy — 1). Therefore we
have a contradiction and x + (zy — 1) is a non-constant unit in K[z, y]/xy — 1.
Therefore A(Y) 2 K[t].

Lemma 2.72. A K-algebra B is isomorphic to the affine coordinate ring of
some algebraic set in A™ for some n if and only if B is finitely generated K-
algebra with no nilpotent elements
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Let B be a finitely generated K-algebra with no nilpotent elements. Then there
is a K-algebra homomorphism F' from A = K|z, ...x,] onto B. [SL, Theorem
3.1] tell us A/Ker(F) is isomorphic to B. Ker(F) is an ideal a.

Since B is reduced K[zy,...,2,]/a is reduced. Hence a is a radical ideal by
Theorem 2.43. Lemma 2.50 tells us there is a correspondence between radical
ideals and algebraic sets. Hence a = I(Y') for some algebraic set Y. Hence
B = A(Y) for some algebraic set in A”™.

Let B = A(Y) for Y an algebraic set in A™ and B a K-algebra . We know from
Theorem 2.66 that A(Y') is a finitely generated K-algebra so we just need to
show it is reduced. We know A(Y) = K|[z1,...,2,]/I(Y). There is a correspon-
dence between radical ideals and algebraic sets hence Y corresponds to some
radical ideal a. By Theorem 2.43 an a is radical if and only if K[z1,...,2,]/I(Y)
is reduced. Therefore B is reduced where B = A(Y) for Y an algebraic set in
A",

Lemma 2.73. A" is a noetherian topological space.

Proof. Let Y7 D Yy D ... be a descending chain of closed subsets. Then
by Lemma 2.35 I(Y;) C I(Yz) C ... is an ascending chain of ideals in A =
Klzy,...,2,]. We know A is a noetherian ring hence this chain of ideals will
become stationary. For each i, Y; = Z(I(Y)) hence Y1 2 Y3 D ... will also
become stationary. O

Lemma 2.74. FEvery algebraic set in A™ can be expressed uniquely as a union
of affine varieties, no one containing another.

Proof. This is a direct consequence of Theorem 1.53. O

The dimension of an affine variety is its dimension as a topological space.

Ezample 2.75. The dimension of A is 1. From Lemma 2.30 the only irreducible
closed subsets of Al are single points and A! itself.

Definition 2.76. In a ring R the height of a prime ideal p is the supremum of
all n € Z such that there exists a chain pg C p; C ...p, = p of distinct prime
ideals.

Lemma 2.77. Let K|x1,x2] be the polynomial ring in 2 variables. Let p =
(z1) C K[z1,x2] be a prime ideal. Then the height of p is 1.

Proof. Suppose q C p is a prime ideal with q # (0). Then there is f € g such
that f = atg for g ¢ x1K[x1,x2]. Since q is prime then either 2} € q or g € q.
Since q C p g € q is excluded. Hence x} must be in q. Since q is prime then
21 € q. This means p C q. Therefore q = p which is a contradiction. Hence the
only chain is (0) € (1) = p. Hence the height of p is 1. O

We define the dimension of A = K|[x1, ..., x,] to be the supremum of the heights
of all prime ideals.

Lemma 2.78. The dimension of A = K[z1,...,2,] isn.
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Proof. If K is a field and A a finitely generated K-algebra then, when A is an
integral domain we have that

dim A = height p + dim ;:1

[MAT, Chapter 5, Section 14]. In this case K[x1,...,x,] is a finitely generated
K-algebra and an integral domain. Hence using this Theorem and induction on
n we can prove that dim K|z1,...,2,] = n. From lemma 2.77 we have that the
prime ideal p = (z1) C K|z1,...,x,] has height 1. We will choose this as our
prime ideal.

P(n) : Dim Kzq,...2,] =n.
P(1) Let n = 1. Then the formula tells us

K]
(z1)
Klz1]

But = = K. And any field K has dimension 0. This is because the only
ideals in K are the 0 ideal and K itself. Hence we have

dim K[z1] = height (z1) + dim

dim K[z1]=140=1

Assume P(n — 1) is true. This means dim K[z1,...,2,-1] =n— 1.

Now we will prove P(n) is true.

Klzy,...z,]
(z1)

But W ~ Klxo,...2n). Klza,...3,] is simply (with renumbering) the
polynomial ring in n — 1 variables. By assumption the polynomial ring in n — 1
variables has dimension n — 1. Hence we obtain,

Klzy,...,2,] = height (1) + dim

Klzy,...,2p]=14+n—-1=n
Hence we have dimension of K|[zy,...,z,] = n. O
Lemma 2.79. IfY is an affine algebraic set then dim 'Y =dim A(Y).

Proof. Let Y be an affine algebraic set in A™. The dimension of Y is its dimen-
sion as a topological space. Let dim Y = r. Then we have a chain of irreducible
closed subsets Yy C Y7 € --- C Y. CY. By Theorem 2.52 the closed irreducible
subsets of Y correspond to prime ideals of A containing I(Y"). Hence we have
a corresponding chain of prime ideals containing I(Y") of length r. These prime
ideals in A that contain I(Y") correspond to the prime ideals of A(Y).

Hence dim Y=dim A(Y). O

Lemma 2.80. The dimension of A" =n
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Proof. A™ is an affine algebraic set. Hence by Lemma 2.79 the dimension of
A" is equal to the dimension of its affine coordinate ring.

. . Kz, ..., 2]
A" = _
dim dim (A"
— dim Kz, ..., 2]
0
=dim Klxy,..., Ty
=n

O

Theorem 2.81. Let R be a ring and I C R an ideal. Let J C R be an ideal
with J 2 I. Then J/I is an ideal in R/I.

Proof. JJI={j+I1:j€J}, J/ICR/I
We need to prove

o Ifjy +1,jo+1¢€J/Ithen (j; +1)+ (jo+1)e J/I

e The zero element of R/I is in J/I

e Ifr+IcR/Ij+1ecJ/Ithen (r+I)(j+1)eJ/I
Let i+ Lo+ 1 € J/I. (h+1)+ (ot 1) =1 +ja+1 = (1 +3j2) +1.
(j1 +J2) + 1 € J/I since j1 + j2 € J. Therefore (j1 + 1)+ (jo+1) € J/I
The zero element of R/I is 0+ I with 0 € R. Is this in J/I? J is an ideal of
R therefore it contains the zero element of R. Hence .J/I contains the zero of

R/I.
Let r+I € R/I, j+1 € J/I. (r+1)(j+1I) = rj+ I Sincerj € J,
rj+1¢€J/l. O

From Theorem 2.81 we now have a map from the set of ideals J C R with J D I
to the set of ideals in R/I.

Theorem 2.82. Let R be a ring, J an ideal in R with J O I. The factor ring
R/I Mod J/I is isomorphic to R/ J.

Proof. We will show there is a ring homomorphism from R/I onto R/J namely

F:R/I — R/J
r+I—=r+J

We check first that F is well defined. Let ry + I,7o + I € R/I such that
r1+ 1 =ro + 1. This means r;1 —ro € I but I C J therefore r; — ro € J hence
r1 + J =ro + J. Therefore F' is well defined.
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Let ry + 1,7+ 1 € R/I.

Fri+IT+4+ro+1)=F((ry +72)+1)
=(r1+re)+J
=1 +J)+(r2+J)
ZF(T1+I)+F(’I”2+I)

F((ri+D(ra+1))=F(rire + 1)
=riro+J
=(ri+J)(ra+J)
:F(’I’l +I)F(T2+I)

Fl+D)=1+J.
Hence F' is a ring homomorphism.

The kernel of F is the set of all elements r+1 € R/I such that F'(r+1) = Og/;.
F(r+1)=r+J. Hence we have r + J = 0+ J, r € J Therefore the kerF' =
{r+1I:r € J} which is simply J/I. The image of F = {r+J : F(r+1) =r+J.
This means the set of elements r + J such that » € R, which is simply all of
R/J. Hence R/I Mod J/I is isomorphic to R/J. [SL, Theorem 3.1]. O

Lemma 2.83. S = {set of ideals J C R with J D I}, T = {set of ideals of R/I}
The map

F:5—T
J = J/I

18 bijective.
Proof. Let f be the ring homomorphism

R— R/I
re—r+4+1

Let M C R/I be an ideal and mq,ma € f~1(M). Then f(m;) and f(mz) € M.
Since M is an ideal f(my) + f(m2) € M. f is a ring homorphism therefore
f(m1 +mz) = f(m1) + f(ma) € M. Hence my +mo € f~1(M).

Let m € f~Y(M) and f(r) € R/I. Then f(m) € M. Since M is an ideal
of R/I then f(r)f(m) € M. f is a ring homomorphism therefore f(rm) =
f(r)f(m) € M. Hence rm € f~*(M). Then f~'(M) C R is an ideal that
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contains I since the inverse image f~'(M) = {z € R|f(z) € M}. Letting = € [
then f(z) =2+ 1 =041 € R/I. Since M is an ideal in R/I, 0+ 1 € M.
Hence f(x) € M therefore x € f~*(M). Hence I C f~1(M) We can now define
amap G : T — S which sends M to f~1(M). We will now show the one to one
correspondence between S and T' by showing F'oG and G o F are the respective
identity maps.

(FoG)(M) = F(G(M)) = F(f~(M)) = f~1(M)/I.
But f~1(M)/I is simply M. We see this as follows.

C. Let z € f~Y(M)/I. Then x = r + I for some r € f~*(M). Therefore
f(r)e M . But f(r) =r+ 1 =x. Hence € M. Therefore f~*(M)/I C M.

D. Let m € M. Then m = s+ I for some s € R. But s +1 = f(s).

Therefore m = f(s) Hence s € f~'(M). Hence s + I € f~1(M)/I. Therefore
m € f~1(M)/I. Hence f~Y(M)/I D M.

Hence f~Y(M)/I = M.

(GoF)(J)=G(J/I) = f~1(J/T).

f~YJ/I)={x € R|f(x) € J/T} and J/I = {j+1I|j € J}. We want to check for
whichx € Risa+1¢€ J/I? Let x+1=j+1 for some j € J. Thenax —j el
for some j € J. I C J C R are ideals in R. So if z — j = i for some ¢ € I and

j € J then x =i+ j € J. Therefore, the only elements x € R that satisfy this
are elements in J. Hence f~1(J/I) = J. O

If J is a prime ideal in R then R/.J is an integral domain and hence R/I Mod J/I
is an integral domain and J/I is a prime ideal in R/I. By Lemma 2.83 the map
F takes prime ideals which contain I in R to prime ideals in R/I.

Lemma 2.84. Let R be a noetherian ring and I C R an ideal. R/I is noethe-
Tian.

Proof. Let J1/I C Jo/I C --- C J,./I... beachain of ideals in R/I with J; € R.
By Lemma 2.83 each J;/I € R/I corresponds to an ideal J; € R. Hence we

have a corresponding chain of ideals in R, namely J; 2 Jo 2 --- 2 J,.... This
chain will become stationary in R as R is Noetherian. Hence the chain in R/I
will become stationary. Hence R/I is Noetherian. O

Lemma 2.85. Let f : A — B be a ring isomorphism with I C A and J C B
ideals such that f(I) = J. Then f induces an isomorphism,
A/l — B/J
a+ I+ fla)+J

Proof. Since f is an isomorphism there is an inverse map g : B — A such that
fog=1Idg and go f = Id4. The map g is defined by J — f~1(.J). We define
g :B/J— A/Tbyb+Jw— f71b)+ 1.

Let a+ 1€ A/I
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(g o f)a+1)=4g(f(a+1))
=g'(f(a)+J)
= (f(a) +1
=a+1T

Let b+ J € B/J.

(frogd)b+J)=f'(d(b+T))
= (1) + 1)
= (1) +J
=b+J

Hence f’ is an isomorphism.
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3 Projective Space

The following section looks at the projective space. To discuss the projective
space we recall the following definition.

Definition 3.1. If M is a set with an equivalence relation and a € M we call
[a] = {m € M|m ~ a} the equivalence class of a.

3.1 Projective n-space

Definition 3.2. The projective n-space over a field K denoted P™ is the set of
equivalence classes of (n + 1) tuples (ag, ..., a,) of elements of K, not all zero,
under the equivalence relation (aq, ..., a,) ~ (Aag, ..., a,) forall A € K, X # 0.

Lemma 3.3. (ag,...,an) ~ (bo,...,byn) if and only if there exists a non-zero
A € K such that a; = A\b; defines an equivalence relation.

Proof. We have a; = Aa; with A = 1. Therefore (ay,...,a,) ~ (ag,...,a,) and
we have this relation is reflexive.

Let (ag,...,an) ~ (bo,...,by). Then there exists A\ € K such that a; = Ab;.
Multiplying both sides by A~! we obtain A'a; = b; which is the same as b; =
A~1a; hence we have (bg,...,b,) ~ (ag,...,a,) and this relation is symmetric.
Let (ag,...,an) ~ (bo,...,by) and (bo,...,b,) ~ (co,-..,cn). Then there exists
some X\ € k such that a; = Ab; and Ay such that b, = A\i¢;. From a; = A\b; we
have A la; = b; but b; = A\i¢;. Therefore A"'a; = A\i¢;. This gives a; = A\i¢;.
Hence (ag, - ..,an) ~ (cg,...,cpn). Therefore this relation is transitive.

Hence this is an equivalence relation as defined. O

An element of the projective n-space is called a point. If P € P" is a point,
then any (n + 1) tuple (ag...a,) in the equivalence class of P is called the set
of homogeneous coordinates for P.

3.1.1 Graded Rings

Definition 3.4. Let I be an index set and for each ¢ € I let G; be a group. Then
G = 'HjGi is the direct product with the group operation defined component
1€
wise. In other words, for two elements in G say (g;)icr and (h;);cr their product
is (gihi)ier-
Definition 3.5. For a family of abelian groups 4,4 € I, the direct sum P A;
icl
is a subgroup of the direct product. It consists of elements (a;); € _HIAi such
1€
that a; is the neutral element for all but finitely many .
Definition 3.6. A graded ring is a ring R such that the additive group of the
ring is a direct sum of the abelian groups Ry d > 0 with RgR. C R4i. where
d,e € Z,d,e > 0 and the unit element of R in Ry. i.e Ry is a subring of R.

The elements of R, are called the homogeneous elements of degree d.
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Definition 3.7. Let R be a graded ring and a an ideal of R. We say a is a

homogeneous ideal if a = @ (a N Ry) (i.e the direct sum of its homogeneous
d>0

parts.)

Lemma 3.8. Let R be a graded ring and a C R an ideal. a is homogeneous if

and only if it can be generated by homogeneous elements.

Proof. Assume a is generated by homogeneous elements z;. That means x; €
aNRg,. Then for any a € a, a can be expressed as a = r1x;, +ra%i, +. .. T,
By the definition of ideal rjz;; € a. Since R is a graded ring and r; € R then
each r; can be expressed as the sum of its homogeneous parts. So we have
a =37 Y n i, = > 142, By the definition of ideal 7j,x;; € a. Since 7,
is homogeneous and z;; is homogeneous, so is r;, 7;,. Hence a is homogeneous.
Conversely, assume that a is homogeneous. Let T = [Ja N R;. (the set of

1

homogeneous elements of a). Let b be the ideal generated by T. We want to
show a = b. b is the set of elements rit; + roto + -+ + rpt, with r; € R and
t; €T. Since T C a each t; € a. Hence b C a.

Let a € a. a can be expressed as a = a1 + az + - -+ + a,, with each a; € aN R;.
Hence a; € T. We can also express a as a = la; + lag + -+ - + la, with 1 € R
the unit element and a; € T. Hence we see a € b. Therefore a C b. Hence
a=>0. O

Lemma 3.9. Let a,b be homogeneous ideals. Then a + b is a homogeneous
ideal.

Proof. Since a,b are homogeneous they can be generated by a set of homoge-
neous elements. Let T' = {x; : i € I} be the set of homogeneous elements that
generate a. Let S = {y; : j € J} be the set of homogeneous elements that gen-
erate b. I and J are index sets. Then T'U S is the set {z;,y;|i € I,j € J}.The
ideal a + b is the set {a + bla € a,b € b}. T U S generates some homoge-
neous ideal ¢ C a+b. c¢ is the ideal consisting of all elements of the form
c= Zr,xZ—FZSJy] where r;,s; € R. Let d € a+b. Thend =a+bwitha ca

and b € b. Slnce a is generated by T we have a = r1x1 + roxa + -+ + Xy
Similarly since b is generated by S we have b = s1y1+ - -+ Sim¥Ym- Therefore we
have d = rz1+reze+- - -+ rp&n+s1y1+ - -+ Smym. Henced = Y rx+) s,y;.
Therefore a + b C ¢. Thus a+ b = ¢. and a 4 b is homogeneous. O

Lemma 3.10. Let a,b be homogeneous ideals. Then ab is a homogeneous ideal.

Proof. Let T be a set of homogeneous x that generate a and S a set of homo-
geneous y that generate b. Let T'S = {zy : x € T,y € S}. Then T'S generates a
homogeneous ideal ¢ consisting of all elements of the form Y rzy with r € R,z €
T,y € S. The ideal ab is the set of all elements a1b1+. .. a,b, with a; € a,b; € b.
Hence ¢ C ab. Let a1by + --- + anb, € ab with a; € a,b; € b. So we can
take arbitrary a;b; and show it is in ¢. Since a is generated by T we have
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a; = a1 + roxg + -+ + rpx,. Similarly since b is generated by S we have
b; = s1y1 + -+ + SmYm. Therefore we have
aib; = (111 +rowa 4+ + 1) (8191 + 0+ SmYm)
= ?"11‘1(513/1 + -+ Smym) +-+ Tnxn(slyl +-- 4+ Smym)

n
= Zrixi(slyl + o 4 SmYUm)
i=1

n m

E T4 E S5Y5
i=1 j=1
= E TiTiS Y

1<i<n
1<j<m

= E T8 %iY;

1<i<n
1<j<m

with r;s; € R,z; € T,y; € S. Hence we have a;b; € ¢. Since ¢ is an ideal,
sums of arbitrary a;b; are in ¢. Hence ab C ¢. Therefore ab = ¢ and ab is a
homogeneous ideal. O

Lemma 3.11. Let a be a homogeneous ideal and f € a. Then for
f=fo+rfi+-+ fn, with fqg € Ry each fq € a.

Proof. We are given a a homogeneous ideal and f € a. We are given f =
fo+ fi+ -+ fr with each f; € S4. By definition 3.7 f = go+ g1 + -+ + gm
with gg € anNSy;. We obtain from this that fo = go, f1 = g91,--- fr = gm- m =n.
Hence fq = gq. Therefore fy € a. O

Lemma 3.12. Let a,b be homogeneous ideals. Then a N b is a homogeneous
ideal.

Proof. Let f € anb. Then f € aand f € b. We can write f = fo+fi+---+ fr.
(sum of homogeneous parts). By Lemma 3.11, f; € a. By Lemma 3.11, f; € b.
Hence each fy € anb. Therefore a N b is a homogeneous ideal. O

Lemma 3.13. Let a be an ideal. Assume that for oll f € a with f = fo+-- -+ f:
and fq € Sq we have fq € a. Then a is homogeneous.

Proof. Let T be the set of homogeneous elements fy of a. We claim T" generates
a. We want to show all f € a are of the form r1 f1 +rofo+---+1rifi. Let f € a.
Since S is graded we can decompose f into the sum of its homogeneous parts.
f=fo+fi+ -+ fs with f4 € Sq. By assumption fg € a. Hence fq € SgNa.
(SqNa) C T hence fg € T. Wecanlet r; = 1 and write f = 1f1 +1fo+---+1f;.
Hence T generates a therefore a is homogeneous. O
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Lemma 3.14. Let R be a graded ring. Let a be a homogeneous ideal. Then \/a
18 a homogeneous ideal.

Proof. We prove this lemma using induction. Our statement P(r) is as follows.
P(r) : For every f € v/a with deg f < r all homogeneous parts of f are in 1/a.
Let f € /a. ie f € R such that f* € a. Since R is graded we can express
f=fr+fro1+---+ fo with f; € R;. Want to show each f; € v/a.

fr=(fr+ -+ fo)" €a

/™ = (fr)"+ lower terms. Then by Lemma 3.11 (f,)™ € a hence f, € \/a. Since
f7fr€\/aaf_fre\/a~ f—fr=fr71+"'+f0€\/a

We can assume for every g € /a with degree < r — 1 all homogeneous parts
of g € v/a. Applying the assumption to g = f — f. we get each f; € \/a for
i=0...r —1. We have shown f, € y/a. Hence P(r) is true. O

Definition 3.15. Let R be a graded ring. Ry = & Ry is defined as the
d>0

irrelevant ideal.

Lemma 3.16. R, is a homogeneous ideal.

Proof. Let Og be the neutral element of R. i.e the zero polynomial in R. Og
is in each Rgq for d > O(each Ry is an additive abelian subgroup of R). Hence
Or € Ry.

Let f=fitfot+ -+ fo1+foand g=g1+g2+ 4+ gm—1+ gm be elements
of Ry witheach fye R;andg; € Rj. fm<ng=gi+g2+ -+ Gm-1+9gm+

Gm+41 + -+ gn With gy1 = gmi2 = =gn =0

Ifn < mthenf: fl+f2++fn—1+fn+fn+l++fm with fn+1 =
fnt2 =+ = fm, = 0. This allows us to assume without loss of generality that
m=n.

frg=fitht ot fatgit ottt
:f1+gl+f2+92+"'+fn+gn

Hence f+g€ Ry. Letr € Rand f = f1+ fo+---+ fn € Ry. we want to show
rfeRy. rf=rfi+rfo+---+rf,. Need to show each rf; € R.. We can
write 7 as the sum of its homogeneous parts. r =rqg+71 +...7r,. We now have
rfi=(ro+ri+...rn)fi =rofi +r1fi +...rnfi. Since 1 < i < n the lowest
degree is non zero. Hence rf; € R4. O

Definition 3.17. Let R be a graded ring and I C R an ideal. s € R/I is
homogeneous of degree i iff s = r + I for some r € R homogeneous of degree i.

Lemma 3.18. Let R be a graded ring and I C R a homogeneous ideal. Then
R/I comes with a grading making it a graded ring.

Proof. We have that R = @ R; and I = @ R; N I. R; is an abelian subgroup
of R by definition of R being graded. I C R is an ideal and hence an abelian
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subgroup of R. The intersection of two abelian subgroups of a ring is again an
abelian subgroup. Hence (R; N I) is an abelian subgroup. R;/(R; N1I) is an
abelian group. Let

RN T
T+(Riﬂf)'—>r+f

Let r+ (R;NI),s+(R;NI) € R;/(R;NI) with r, s € R;. Assume r+(R;NI) =
s+ (R;,NI),r,s € R;. Hence r —s € (R; NI). In particular » — s € I. Hence
r+I=s+1 ¢;(r+(R;NI)=r+1I ¢i(s+ (R;NI))=s+1. Therefore
di(r+ (R;NI)) = ¢i(s+ (R;N1I)). Hence ¢; is well defined.

di((r+ RN+ (s+(RiNI)))=di(r+s+ (R;NI))
=(r+s)+1
=+ +(s+1)
=¢i(r+ (R;NI))+ ¢i(s+ (R; N 1))

Hence ¢; is a group homomorphism.

Ker(¢:) ={r+ (R:;NI):¢;(r+ (R;NI)) =0}
={r+RNI):r+I=0in R/I}
={r+RnNI):r+I=0+1}
={r+RNID):rel}
={r+(R;nNID):reR;NI}

={0+(R;,NI)}

—0in R;/(R; N 1)

Hence ¢; is injective. ¢; is an isomorphism onto Im (¢;) € R/I. [SL, Theorem
3.1 page 93] . Hence each ¢;(R;/(R; NI)) is a subgroup of R/I.

We have to show R/I is the internal direct sum of all ¢;(R;/(R; N I)). Let
r+ 1 € R/I. Hence r = Y r; for some r; € R; and r; = 0 for all but finitely

i>0
many ¢ > 0.Therefore r +I = (>r;)) +1= > (r; + I). Let r + I be expressed
i>0 i>0
in 2 different ways. Sor+1 = > (r;+1I),r; € R; with r; = 0 for all but finitely
i>0
many ¢ > 0. and r+1 = > (s; + I),s; € R; with s; = 0 for all but finitely
i>0
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many ¢ > 0. Hence we have:

Dt =) (si+1)

i>0 i>0
Dri+D) =) (si+1)=0
>0 i>0

S (ri+ D)= (si+1)) =0
>0
> ((ri—si)+1)=0

i>0

(Z(rl —s))+1=0

i>0

Hence > (r; —s;) € I. Recall T = @ R; NI. Hence > r; —s; = Y a; with
i>0 i>0 >0

a; € R; NI and a; = 0 for all but finitely many 7 > 0.

Therefore we can conclude r;, s;,7; — s;,a; € R;. Hence r; — s; = a; because

of uniqueness in R. Therefore r; —s; € R;NI. Hence r;+ (R;NI) = s;+ (R;NI).

Let r+1I € ¢;(R;/(R;NI))and s+ I € ¢;(R;/(R;NI)). we have r € R;,s €
R;j. (r+1I)(s+1I)=rs+I. Since R is graded rs € R;y;. Hence rs +1 €
@itj(Ritj/(Riy; NI)) . Therefore R/I is a graded ring. O

3.1.2 The polynomial ring in n + 1 variables

Let S be the polynomial ring K[zg...xz,]. We can make S a graded ring by
taking Sy to be the set of all sums of monomials of total degree d. Monomials
are polynomials of one term. eg 4zy.

Definition 3.19. A homogeneous polynomial is a polynomial whose non-zero
terms have the same total degree.

f(xo,z1) = 23 + 22221 + 3woz? + 3® is a homogeneous polynomial of degree 3.
f(zo, 1) = 23 + 22022 + 322 + 22073 is not a homogeneous polynomial.

Let S = Klzg,z1] and f(zo,21) = 3 + 2m0x3 + 32 + 22023 + 021 € S.
This is not a homogeneous polynomial but can be expressed as the sum of its
homogeneous components. fo = zox1 + 372, f3 = 2w073, f1 = 4 + 2z0773.

3.2 Zero sets of homogeneous elements

Let f be a homogeneous polynomial. Then f(\ag ... Aa,) = A f(ao,...a,). We
can define a well defined function from P™ to {0,1} by f(P) =0if f(ag...an) =
0and f(P)=1if f(ag...a,) #0.
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Definition 3.20. Let T be any set of homogeneous elements of S = K|z, ..., zp].
We define the zero set of T" to be

Z(T) = {P € P"|f(P) =0 for all f € T}

Lemma 3.21. If Ty C Ty are subsets of S™ where S" denotes the set of homo-
geneous elements of S then Z(T3) C Z(Ty).

Proof. Let P € Z(T3) then for all f € Ty, f(P) = 0. Since T} C Ty, let f € Ti,
then f(P) =0 hence P € Z(Ty). Therefore Z(Tz) C Z(T1). O

Definition 3.22. If a is a homogeneous ideal of R, then Z(a) = Z(T) where T
is the set of all homogeneous elements in a.

Lemma 3.23. Let T C S". Let a be the ideal generated by T. Then Z(T) =
Z(a).

Proof. Let a” be the set of all homogeneous elements of a. By definition 3.22
Z(a") = Z(a). a" C S". We have T' C a”. Hence by Lemma 3.21 Z(a") C Z(T).
Hence Z(a) C Z(T).

Let P =[ag:ay: - :a,] € P" such that P € Z(T). Let g € a®. This means
g=ag1f1+92fo+ -+ gnfn with g; € S homogeneous and f; € T. We choose
a representative of [ag : a1 : -+ : a,] say Q = (ag,a1,...,a,) € A", Then

g(Q) = 0. Hence g(P) = 0 in the homogeneous sense. Therefore P € Z(a").
Therefore Z(T) C Z(a"). By definition 3.22 Z(a) = Z(a"). Hence Z(T) C Z(a).
Therefore Z(T) = Z(a). O

Theorem 3.24. Homogeneous Nullstellensatz: If a is a homogeneous ideal and
f € S a homogeneous polynomial with deg f > 0 such that f(P) = 0 for all
P € Z(a) then f" € a for some r.

Proof. Let A"*1\{0} — P" be the surjective map which maps (ag...a,) —
(ag...an). Let @ € A"\{0} with Q € Z(a) and @ not the origin. Then
Q € Z(T) where T is the set of homogeneous elements of a. Let P € P™ be
the image of Q. Then P € Z(T). By definition 3.22, P € Z(a). f(P) =0
by assumption hence f(Q) = 0. Therefore f” € a for some r > 0 by the
Nullstellensatz in affine space .

O

Definition 3.25. Let Y C P™. Y is an algebraic set if there exists a set T' of
homogeneous elements of S such that Y = Z(T).

Lemma 3.26. The union of two algebraic sets is algebraic.

Proof. Let Y1 C P™ and Yo C P™ be algebraic sets. Then Y; = Z(T1) for some
Ty € S" and Yz = Z(T3) for some Ty C S*. YUYy = Z(Ty) U Z(Ty). We
will show Z(Ty) U Z(Tz) = Z(T1Ts) where T1T5 is the set of all products of
homogeneous elements of 77 by homogeneous elements of T5. i.e products of
homogeneous polynomials.
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Let PeY;UY5. Then P€Y;or PeYs.

If P €Y, then f(P) =0 for all f € T. Hence, we have f(P)-g(P)=0-g(P).
for all g € T5. 0- g(P) = 0. Hence P € Z(T1T5).

If P €Y, then g(P) = 0 for some g € Tp. Hence we have f(P)-g(P) = f(P)-0.
for all f € Ty. f(P)-0=0. Hence P € Z(T1T»).

Hence Z(Tl U TQ) Q Z(TlTQ)

Let P € Z(T1Ts) such that P ¢ Y;. Then there exists f € Ty, such that
f(P) #0. For all g € Ts we have 0 = (fg)(P) = f(P)g(P). Since f(P) # 0, we
have g(P) = 0 for all g € T>. Hence P € Y>.

Let P € Z(T1T3) such that P ¢ Ys. Then there exists g € T», such that
g(P) # 0. For all f € T1 we have 0 = (fg)(P) = f(P)g(P). Since g(P) # 0,
then f(P) =0 for all f € 7. Hence P € Y}

Therefore Z(T1T5) C Z(T1 U Ty).

Therefore Z(Ty U Tz) = Z(T1T>) showing the union of two algebraic sets is
algebraic. O

Lemma 3.27. The intersection of any family of algebraic sets is algebraic.

Proof. Let {Y,} be a set of algebraic sets over an index «. Then each Y, =
Z(T,) for T, C S". N, Ya =Ny Z(Tn). We will show N, Z(T,) = Z(U, Tw).

Let P €, Z(T,). Then P € Z(T,) for all o. Therefore f(P) = 0 for all a and
for all f € T,. Hence f(P) =0 for all f € J,T~. Therefore P € Z(|J, Tn)-
Hence N, Z(Tw) € Z(U, Tw)-

Let P € Z(J, Ta). Then for all f € J,Ta, f(P)=0. Hence for all o and all
f € Ta, f(P) = 0. Therefore, for all a, P € Z(T,). Therefore P € (N, Z(T,).
Hence N, Z(Ta) 2 Z(U, Tw)-

Hence the intersection of any family of algebraic sets is a zero set and therefore
algebraic. O

Lemma 3.28. () and P™ are algebraic sets.

Proof. If the empty set is algebraic then we can find some set T" of homogeneous
elements of S = K[z, ,2,] such that ) = Z(T). Let Y = () in P". Then we
have a subset T'C S namely T = {1} such that Y = Z(1). Let W = P". Then
we have a subset T; of S namely T = {0} such that W = Z(0).

Hence () and P™ are algebraic sets. O

Definition 3.29. We define the Zariski topology on P™ by taking the open
subsets to be the complements of the algebraic sets.

Lemma 3.30. The Zariski topology on P™ is a topology.

Proof. We need to show the following conditions hold.
(i) The empty set ) and the whole space P™ are open.
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(ii) Any finite intersection of open sets is open.

(iii) The union of open sets is open.
Proof of (i). By Lemma 3.28 the whole space P" is an algebraic set. The
complement of P™ is the (). Hence () is open in the Zariski topology.
By Lemma 3.28 @) in P is an algebraic set. The complement of () is the whole
space P". Hence P"™ is open in the Zariski topology.

Proof of (ii). Let U; and U, be two open subsets. We will prove U; NUs is open.
(U1 NUz)¢ = Uy UUS. Us is an algebraic set and US is an algebraic set. Lemma
3.26 tells us Uf U US is an algebraic set. Hence (U; N Us)¢ is an algebraic set
and therefore U; N Us is open. Let Us be another open subset. (U NUy) N U3
is open. We can repeat this process for finitely many open sets and we see the
intersection of finitely many open sets is open.

Proof of (iii). Let O be a set of open subsets. Let D = |J U . We would like to
Ueo
show that D is open in A™. This can be proved by showing D¢ is an algebraic

set.
pe=(JU)
Ueo

:ﬂUC

Ueo

Since U is an open subset, U€ is an algebraic set. By Lemma 3.27 the intersection
of algebraic sets is an algebraic set. Hence D¢ is an algebraic set and therefore
D is an open subset.

Hence the Zariski topology on P” is a topology. O

Definition 3.31. For any subset Y C P™ we define the homogeneous ideal
of Y in S denoted I(Y) as [(Y) = @ {f € Ss: f(P)=0forall PeY}.
d>0

Lemma 3.32. I(Y) is an ideal.

Proof. 0g € I(Y') as each Sy contains Og.

Let f,g € I(Y). We can write f = fo+ f1 +--- + fn with f4 € Sg and
g=9go+g1+ -+ gn with g4 € S4. Since f,g € I(Y) this means fy(P) =0
and gg(P) =0foralldand al Pe Y.f —g=(f—go+ (f —g)1+ -+

(f = 9n = (fo —g0) + (f1 —9g1) + - (fn — gn) Where each fq — ga € Sa.
Let P =ag : -+ : ay,] € Y. We choose a representative Q € A"*! namely

Q = (ag,...,an). fa(P) =0 implies f4(Q) = 0. gq4(P) = 0 implies g4(Q) = 0.
(fa — 9a)(Q) = fa(Q) — 9a(Q) = 0 — 0 = 0. Hence (fq — g4)(P) = 0 in the
homogeneous sense. Hence f — g € I(Y).

Let f € Sand g € I(Y). We can write f = fo+ f1 + -+ fn with fy € Sq and
g=9go+ g1+ -+ gn with gg € Syg. Since g € I(Y) then each g4(P) = 0 for
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alldand all P €Y. fg = (fg)o+ (fg)1+ -+ (fg)n with each (fg), € Sa.
Hence we have (fogo) + (f191) + - - - (fngn) where each fqgq € Sq. Let P = [ag :
-t a,] €Y. We choose a representative Q € A"T! namely Q = (aq,...,a,).

94(P) = 0 implies g4(Q) = 0. (fag9a)(Q) = fa(Q)94(Q) = fa(Q) - 0 = 0. Hence
(faga)(P) = 0 in the homogeneous sense. Therefore fg € I(Y).

Hence I(Y) is indeed an ideal. O
Lemma 3.33. If Y7 C Yy are subsets of P™, then I(Y2) C I(Y7).

Proof. Let f € I(Ya). f = fo+ -+ fr with each fy € S4. Since f € I(Y3),
fa(P) =0 for all P € Y5. Given that Y] C Yy, we let P € Y;. Then f4(P) =0
for all P € Y;. Hence f € I(Y7). Therefore I(Ys2) C I(Y7). O

Lemma 3.34. For any two subsets Y1,Ys of P™, I(Y1 UY3) = I(Y1) N I1(Y3).

Proof. D Let fe IY1)NI(Y2). f=fo+...[f with each fy € Sy. f € I(Y7)
and f € I(Ys2). Hence fq(P) =0 for all P € Y7 and fq(Q) = 0 for all Q € V5.
Hence f € I(Y1 UY3). Therefore I(Y1) NI(Y2) C I(Y; UYs).

C. Let g € I(Y1 UY3). Y1 C Y1 UY; so by Lemma 3.33 I(Y; UY2) C I(Y7) hence
g€ I(Y7). Yo C Y1 UYs so by Lemma 3.33 I(Y; UYs) C I(Y2) hence g € I(Y2).
Therefore, g € I(Y1) N I(Y3). Therefore I(Y; UY,) C I(Yr) N1I(Y3).

Hence I(Y7 UY3) = I(Y7) N I(Y3) as required. O

Lemma 3.35. If a C S is a homogeneous ideal with Z(a) # 0 then I(Z(a)) =
Va

Proof. D. Let f € v/a. Then by definition f" € a. f= fo+ fi +---+ f1. We
will prove using induction on [ the following statement:

P(l) : For each f € y/awith f € Sy ®S1®---® S, we have f € I[(Z(a)).

P(0) : Let I = 0. Let f € v/a. Therefore 7 € a for some r. We can write
f = fo with fo € Sp. If fo =0 we are done as 0 € I(Z(a).

Assume fy # 0. We have that f € a. Hence f{(P) = 0 for all P € Z(a).
Therefore fo(P) =0 for all P € Z(a). Hence fy = 0. Therefore fy € I(Z(a)).
Hence f € I(Z(a)).

Assume P(I —1) is true. For each g € \/a with g € Sy ®S1®---® S;_1 we have
g € I(Z(a)).

We will show P(1) is true.

Let f € v/a. Therefore f" € a. f = fo+ f1+---+ f; with each f; € Sg. Assume
f()#£0. Puth=f"€a h=hg+hy+--+ hy with each hg € Sy. Since a is
homogeneous each hy € a. Therefore hy(P) =0 for all P € Z(a). In particular
hir € a. Hence hy,.(P) = 0 for all P € Z(a). h; = f/, then f] € a. Hence
fi € v/a. We now have hy,.(P) = f/(P) =0 for all P € Z(a). Hence f;(P) =0
for all P € Z(a). Therefore f; € I(Za)).

f=fi=fo+-+ fi-1. Hence f — fi = g from P(I —1). Now f € V/a, fi € V/a
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hence f — f; € v/a. Hence g € v/a. Therefore, by assumption, f — f, € I(Z(a)).
So we have f — f; € I(Z(a)) and f; € I(Z(a)). Therefore f — f; + f; € I(Z(a)).
Therefore f € I(Z(a)) as required.

C Let f € S be a non-constant homogeneous polynomial. Hilberts homogeneous
Nullstellensatz tells us that if f vanishes for all points of Z(a) then f" € a for
some integer r > 0. This means for non-constant homogeneous f € I(Z(a)),
f is also in the radical. In the case of non-homogeneous polynomials we can
decompose them into the sum of their homogeneous parts. Let f € I(Z(a).
f=fo+fi+ -+ fm with f4 € Sg. By Lemma 3.11 each fy € I(Z(a)) for all
d. Hence f; € v/a for d > 0. Therefore f € \/a. If fo = 0 then fy € v/a. If
fo # 0 then Z(a) = 0 which is excluded. Hence /a 2 I(Z(a)).

Therefore I(Z(a)) = v/a O
Lemma 3.36. For any subset Y CP", Z(I(Y)) =Y.

Proof. D I(Y) = @ {f € Sq, f(P) =0 for all P € Y}. The zero set of I(Y) is
d>0

all points @ in P™ such that f(Q) =0 for all f € I(Y). Hence Y C Z(I(Y)).
Since Z(I(Y)) is a closed set containing Y and Y is the intersection of all closed
sets that contain Y then Y C Z(I(Y)).

C. Let W be any closed set containing Y. Then Y = W for W closed and
Y C W. We want to show Y 2 Z(I(Y)). In other words \W 2 Z(I(Y)).
That is Z(I(Y)) has to be in all W to be in the intersection. Since W is a
closed set of P™ it is an algebraic set and hence W = Z(T) for T" C S. By
Lemma 3.23 Z(T) = Z(a) for the ideal a generated by T. Y C Z(a) therefore
by Lemma 3.33 I(Z(a)) C I(Y). Since a C I(Z(a)) then a C I(Y'). By Lemma
3.21 Z(a) 2 Z(I(Y)). Therefore W 2 Z(I(Y)).

Hence Z(I(Y)) =Y.
O

Lemma 3.37. IfY is an algebraic set in P™ then I[(Y) is a homogeneous radical
ideal.

Proof. Let Y be an algebraic set. By definition this means Y = Z(T) for T a
set of homogeneous elements. Let this T be the set of homogeneous elements of
the homogeneous ideal a it generates. Hence by definition 3.22 Z(a) = Z(T).
So Y = Z(a). Taking I of both sides we have I(Y) = I(Z(a)). By Lemma
3.35 1(Z(a)) = v/a for Z(a) # 0. We also have \/a = v/v/a. Hence I(Z(a))
is a homogeneous radical ideal. If Z(a) = @ then I(Z(a)) = I(0) = S =
Klzg,...,xn] O

Lemma 3.38. If a is a homogeneous ideal, Z(a) is an algebraic set.
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Proof. .Let a C R be a homogeneous ideal. Then by definition 3.22 Z(a) =
Z(T") where T" is the set of homogeneous elements of a. 7" C S". Hence Z(a)
is an algebraic set. O

Lemma 3.39. Let R be a graded ring. Let a be a homogeneous radical ideal. If
Z(a) =0 thena =R or Ry.

Proof. By definition a = € a4 where ag = a N Ry.

d>0
If d = 0 there are two possibilities. ag = 0 or ag = Ry.
For d > 1 we will show ag = Ry. It is clear ag C Ry. Let f € Ry. By Theorem
3.24 f" € a for some r. Since a is radical, f € a. Hence f € ay. Therefore
Ry C ag.
Hence Ry = ag.

Therefore either a =0+ @ag =Ry ora=Ry+ Pays = R. O
d>1 d>1

Lemma 3.40. There is a one to one inclusion-reversing correspondence between
algebraic sets in P™ and homogeneous radical ideals in R not equal to R4 given
by

I:Y—I(Y)

and
Z:aw— Z(a)

Proof. By Lemmas 3.11 and 3.14 we know the maps are inclusion reversing. All
we need to show is the bijection. That is to show that I o Z and Z o I are the
respective identity maps.

Let a be a homogeneous radical ideal.

(Lo Z)(a) = I(Z(a))

I(Z(a)) = v/a by Lemma 3.35 for Z(a) # 0. /a =a. If Z(a) = ), by Lemma
3.39 either a = Ror a = R,. a= Ry is excluded. So we have R corresponding
to 0.

Let Y be an algebraic set.
(ZoD)(Y) = Z(I(Y))

Z(I(Y)) =Y by Lemma 3.36. Since Y is algebraic and a closed set Y =Y.
O

Lemma 3.41. Let f € S = Klxg,...x,]. Assume (f) C S is a homogeneous
ideal. Then f is homogeneous.

Proof. f= fo+ f1+:--+ fr with f; € S homogeneous of degree d f,, # 0. By
Lemma 3.11 f,. € (f). Hence f, = gf for some g € S, g # 0. Note both f, and
f are degree r. Hence g must be constant. Therefore f = f,./g homogeneous of
degree 7. O
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Definition 3.42. An algebraic set Y C P"™ is irreducible if it cannot be ex-
pressed as the union of two proper algebraic subsets.

Lemma 3.43. Let a be a homogeneous ideal. Suppose for any two homogeneous
elements f, g, with fg € a either f € a or g € a. Then a is a prime ideal.

Proof. We prove this lemma by induction. Our statement P(r) is as follows.
P(r) : For all elements f,g € R with fg € a and degree f+ degree g < r either
f€aorgea. (or both).

Let f,g € R with fg € a. Since R is graded we can decompose f and g into
the sum of their homogeneous parts. Let f = EZ:O fi and g = Z;n:() g; with
m-+t <r. Then fg=> f;> g, = fig; € a. We take the highest term f;g,,.
By Lemma 3.11 f;g,, € a. By assumption either f; € a or g,, € a. Assume
frisin a. Then fg — fig € a. This gives (f — fi)g € a. The degree of f — f;
is at most ¢t — 1 and g has degree m. Hence the degree of (f — fi)g is at most
t+m—1.t+m—1<r—1. By the inductive hypothesis either f — f; € a or
g€ a. If g € awearedone. If f — f; € a then f € a.
Assume g, is in a. Then fg — fg,, € a. This gives (g — g, )f € a. The degree
of g — gm is at most m — 1 and f has degree t. Hence the degree of (¢ — gm)f
isat most t+m —1. t+m — 1 < r — 1. By the inductive hypothesis either
g—gm €aor fe€a If fe€awearedone. If g— g, € a then g € a. Hence a is
a prime ideal.

O

Lemma 3.44. Let Y1,Y5 be closed subsets of P™ such that Y1 C Ys. Then
I(Ys) C I(Y3).

Proof. Let I(Yy) = I(Y2). Then Z(I(Y1)) = Z(I(Ya)). By Lemma 3.36 Z(I(Y1))
Y7 and Z(I(Y2)) = Y2. Hence Y7 = Ys. Therefore Y7 = Y. Hence for Y7 C Vs,
I(Y) € 1Y) O

Lemma 3.45. An algebraic set Y C P"™ is irreducible if and only if I(Y) is a
prime ideal.

Proof. Let Y be an irreducible algebraic set. I(Y) = @ {f € Sy : f(P) =
d>0

Oforal PeY}

Assume f, g € R are homogeneous with fg € I(Y). Then Y C Z(fg) = Z(f) U
Z(g). Hence Y =Y N(Z(f)UZ(g9)) = (YNZ(f))U(YNZ(g)) both being closed
subsets of Y. Since Y is irreducible then either Y =Y NZ(f) or Y =Y N Z(g).
Y =YNZ(f) then Y € Z(f). fY =Y N Z(g) then Y C Z(g). So either
felIlY)orgeI(Y). By Lemma 3.43 I(Y) is prime.

Let Y be an algebraic set and I(Y) a prime ideal. Y # (. Otherwise we
would have I(#)) = K|z, ..., z,] which cannot happen since I(Y) is prime by
assumption. Assume Y is not irreducible. Then Y = Y; U Y; for two proper
closed subsets of Y. Then I(Y) = I(Y1 UYs) = I(Y1) N I(Y2) by Lemma 3.34.
Since Y7 € Y, Lemma 3.44 tells us I(Y) C I(Y1). Let f € I(Y1)\I(Y). Since
Yo C Y, Lemma 3.44 tells us I(Y) € I(Yz). Let g € I(Y2)\I(Y). Hence
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fg ¢ I(Y) since I(Y) is prime. I(Y7) contains f and also fg. I(Y3) contains g
and also fg. Hence fg € (I(Y1) NI(Y2))\I(Y). From our assumption that Y is
not irreducible we deduced I(Y") = I(Y7) N 1(Y3) hence we have a contradiction
and therefore Y must be irreducible.

O
Lemma 3.46. P"™ is irreducible.

Proof. By Lemma 3.28 we have that P™ is an algebraic set. From Lemma 3.45
we know any algebraic set Y C P is irreducible iff I(Y) is a prime ideal. Here
we have Y = P™. This means P C P™ is irreducible iff I(P™) is a prime ideal.
So we need to show I(P") is a prime ideal.

I(P™) = dE>BO{f € Sq|f(P)=0 for all P € P"}

I(P") = (0)

So we have that I(P™) is the zero ideal which is prime by Example 2.54 . Hence
P" is irreducible. O

Lemma 3.47. P"™ is a noetherian topologial space.

Proof. Let Y7 O Y, D ... be a descending chain of closed subsets. Then
by Lemma 3.33 I(Yy) C I(Y2) C ... is an ascending chain of ideals in S =
Klzg,...,x,]. By Lemma 2.5, S is a Noetherian ring hence this chain of ideals
will become stationary. Lemma 3.36 tells us Y; = Z(I(Y;)). But here Y; = Y;
since each Y; is closed. Hence for each i, Y; = Z(I(Y;)) therefore Y1 D Y5 D ...
becomes stationary. O

Lemma 3.48. FEwvery algebraic set in P™ can be written uniquely as a finite
union of irreducible algebraic sets, no one containing another. These are called
its irreducible components.

Proof. By Theorem 1.53 we have every non-empty closed subset Y in a noethe-
rian topological space X can be expressed as a finite union ¥ =Y, U---UY,
of irreducible closed subsets Y;. If Y; 2 Y; for i # j then Y; are uniquely deter-
mined and are called the irreducible components of Y. Since P is a noetherian
topological space and algebraic sets are closed subsets of P™ then it follows that
every algebraic set in P™ can be written uniquely as a finite union of irreducible
algebraic sets, no one containing another. O

Definition 3.49. A projective algebraic variety is an irreducible algebraic set
in P™ with the induced topology. We will refer to them simply as projective
varieties.

Definition 3.50. A non-empty open subset of a projective variety is a quasi-
projective variety.
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The dimension of a projective variety is its dimension as a topological space.

Lemma 3.51. The dimension of P" =n.

Proof. We can form a chain of closed irreducible sets as follows:
P" D Z(xn) 22 Z(x3,...%n) 2 Z(x2,...25) 2 Z(T1,...Tpn)

This chain has length n. Hence we have that the dimension P" > n.
Assume there is another chain

P'2Z, 2222721 2Zy#0

By Lemma 3.40 we have a correspondence between algebraic sets and ideals.
Hence our chain corresponds to a chain in S namely

1(Zy) G- C1(Z2) G I(Z1) G 1(Zo) C S+

This chain has length r+1. By Lemma 2.78 the dimension of S = K|z, ...2,] =
n+ 1. Hence r +1 < n + 1. Hence r <n. This shows dimension P"™ = n. ]

Definition 3.52. If Y C P™ is an algebraic set we define the homogeneous
coordinate ring of Y to be S(Y) = S/I(Y) where S is the polynomial ring
Klzg...xy).

If f € S is a linear homogeneous polynomial, then the zero set of f is called a
hyperplane. We denote the zero set of z; by H;, for i =0,...,n.

Lemfna 3.53. Let U] be the open set Pr—H;. LetY C U] be a closed subset
and Y its closure in P" then Y =Y NU.

Proof. By definition of closure Y C Y. Y C Uj'. Hence Y C Ynu,.

Since P" is a topological space Y = C' N U;* for some closed subset C' in P".
Y C C and by definition of closure Y C C. Hence we have YN uprconulr =Y.
Therefore Y NU* C Y.

Hence Y =Y NUP. O

Lemma 3.54. Let U] be the open set P™ — H;. Then P™ is covered by the open
sets U".

Proof. To prove this lemma we need to pick a point in P™ and prove it is in at
least one of these U*. Let P = (ay,...,a,) and suppose a; # 0. We want to
show P € U*. But U* = P" — H;. So we can show P € P" — H; or equivalently
show that P ¢ H;. H; is the zero set of z;. By substitution of a; into x; we get
a; which is non-zero by assumption. Hence P ¢ H;. O

We define a mapping

o U — A"
P~ qQ
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where P = (ao,a1,...,0i—1,0,0Git1,...0n) € Ula; # 0 and Q = ¢} (P) =
(G, . %=1 il ) with a;/a; omitted.

a; Qa; ? a;

Lemma 3.55. ¢} is well defined

Proof. Let P = (ag,...an) and P' = (bg,...,b,). P,P' € U’ and P = P’.
¢i(P) = (ao/ai,...an/a;) and ¢ (P') = (bo/bi,...byn/b;). Since P = P’ this
means they are in the same equivalence class hence there exists A # 0 such that
by = Aag,b1 = Aaq,...b, = Aay. Therefore ¢ (P’) = (Aag/Aay, ... Aan/Aa;) =
(ao/as, . ..an/a;). Hence ¢ (P) = ¢7(P’) and ¢} is well defined. O

Lemma 3.56. ¢} is a homeomorphism of U* with its induced topology to A"
with its Zariski Topology.

Proof. Let P = (ag,...,a,) and P’ = (bo,...,b,). ¢F is injective if for ¢F(P) =
@(P') then P = P'. Let ¢I'(P) = ¢M(P'). ¢;(P) = (ao/as,...an/a;) and
@M(P") = (bo/bi,...,bn/b;). This means we need to find A # 0 such that
b = Aax. We try A = b;/a; which we know is non zero. We know since
@ (P) = ¢ (P’) that ay/a; = by/b; hence we have by = arb;/a; = ap\ as re-
quired. Hence ¢7' is injective.

Let @ € A™. ¢7 is surjective if for all ) € A™ we can find a point P € U such

that 7 (P) = Q. Let Q = (d1,...d; ... dy). Weguess P = (dy,...d;, 1,dit1,...dy)

with 1 in the i position. Then ¢?(P) = (d1/1,...d;/1,dix1/1,...d,/1) = Q.
Hence ¢} is surjective.

We are left to show the closed sets of U;* are identified with the closed sets
of A" by the map ¢?. We define a map o : S* — A from the set S” of
homogeneous elements of S to A = K[y ...y,] by taking f € S" we set a(f) =
F@rs - Yis L, yiv1, - - -Yn). We define a map B : A — S for g € A of degree e
by setting 8(g) = z¢g(xo/Ti, X1/ %4y« Tie1 /iy Tig1/Ti ... Tn/zi). B(g) is a
homogeneous polynomial of degree e.

Let Y C U} be a closed subset and Y its closure in P™. Y is closed and hence
an algebraic set. Therefore Y = Z(T') for a set of homogeneous elements T'. Let
T = a(T). We can show ¢(Y) = Z(T") as follows.

C Let P=(ag...a,) € Y and Q = ¢*(P) = (ao/a;,...,an/a;). Since P €
Y,PcY.ButY = Z(T) hence P € Z(T). This means for any f € T, f(P) = 0.
Let g = a(f) for f € T. Want to prove ¢g(Q) = 0.

9(Q) = flao/as,...ai—1/a;,1,a;41/a;,...an/a;). Since f is homogeneous of
some degree d then g(Q) = (1/a;)%f(ag . ..a,) = (1/a;)%(0) = 0. Hence g(Q) =
0forall geT’. So Q € Z(g) and hence Q € Z(T"). Therefore ¢I"'(Y) C Z(T").
D Let Q = (b1,...,b,) € Z(T"). This means g(Q) = 0 for g € T'. Want to
show @ € ¢?(Y) or since Q = ¢'(P) for P = (by,...b;,1,biq1,...,b,) we can
show P € Z(T) and hence P € Y 2 Y. We know ¢g(Q) = 0 for g € T". This
means g = «(f) for f € T. So we have f(P) = f(b1,...b;,1,biy1,...,by) =
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(a(f))(Q) = g(Q) = 0. Hence f(P) = 0, therefore P € Z(T) but Y = Z(T)
hence PeY. SinceY =Y NU and P € U, P € Y. Therefore Z(T') C ¢?(Y).

Hence Z(T") = ¢2(Y).

Let W be a closed set of A™. Then W = Z(T") for some T C A. We can show
(¢mM)~Y (W) = Z(B(T")) N U as follows:

C Let Q@ = (b1,...b,) € W. Hence (¢7)"1(Q) = P and is of the form

P = (bl,...bi,l,bi+1...,bn). Since Q e W, Q S Z(T’) for all g < T.

This means g(Q) = 0. Let f = B(g). Want to show f(P) = 0. f =

B(g) = xfg(xo/xss .. . Tim1 /T, Tig1/Ti ... Tn/x;). Substituting in P we get

16g(b1/1,b2/1...b,/1) = ¢g(Q) = 0. Hence P € Z(B(g)) for all g € T".

(¢7)~HQ) = P € U. Hence (¢7)~1(Q) € Z(B(T"))NU. Therefore (¢7)~1 (W) C

Z(3(T) N .

> Let P € Z(B(T"))NU. Then P € Z(3(T")) and P € U. Since P € UP, P is of
the form P = (by,...,1,...,b,). Hence for P = (by,...,1...,b,) € Z(B(T")),

f(P)=0for all f € B(T"). Want to show P € (¢7)~}(W). We define the map

el from A" — P™ as (by...by) — (b1,...,1,...,bn).

(¢m)~L(W) is the set of all elements (¢1*)~1(Q) for all @ € W. So we want to

show P = (¢7)71(Q) for some Q € W namely Q = (by,...b,). We have W =

Z(T'). Since f € B(T"), f = B(g) forg € T". f(zo,...zn) = x59(x0/Ti, ... Tn/xi)
hence

0= f(P)= f(b1,...,1,...,,bn) = 1%g(b1/1,...b,/1) = g(b1,...b,) = g(Q).

This means ¢g(Q) = 0 for all g € T" hence Q € Z(T'). Therefore Q € W

and P € (1) \(W). Z(B(T") NU C (67)"\(W). Hence Z(3(T") NUF =

(ér)"1(W).

Therefore ¢ as defined is a homeomorphism. O
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4 Localization of rings

Lemma 4.1. Let R be a ring and S a subset such that 1 € S and S is closed
under multiplication. Let a,b € R and s,t € S. Then (a,s) ~ (b,t) <> (at —
bs)u = 0 for some u € S defines an equivalence relation on R X S.

Proof. Let a € R,s € S. Then (a,s) ~ (a,s). Since (as — as)u = 0(u) = 0.
Hence the relation is reflexive.
Let a,b € R,s,t € S such that (a,s) ~ (b,t). Then,
(at — bs)u =0
atu — bsu =0
atu = bsu
0 = bsu — atu
0= (bs — at)u

Therefore (b,t) ~ (a,s) and the relation is symmetric. Let (a,s) ~ (b,t) and
(b,t) ~ (¢,v). Then (at — bs)u = 0 and (bv — c¢t)w = 0 for some u,w € S. This
gives atu — bsu = 0 and bvw — ctw = 0.

atu —bsu =0 bvw — ctw =0
(atu — bsu)vw = 0 (bvw — ctw)su =0
atuvw — bsuvw = 0 bvwsu — ctwsu = 0
atuvw = bsuvw bvwsu = ctwsu

Hence atuvw = ctwsu. This results in (av — ¢s)tuw = 0. Since S is closed
tuw € S. Therefore (a,s) ~ (¢,v). Hence we have an equivalence relation as
defined. O

Definition 4.2. Let R be a ring and S a subset such that 1 € S and S is closed
under multiplication. The localization of R by S forms a new ring S™'R. The
elements in this ring are equivalence classes of pairs (a,s),a € R,s € S under
the equivalence relation defined in Lemma 4.1. Let ¢ denote the equivalence
class of (a, s).

We will show S™!R is indeed a ring.

Lemma 4.3. Let R be a ring, S C R multiplicatively closed, a € R and b,s € S.

Then § = 35 in S~1R.

Proof. Recall a/b = c/d in ST'R iff (ad — cb)r = 0 for some r € S. Let a € R
and b,s € S. Then

abs —bas =0
(abs —bas)l =0 for 1 € S
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Hence ¢ = £2 in S—1R. O

Lemma 4.4. Let R be a ring, S C R multiplicatively closed, a,b € R and
s,t€S. Ifat =bs € R, then ¢ =2 in ST'R.

¢
Proof. We are given at = bs in R. Hence at — bs = 0. Therefore (at — bs)1 =0
for 1 € S. Hence%:%in SR O

S™'R is the set of equivalence classes. i.e ST'R = {%|a € R, s € S}. We define
addition and multiplication on S™!R as follows:

a b al+bs
stiT T
a b ab

s t st

Lemma 4.5. Addition and multiplication on SR is well defined

Proof. Let (a,s) ~ (c¢,v) and (b,t) ~ (d,w). Then (av — ¢s)u = 0 and (bw —
dt)y = 0 for some u,y € S. We have the following:

(av — es)u =0 (bw —dt)y =0

avu — csu =0 bwy — dty =0

avutwy — csutwy =0 bwysvu — dtysvu = 0

Adding both equations we obtain

avutwy — csutwy + bwysvu — dtysvu =0
(avtw — estw + bwsv — dtsv)uy =0
(avtw + bwsv — cstw — dtsv)uy =0

[(at + bs)vw — (cw — dv)stjuy = 0

Hence (at+ bs, st) ~ (cw+ dv,vw). Therefore addition is well defined. We have

(av —cs)u =0 (bw—dt)y =0
avu —csu =0 bwy — dty =0
avubwy — csubwy = 0 cbwysu — cdtysu = 0

avubwy = csubwy chwysu = cdtysu

Therefore avubwy = cdtysu. Hence avubwy — cdtysu = 0. (abvw — edst)uy = 0.
Since S is closed uy € S. Therefore (ab, st) ~ (cd, vw) and multiplication is well
defined. 0
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Lemma 4.6. Let R be a ring and S a subset such that 1 € S and S is multi-
plicatively closed. S™'R is a ring.

Proof. Let %,% € S7'R.
a b at+bs

st st
at +bs € R,st € S. Hence S™'R is closed under addition.

We guess OTR as our additive neutral element. It is an element in S~'R as 0r € R
and 1 € . Now we check it satisfies as a neutral element. Let £ € S ~!R. Then,

a Or a+0grD

A
b

Op a Ogrb+a

1T 0
_a
b

Hence we have an additive neutral element in S™!R.
Let a € R. R is a ring hence —a € R. Therefore —* € STIR.

a —a as — as 0

S S S

a+b)+c_at+bs+c
S t u st U
atu + bsu + cst

stu
atu + (bsu + cst)
stu
atu  bsu + cst

% stu

a b ¢
BT

Let %,% € S7'R.

+

a é_at—kbs_bs—i—at_
S t o

b+a
st st Tt S

Therefore S~ R is a commutative additive group.
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< % = ‘S’—i’. ab € R,st € S . Hence S™!R is closed under multiplication.
< % = ‘;—i’ = % = % - 2. Hence S7!R is commutative with respect to multipli-
cation.

IS

Therefore multiplication is associative.

We guess 1TR as our unit element. It is an element in S™'R as 1z € R and
1 € S. Now we check it satisfies as a unit element. Let ¢ € S~'R. Then,

a 1p a
b 1 b
g a_a
1 b b
Hence we have a unit element in S™1R.
b ¢ -1
Let £, 7,2 € ST'R.
a b .c at+bs, ¢
7+77: PR
(8 t)u ( st )u
_atc+bsc
n stu
a ¢ b ¢ ac be
LoD == -
s u t u Su tu
_actu + besu
o sutu
_u act + bes
T stu
__act +bes
o stu
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Hence (2+2)¢ = 2.£4b.£ Since S~ R is commutative 4(2+£) =2.b4a.c
Therefore S~ R is a ring. O

Lemma 4.7. Let R be a ring and S a subset such that 1 € S and S is multi-
plicatively closed. Let f : R — SR be defined by a — a/1. Then f is a ring
homomorphism.

Proof. Let a,b€ R. f(a+b)=(a+b)/1=a/1+b/1= f(a)+ f(b)
F(ab) = (ab)/1 = a/1-b/1 = f(a) {5
F)=1/1=1 O

Theorem 4.8. Let g : R — B be a ring homomorphism such that g(s) is a unit
in B for each s € S. Then h : ST'R — B which takes a/s — g(a)g(s)™! is a
well defined ring homomorphism.

Proof. Let (a,s) ~ (b,t),a,b € R,s,t € S. Hence (at —bs)u = 0 for some u € S.
Putting (at — bs)u = 0 through g we have g((at — bs)u) = g(0).

g((at — bs)u (0)

g(atu —bsu
g(atu) —
—9( )9(8)9
9(s g(u

—~
S

’E

~ —

g(a)g(t)g

/\
o
»
<
H\/\/\/\/
Il

~—r

u € S, so g(u) is a unit

K}
—
S
~—

e}
—~
~
~—

N}
—~
<
~—
e}
—~
<
~
L
|
K}
—~
S
~—
—~
<
\./
I

Q
—~
S
~—
=N <
w =
\_/QQQ
—~ =
,_. <
—
I,\Ct
)
/—\ Q
\_/ ’—‘/_\
s a2 =3
$VQ
—~
V)
H)—‘\/
I |

I
o o oo oo ow

Q
—~
S
~—

<
—~
~~
~—
Q
—~~
~
~
L
)
—~
»
~—
L
|
Q
—~
=
VA

VA
~—
<

~
\_/
<

Therefore g(a)g(s)~! = g(b)g(t)~* and h is well defined.

h(a/s+b/t) = h((at + bs)/st)
= g(at + bs)g(st)™

(at)g(st)~" + g(bs)g(st) ™"

(a)g(f)g(t)‘1 ()71 4+ g(b)g(s)g(t)"g(s)~"

(a)g(s)™" +g(b)g(t) ™"

(a/s) + h(b/t)

1

o
> e 9 9
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h(a/s-b/t) = h(ab/st)
(ab)g(st)~
(a)g(b)g

(a)g(s) " g(b)g(t) ™!
(a/s)h(b/t)

h(s/s) = g(s)g(s)~! = 1. Therefore h is a well defined ring homomorphism. [

Lemma 4.9. Let B be an integral domain. S C B — {0} be multiplicatively
closed. Then

¢:S'B— Q(B)
b b

(be B,se€ ) (be B,se B-{0})

where Q(B) is the quotient field of B is a well defined injective ring homomor-
phism.

Proof. Let the quotient field of B be denoted by T~'B with T = B — {0}.
Let g,ﬁ € S7'B,b,c € B,s,u € S with g = <. This means z(bu — cs) =
0 in B for some z € S. Since S C B—{0}, then x € B—{0}. Hence z(bu—cs) =
0 in B for some 2 € B — {0}. Hence 2 = £ in T~'B. Therefore ¢(2) = ¢(£).
Hence ¢ is well defined.

Let ¢(2) = ¢(£) in T~'B. This means y(bu — cs) = 0 in B for some y € T
Since B is an integral domain then either y = 0 or bu —¢cs = 0. But y € T
therefore y # 0. Hence bu — c¢s = 0, thus g = £ (in S~=1B). Therefore ¢ is
injective.

Let £, ¢ € S™1B,a,ce B,s,ueS.

a c au + cs

o2 +5) = o(*12)
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S » e

w |

q[)(%) = % = 1. Therefore ¢ is a well defined injective ring homomorphism. [

Lemma 4.10. Let g : R — B be a ring homomorphism such that g(s) is a unit
in B for each s € S and h : ST'R — B which takes a/s v g(a)g(s)~t. If g is
injective then h is injective.

Proof.

Since g is injective we have that a = 0. Hence Ker(h) = {0/s € ST!R} = 0.
Therefore h is injective. U

Lemma 4.11. Let ¢ : A — B be a ring isomomorphism. Let S C A be a multi-
plicatively closed subset and define T = ¢(S). Then ¢ induces an isomorphism
S™1A - T 'B.

Proof. ST'A={%:a€ A,s€ S} T7'B={2:be B,t € T}. We define

¢ :ST'AT7IB

LI CO Y s
7 oy Y@ EB B ET

Let & = ‘;—: in S71A. Then (as’ — a’s)p = 0 for some p € S. We want to

show % = % This is true if we can find ¢ € T such that (¢(a)p(s’) —
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d(a’)¢(s))q = 0. Since p € S, ¢(p) € T so we try ¢ = ¢(p).

(B(a)(s") — ¢(a')d(s))d(p) = (d(as) — ¢(a’s))b(p)
—¢(a8 )é(p) — d(a’s)é(p)

¢(as'p) — ¢(a’sp
= ¢(a8p —a'sp)
= ¢(0)
=0

Hence ¢, is a well defined map.
Let ¢, < ¢ S71A.

50 s’
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Hence ¢, is a ring homomorphism.

Ker ¢, = {% €SA: @(%) —0in T"'B}
_ 4@ —14. $(a) _ A -1
—{EES A: o) =0in T7"'B}
= {% cSA: ¢(a)g =0 in B for some q € T'}
= {% € S7'A: ¢(a)¢(s') =0 in B for some s’ € S}

a

= {g € S'A: ¢(as’) =0 in B for some s’ € S}
:{% €S 1A:as' =0 in A for some s’ € S}

=0in S '4

Hence ¢, is injective.

Let y € T7'B. Can I find some x € S71A such that ¢.(x) = y? Since
yeT B, y= % for some b € B and t € T. Since ¢ is surjective b = ¢(a) for

some a € A and ¢t = ¢(s) for some s € S. ¢.(%) = % Hence ¢, is surjective.

Therefore ¢, is a well defined, bijective ring homomorphism. O

4.0.1 Localization

Given a ring R and x € R, we can form the localization R, = { % : 7 € R,n >
0}. This is a special case of S™!R.

Lemma 4.12. Let R be a ring, * € R, and p C R a prime ideal with x ¢ p.
Let a,c € R such that 5 = wlm in Ry form,n>0. If a € p then c € p.

Proof. We are given - = mim in R,. Hence (az™ — ca™)x? = 0 for some ¢ > 0.
Therefore az™ %4 — cz™™ = ( from which we obtain az™%? = cz"™4. We are
given a € p hence az™%? € p. Hence we have cz"t9 € p. Since z & p, 2™ ¢ p
and 29 ¢ p hence ™79 ¢ p. p is prime therefore ¢ must be an element of p. O

Lemma 4.13. Suppose p C R is a prime ideal with x ¢ p. Then p, C R, is a
prime ideal defined as p, = {5 :a € p,n > 0}.

Proof. First we check p, is an ideal in R,. We want to check if the 0 € R, is
in p,. The 0 € R, is simply % = %. OTR is also in p, since we have % with
Ogr € p, 1 =20
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Let a,b € pg. Then a = % and b = mb,; for a’,b’ € p and m,n > 0.

x

A /

a b
a—b=— — —
xn xm
a’'x™ —bz"

xn—&-m

a' ™, b'z™ € p hence a’z™ — b'z™ € p. m +mn > 0. Therefore a — b € p,.
Let 7 € Ry,a € p,. Then, r = 1% with v/ € R,n > 0 and o = % with
a €p,m>0.

r'a’ € p,n+m > 0. Hence ra € p,.

Hence p, is an ideal in R,.
Let a,b € Ry — p,. Then a = -5 forsomec € R—p,m > 0 and b =

% for some d € R—p,l > 0. Therefore ¢,d € R—p. Thismeansc ¢ p and d ¢ p.

Hence ¢d ¢ p. Therefore xc—dzl ¢ py. Assume 1 € p,. Then 5 = -% for some

z’fl/
a € p. Therefore (12" — az")z? = 0 for some ¢ > 0. Hence 12" — az? = 0.
This means 12"+4 = ax?. But az? € p . This would mean 12"%9 € p. We have
"4 ¢ p which means 1 € p. This is a contradiction since p is prime. Hence

1 ¢ p,. Therefore p, is a prime ideal in R,. O

We can also form localization of R by a prime ideal p defined as R, = {5 1 fe
R,g € R—p}.

We can form localization of R, by the prime ideal p, defined in Lemma 4.18.
The localization of R, by p, is defined as (R;)p, = {} :a € Ry,b € Ry — pa}.
There is a natural isomorphism from R, to (Rg)p, -

Lemma 4.14. R, = (Ry),,

Proof. Let

We will prove this is a well defined map, a ring homomorphism and bijective.

Let 5 = ? in R,. Hence (fj — hg)l = 0 for some [ € R—p. o(f/g) = -

8 LB
O\e‘ A
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b o _h
w(h/j) = =-. We would like to show % = =2 in other words can we find
20 0
some a € R —p and ¢ > 0 such that (j—oﬁ—;%m—’g);—qzo We try a =1 and
q=0.

f h 1 fi  gh. 1
(5%~ 20 50)55 = (5 — )=

fi—gh 1
:(]xog )E
fil — ghl

Therefore ¢ is well defined.

o(

Q [~
>
~
.

EE
>
<

S~—
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fhy _  fh
giJ 9J

|
S}

[

RS
|=

o ‘%\\ S

8
ol

©(1/1) = ==. Therefore ¢ is a ring homomorphism.

HO\H‘HQ\H

Ker(p) ={f/g:¢(f/g9) =0in (Ry),,}

i
={f/g:§:0m (Ra)p. }
:{f/g:%tzOforsometERz—pm}
i h
:{f/g:ﬁx—nZOERz,hGR—P,TLZO}
h
—(fl9: 2 =)

={f/g: fha? =0 € R for some ¢ > 0}

Since h ¢ p and 29 ¢ p, then ha? ¢ p. Therefore ha? € R — p. Hence
f/g =0 € R,. Therefore the Ker(yp) = {0} and ¢ is injective.
Let r € (Ry)p,. Can I find 7’ € Ry, such that ¢(r') = r? Given r € (R;),, we
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can express r as r = 2 with f € R,g € R —p,m,n > 0. Then,

f

Tm

Zntm

20
gntm

o[5> e

z" a0
fzn+7n

Tm

gm"’"*’"
xn

fx"x’"
xm

g™z
xn

fﬂ?n
[9)

gz™
20

Clearly fz" € R. We have g € R—p. Therefore g % p. ™ ¢ p. Hence ga™ ¢ p.
Therefore gz™ € R — p. So we have found ' = L2 such that (') = r.

gxn

Hence R, = (Ry)yp, - O

Lemma 4.15. Let R be a graded ring and p C R a homogeneous prime ideal.
Let S ={x € R—p: x is homogeneous}. S is multiplicatively closed.

Proof. To show S is multiplicatively closed we need to show 1z € S and S is
closed under multiplication. If 1 € p then p = R but we are given p is a prime
ideal hence p # R. Hence 1p € R — p where 1 is homogeneous of degree 0.
Therefore 1 € S.

Let a,b € S. Then a,b € R —p. Hence a ¢ p and b ¢ p. Therefore ab ¢ p.
Therefore ab € R — p. a,b homogeneous hence ab is homogeneous.

Therefore S is a multiplicatively closed set. O

S7!R has a natural grading given by deg g = deg f —deg g for f homogeneous
in Rand g € S.

Lemma 4.16. Let R be a graded ring and p a homogeneous prime ideal. Let
S = {x € R—yp : z is homogeneous} Then the set of elements of degree 0,
denoted Ry, form a subring of the localization of R with respect to S.

Proof. The set of elements of degree 0 are elements of the form £,a € R,z € S
with a,z homogeneous of same degree . Let a1,as € Ry Then a3 = r1/81
and as = ray/sy with r1,79 € R, 81,82 € S, 71,81 homogeneous of same degree
and ry, so homogeneous of same degree. In other words deg r1=deg s; and deg
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ro = deg so. Let degree of r1,s1 be ¢ and degree 19, s be degree d.

1 T2 182 — 5172

S1 52 5152

s189 € S because S is multiplicatively closed. 7155 —s179 € R. deg r189 = c¢+d.
deg s172 = c+d. deg s152 = c+d. Hence r1s9 — s175 and s152 are homogeneous
of same degree. Hence a1 — az € Ryy).

riTY | TIT2

S1 52 5152

s182 € S, because S is multiplicatively closed. riro € R. deg riro = ¢ + d,
deg s182 = ¢+ d. Hence ryry, s152 are homogeneous of same degree. Therefore
ajaz € Ry 1 € Ry 1 is homogeneous of degree 0 and can be expressed as
1=1/1with 1 € R, 1€ S. Hence Ry, is a subring of S~!R. O

Let R be a graded ring and p C R a homogeneous prime ideal. Let S C R where
S ={x € R—p:zis homogeneous}. We can form homogeneous localization of
R by p defined as

Ry = {i :f€R,g€ R—p, fand g homogeneous of same degree in S~'R}
9

Lemma 4.17. Let f € R be homogeneous. Then R(y) is a subring of the
localized ring Ry where Ry is the set of elements of degree 0.

Proof. Elements of Ry are of the form a/f",a € R, f* € T where T = {f"|n >
0}. with a, f™ homogeneous of same degree.
Let a/f",b/f™ € R(y). Let deg f = d. Then deg a = deg f" = dn and deg
b= deg f™ = dm.

a b af™ —bfm"

o fm frfm

afm —=bf" e R, frfm™eT. deg af™ = dn + dm. deg bf™ = dm + dn. deg
ff™ =dn + dm. Hence af™ — bf"™, f*f™ are homogeneous of same degree.
Therefore fi — fi € Ry).

a b ab

frpm T g

ab e R, frf™ € T. deg ab = dn + dm. deg f"f™ = dn + dm. Hence ab, f™ f™

are homogeneous of same degree. Therefore fi,, . fim € Riy)- 1 € Rpy. 1 can
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be expressed as 1 =1/1 =1/f° 1€ R, fO € T. 1, f° are homogeneous of same
degree namely 0. Hence Ry is a subring of the localized ring Ry where Ry is
the set of elements of degree 0. O

Let x € R be homogeneous. The homogeneous localization of R by « is defined
as R,y = {m% :a € R,n > 0,a,z™ homogeneous of same degree}.

Lemma 4.18. Let R be a graded ring. Suppose p C R is a homogeneous prime
ideal with x homogeneous and x & p. Then p(,y C Ry is a prime ideal defined
as Py = {% 1a € p,n>0,a,2" homogeneous of same degree}.

Proof. First we check p(,) is an ideal in R(,). We want to check if the 0 € R(,,
is in pz). The 0 € R, is simply 2—{} = %. % is also in p(,) since we have OTR
with Og € p,1 = 20,
Let a,b € p(y). Then a = & with o’ € p,n > 0,d/,2", homogeneous of same
degree r and b = ;—fn for ¥ € p,m > 0,0, 2™ homogeneous of same degree t.
/ b/
a—b=-—
zn ™
a'x™ — bz
xn+m

a'xz™ b'z™ € p hence a’z™ — b'x™ € p. a’z™ — V'z™ is homogeneous of degree
r+t. "™ is homogeneous of degree r +t. m +n > 0. Therefore a — b € Pa)-

Let s € R;),a € pz). Then, s = ;—; with s’ € R,n > 0,s’, 2™ homogeneous
of same degree r and a = ;—,; with @’ € p,m > 0,a’,2™ homogeneous of same

degree t.

s'a’
xn+m

s'a’ € p,n+m > 0,s'a’ homogeneous of degree r + ¢, z"*"™ homogeneous of
degree r +t. Hence sa € p(y).

Hence p(,) is an ideal in R,).

Let a,b € R(z) — P(z)- Then a = % for some ¢ € R —p,m > 0, ¢, 2™ homoge-
neous of same degree r and b = % for some d € R —p,1 > 0,d, ' homogeneous
of same degree t. Therefore ¢cd € R — p. This means ¢ ¢ p and d ¢ p. Hence
cd ¢ p. Therefore ab = Ifn—dzl ¢ P(z). Assume 1 € p(,y. Then T% = % for some
a € p. Therefore (12" — az®)z? = 0 for some ¢ > 0. Hence 12"+ — az? = 0.

This means 12”79 = qx?. But az? € p . This would mean 12"t € p. We have
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"9 ¢ p which means 1 € p. This is a contradiction since p is prime. Hence
1 ¢ p(z). Therefore p(,) is a prime ideal in R(,). O

We define the localization of R) by p(s) as (R(z))p., = {3 : a € R),b €
Ry = Py}
Lemma 4.19. R, & (R(z))rl(m)

Proof. Let

¢ Ry = (Ra))pe

f fo?t

RN z”
g T

"

with f,g of degree r and = has degree d. We will prove this is a well defined
map, a ring homomorphism and bijective.
Let 5 = % in R,). f,g of degree r, h,j of degree s. (fj — hg)l = 0 for some

d—1 cd—1

fg hj
l € S with [ of degree t. ¢(f/g) = —7— ¢(h/j) = —=—. We would like to
fgdfl hj'ifl = =7
show ;; = —27—. In other words can we find some a € R(;) — p(s) such that

=T b
d—1 -d d od—
(fgi R AL ¥ ke

" s " s

withb€ R—p,q>0. We try b =% and ¢ = t.

Ja=0. With a € R(z) — P(z), We can express a as a = l%

(fgd—l . ﬁ B ﬂ . hjd_l)ﬁ - (fgd—ljd —gdhjd_l)ﬁ
x" xs x" xs .’,Et - Ir+s Zlit
fgdfljdld _ gdhjdflld

- prtstt

_ (g™t (f9l - ghl)

- prtstt

_ g ()

- prstt

=0

Therefore ¢ is well defined.
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= gl

g7
(fi+hg)(gh)* "
_ xrt+s
(g4)?
oS
fgd—ljd+hgdjd—1
_ 1r+s
B g%j¢
zr+s
fot 14 hj?'g?
_ £r+s £T+S
gj? g5
prts rrts

fgdfljd hjdflgd

_ x"xs x" xS

- did + dsid
97 97

x"xs x"xs

fgd—l hjd—l

pors po
g? J?

" s

_ h
—¢(g)+¢(j)

(s



o(1/1) = =%

Therefore ¢ is a ring homomorphism.

Ker(¢) ={f/g: ¢(f/9) =0 1in (R@))p., }

fg?™?
—{f/g: 5 =0 (Ru)pe)
o
={f/g: 7(25) =0 for some t € R(z) — P(a) }
={f/g: fg;—l% =0,h € R—p of degree dg,q > 0}
Fgtth

={flg: = =0}
={f/g: fg? 'ha™ = 0 for some n > 0}

We have that 5 = 0in R, when fs = 0 for some s € S. gt e S,h e
S and 2™ € S. Hence g9~ tha™ € S. Therefore Ker(¢) = 0 and ¢ is injective.

Let y € (R(z))p,,- Canl ﬁnhd 5 € Ry such that gb(g) =y. Since y € (R))p,,
T with h € R, of degree dr,j € R—p, of degree ds.

@
J
x

it can be expressed as y =
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We try f = ha® and g = jz" ¢ p.
saoryd—1
hms)_ %

jxr (jzr)d
md7‘+ds

¢

hms»d—lxrd—r ) 2z
zd7‘+ds T
jdmrd Lz
zdrtds s

hxsmrdjd—l

pdrpdspr
jdszms
pdrgdsgs

h"Esjd71

xdspr
jdms
xdsgs
jd—lrs )
xds T
jd—1gs . j
xds s

[~

|
sl fif=

Hence ¢ is surjective.

Therefore Ry = (R(,)) O

Pz
Lemma 4.20. Let B be an integral domain and S = B — {0}. Let x € S™'B.
Then I = {s € B| s € B} is an ideal in B.

Proof. Let s,t € I. This means xs € B and xt € B. Carrying out all calcu-
lations in the quotient field S™!B gives xs + 2t € B and x(s +t) € B. Also
s+te€ B. Hence s+t € I.

Let s € I. Want —s € I. Since s € I,zs € B. zs € S~'B This means
—(zs) € STI1B. —(xs) = —(sx) = —sx = z(—s) € S™!B. Hence z(—s) € B.
Hence —s € I.

Let 0 be the additive neutral element in B. 20 = 0 € S~!B. Therefore 0 € I.
Let b € B and s € I. Hence zs € B Since b € B and zs € B, bxs € B.
brs € ST1B. bxs = xbs = x(bs). Therefore x(bs) € B. Therefore bs € I. This
shows [ is an ideal in B. O

Lemma 4.21. If B is an integral domain, then B is equal to the intersection
of its localizations at all maximal ideals. B = (| By in the quotient field of B
where m C B is a mazimal ideal and By, is the localization of B at m.

Proof. We have an injective map B — S~'B where S = B — {0} which sends
b+~ b/1. By Lemma 4.10 we have an injective map By — S~ !B which sends
b/s+b/s,b e B,s € B—m. Hence B C By, for each By. Hence B C (] By

Let z € (| Bm. We can form all s € B such that s € B. This is the ideal
in Lemma 4.20. I = {s € Blas € B} . Want to show I = B. Assume
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I # B. Pick one maximal ideal m C B. Then by assumption x € By,. Hence
x =a/t,a € B,t € B—m. Therefore 2t = a and zt € B. Therefore t € I but
t ¢ m. Hence I € m for any maximal ideal m. Hence I = B. This means 1 € I.
If 1 € I,z € B. Hence () Bm C B. Therefore B = (] Bn. O

Lemma 4.22. Let f : A — B be a ring isomorphism between integral domains.
Then

f:Q(A) = Q(B)

IO e Awithd 20

d ~ f(d)’

1s a well defined isomorphism of fields.

Proof. First we check % is an element of Q(B). Clearly f(c) € B. f is an

isomorphism, if d # 0 then f(d) # 0. Hence % is an element of Q(B).

Let § = ;—i in Q(A). Then (ed’ —dd)u = 0 for u # 0. Hence ¢d’ —dc’ = 0. Hence
cd’ = c'd in A. From this equality we can conclude f(cd') = f(c/d). Hence we
have

Hence f is well defined.

Let 5, % in Q(A).

c ~cd +cd
=fl—7 )

fled +d)
f(dd’)

_ fled) + f(dd)

- f(dd)

_ f(ed) N f(dd)
f(dd) — f(dd’)
_F0f@) 1
- f)fd) " fd

_ flo)

oS

)f(d)
)f(d)

o f()
q "

x.!
~—

(@
~ C/

T

14

QUl o

:(_|_

~
S~—
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Therefore f is a ring homomorphism.
[ is a ring isomorphism hence it has an inverse map g : B — A which is a ring
homomorphism. We guess an inverse map for f namely

9:Q(B) = Q(A)

w,, 9(u

v g(v)

Using the same proof we used for f, § is a well defined map and a ring homo-
morphism. To check f is an isomorphism we only have to check the composition
of f and g are the respective identity maps.

Let § € Q(A). Then

(30 0(5) =3(f(5)
_ (L@
=)

9(f(c)

Let % € Q(B). Then
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Hence Q(A) = Q(B). O

Lemma 4.23. Let R be a graded ring which is also an integral domain and
p = (0). Then Ry is a field.

Proof. Ry = {%,a € R,b € R—(0),a,b homogeneous of same degree}. Let
% € Ry be a non-zero element, b € R — (0) and a # 0. Hence a € R — (0).
Then 3 € R((0)) since b € R and non-zero. Also a € R —(0). % - g = 1. Hence

every non-zero element in R(()) has a multiplicative inverse. Therefore R((g))
is a field.

4.0.2 Local Rings

Definition 4.24. A ring is called a local ring if it has a unique maximal ideal.

Lemma 4.25. Let R be a ring and m # (1) an ideal of R such that every
xr € R—m s a unit in R. Then R s a local ring and m its mazimal ideal.

Proof. We have that every element not in m is a unit. Let + € R — m be a
unit in R. If m is not maximal then we can add elements not in m. But adding
x € R —m to m would generate R. Hence m must be a maximal ideal. Let
m’ C R be another maximal ideal. Since m’ is maximal m’ # R. Hence m’
contains no units. Therefore m’ C m. But m’ is maximal hence m’ must equal
m. Therefore m is a unique maximal ideal and R is a local ring. O

Lemma 4.26. Let A be a ring and p a prime ideal in A. Then A, is a local
ring with mazimal ideal p - Ay

Proof. p- Ay is the set of all elements a/b with a € p and b € A — p.
The localization of A at p is the set of all elements a/b with a € Aand b€ A—p.
p-Ap, CA,. Leta/b,c/dep- Ay Then

c ad — cd
d  bd

@
b
ad —cb € p,bd € A —p. Hence
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T S€pP- Ay WehaveOz%sinceOEp and 1€ A—pHence O cp- A,.
Therefore p - A, is an additive subgroup of A,.

Let a/be Ap and o'/ € p- Ap. Then a/b-a’ /b = ad’ /Y. aa’ € p by definition
of ideal. bb’ € A —p. Hence aa’/bb’ € p- A,. Therefore p - A, is an ideal in A,.
To show A, is a local ring we need to show p - A, is the unique maximal ideal
in A,. We must check that every element x € A, —p - A, is a unit.

Let x € Ay —p-Ap. Thenx = § withae A—p,be A—p. But 3 € A, with
beAacA—p. §- 3 = 1. Therefore z is a unit. Hence by Lemma 4.25 A, is

a local ring with maximal ideal p - A, O

Lemma 4.27. Let R be a graded ring and p a prime ideal. LetT = R—p. Ry,
is a local ring with mazimal ideal (p - T R) N Ryy).

Proof. Elements in (p - T~'R) N R, are the set {a/bla € p,b € R — p,a,b
homogeneous of same degree}. Let a/b,c/d € (p-T7*R) N R(y). deg a=deg
b=r. deg c=deg d =gq

ad — bc

@_c
b d  bd

ad —bc € p,bd € R—p. deg ad = r + g, deg bc = r 4+ q and deg bd = r + q.
Hence ad — bc,bd are homogeneous of same degree. Therefore a/b — ¢/d €
(p-T7'R) N R(y). We have 0 = 2 for all b. We choose b=10€p. 1€ R—p
Let r € Ry and a/b e (p- T 'R) N Ry). r =a' /b witha’ € R,b' € R—p and
deg a’ = deg b’ = q.

_da

@
v b Vb

a’a € p by definition of an ideal. b’b € R —p. deg a’'a = r + ¢ degh’b = r + q.
Hence a’a, b'b are homogeneous of same degree. Therefore (p-T7'R) N Ry is
an ideal in R).

Let x € Ry — (p - T R) N Ry. Then z = a/b,a € R—p,b € R—p,a,b
homogeneous of same degree. But b/a € R,y with b € R,a € R —p and b,a
homogeneous of same degree. a/b-b/a = 1. Hence z is a unit. Therefore R,
is a local ring with maximal ideal (p- T~'R) N R(y). O
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5 Mappings between varieties

This section will discuss the mappings allowed between varieties.

5.1 Regular functions

Definition 5.1. Let K be an algebraically closed field. A variety over K is any
affine, quasi-affine, projective, or quasi-projective variety.

Let Y be a quasi-affine variety in A™. We will consider maps f:Y — K.
Definition 5.2. Let Y C A" be a quasi-affine variety. A map f:Y — K is
reqular at a point P € Y if there is an open neighborhood U with P € U C Y,
and polynomials g, h € A = K|z, ...,x,], such that h is nowhere zero on U,
and f = g/h on U. (we interpret the polynomials as functions on A™, hence on
Y.) We say that f is regular on Y if it is regular at every point of Y.

Let Y be a quasi-projective variety in P". We will consider maps f:Y — K.
Definition 5.3. Let Y C P™ be a quasi-projective variety. A map f:Y — K
is regular at a point P € Y if there is an open neighborhood U with P € U C Y,
and homogeneous polynomials g, h € S = K[z, ..., z,], of the same degree, such
that h is nowhere zero on U, and f = g/h on U. We say that f is regular on Y
if it is regular at every point.

Lemma 5.4. Let Y be a quasi-affine or quasi-projective variety. If f and g
are reqular maps from'Y to k, then f — g and fg are reqular. f/g where g is
nowhere 0 is also regular.

Proof. Case 1: Let Y be a quasi-affine variety. Let f and g be regular maps at a
point P € Y. This means there are open neighbourhoods U,V with P € U CY
and P € V CY, polynomials fi, f2, 91,92 € A such that g; is nowhere 0 on U
and f = f1/g1 on U. Also g5 is nowhere 0 on V and g = f2/go on V.

Ak

B g1 92

_ f192 — g1 f2 o
g192

f—g

nUNV

Since Pe U and P V,then Pec UNV. U and V are open in Y hence UNV
isopeninY. figo — g1fo € A and g1g2 is nowhere 0 on U N V. Therefore f — g
is regular at P.

_hl
g1 g2

_Nife
="—"Z0
9192

fg

nUNV
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Again since P € U and P € V,then P UNV. U and V are open in Y hence
UNVisopeninY. fifs € A and g1g2 is nowhere 0 on U N V. Therefore fg is
regular at P.

Ji

g1

J2
92

_ fig1
g2fo

Q [

onUNV

Again P € U and P € V, then P € UNV. U and V are open in Y hence
UNVisopenin Y. f1g; € A. Since g is nowhere 0, go is nowhere 0, then f; is
nowhere 0. Hence go fo is nowhere 0 on U N V. Therefore f/g is regular at P.

Case 2: Let Y be a quasi-projective variety. Let f and g be regular maps at a
point P € Y. This means there are open neighbourhoods U,V with P U CY
and P € V C Y, homogeneous polynomials f1,g; € S such that g; is nowhere 0
on U and f = f1/g1 on U. Also there are homogeneous polynomials fa, g2 € S
of same degree such that go is nowhere 0 on V and g = f2/g2 on V.

_h B

B g1 92

_he-af o
9192

f—g

nUNV

Since Pe U and P€ V,then Pe UNV. U and V are open in Y hence UNV
isopen in Y. figs — g1f2 and g1g2 € S are homogeneous of same degree. g1gs
is nowhere 0 on U NV. Therefore f — g is regular at P.

_ha
9= T2 02

_ fig1
— o0

= nUunv
f292

Again since P € U and P € V,then P e UNV. U and V are open in Y hence
UNVisopeninY. fig1 € A and fags is nowhere 0 on U N V. Therefore fg is
regular at P.

J1

Ja2

g1
92

_he
fe o

Q [

nUNV

85



Again P € U and P € V, then P € UNV. U is open and V are open in Y
hence UNV isopenin Y. figs € A. Since g is nowhere 0, g is nowhere 0, then
g1 is nowhere 0. Hence fog; is nowhere 0 on U NV. Therefore f/g is regular at
P.

O

Lemma 5.5. A regular map f is continuous, when K is identified with A' in
its Zariski topology.

Proof. Let Y be a quasi-affine variety and f : Y — A! aregular function. Recall
the topology on A! is the Zariski topology. We have the supspace topology on
Y. It is enough to show that f~!(inverse image) of a closed set is closed. A
closed set of Al is a finite set of points or A itself. If the closed set is A' then
7Y (AY) =Y. Y is closed in Y for the subspace topology if Y = Y N C for
some closed set in A'. But Y = Y NA! so Y is closed in Y. It is sufficient to
show that f~1(a) = {P € Y|f(P) = a} is closed for any a € K.

Let U be an open set such that f = g/h, with g,h € A, and h nowhere 0 on U.
Then f~1(a)NU = {P € U|f(P) = a} which is {P € Ulg(P)/h(P) = a}. But
g(P)/h(P) = a if and only if g(P)/h(P) — a = 0 which gives (¢ — ah)(P) = 0.
Hence f~1(a)NU = {P € Ul(g — ah)(P) = 0}. Z(g —ah) = {P € A"|(g —
ah)(P) = 0} which is closed in A™. So f~!(a)NU = Z(g—ah)NU is closed by
the subspace topology on U. By Lemma 1.26 f~1(a) is closed in Y. O

Definition 5.6. Let Y C A" be a quasi-affine variety. Let f be a regular
function on Y. The zero set of f is defined as Z(f) ={P €Y : f(P) =0}

Lemma 5.7. Let Y C A" be a quasi-affine variety. Let f : Y — K be a reqular
function on'Y . Z(f) is closed in'Y .

Proof. f~1({0}) ={P €Y : f(P) =0}. Z(f) ={P € Y : f(P) = 0}. Hence
Z(f) = f~1({0}). {0} is a closed subset. Since f is a regular function, f is
continuous. Hence Z(f) is closed in Y. O

Definition 5.8. Let Y be a quasi-affine variety. Let f1,... f, be regular func-
tions on Y. The zero set of f1,...f. is defined as Z(f1,...fr) = {P € Y :
fi(P) = f2(P) = -+ = fr(P) = 0}

Lemma 5.9. LetY be a quasi-affine variety. Let f1,... f. be regular functions
onY. Z(f1,...fr) is closed.

Proof. By Lemma 5.7 Z(f1), Z(f2),... Z(f) are each closed in Y. Hence Z(f1)N
Z(fa)N---NZ(fr)isclosed in Y. But Z(f1)NZ(f2)N---NZ(fr) ={f1(P) =

f2(P) =--- = f.(P) = 0}. Thisis precisely Z(f1, fa,..., fr). Hence Z(f1, fo,...
is closed in Y. O

Lemma 5.10. As is defined in Definition 5.3, g/h is a well defined function
onU.
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Proof. Let g, h be homogeneous polynomials of degree d. Let Q = (bo,...b,)
be in the same equivalence class as P. Then Q=()\ay, ... Aa,) for A # 0.

g(Xag, ... xay)  ANlg(ao,...an)
h(Mao, ... an)  Mh(ag,...an)

_ g(ao,...an)
h(ag,...an)
Hence g/h is a well defined function on U when h(ag, .. .ay) # 0. O

Lemma 5.11. f as defined in Definition 5.3 is continuous, when K is identified
with A in its Zariski topology.

Proof. f:Y — A'. Recall the topology on A' is the Zariski topology. We have
the supspace topology on Y. It is enough to show that f~!(inverse image) of
a closed set is closed. A closed set of A! is a finite set of points or A! itself.
We showed in Lemma 5.5 what happens when it is A! so it is sufficient to show
that f~1(a) = {P € Y|f(P) = a} is closed for any a € K. Let U be an open set
such that f = g/h on U, with g,h € S = K|[xo, ..., x,] homogeneous of degree
d, and h nowhere 0 on U. Then f~'(a)NU = {P € U|f(P) = a} which is
{P € Ulg(P)/h(P) = a}. But g(P)/h(P) = a if and only if g(P)/h(P) —a = 0.
Taking g — ah we see we have a homogenous polynomial hence we can look at
Z(g —ah). Z(g — ah) is closed in P". Z(g — ah) = {P € P"|(g — ah)(P) = 0}.
Z(g—ah)NU ={P € Ul|(g — ah)(P) = 0}. By definition of subspace topology
Z(g —ah)NU is closed. But f~1(a)NU = {P € U|(g — ah)(P) = 0}. Hence
f~Ha)NU = Z(g — ah) NU. Therefore f~1(a) NU is closed in U. By Lemma
1.26 f~%(a) is closed in Y. f~1(a) is closed in Y. O

Definition 5.12. Let Y C P" be a quasi-projective variety. Let f be a regular
function on Y. The zero set of f is defined as Z(f) ={Q € Y : f(Q) =0}

Lemma 5.13. Let Y C P" be a quasi-projective variety. Let f:Y — K be a
reqular function on'Y . Z(f) is closed in'Y .

Proof. f~1({0}) ={P €Y : f(P) =0}. Z(f) ={P € Y : f(P) = 0}. Hence
Z(f) = f71({0}). {0} is a closed subset. Since f is a regular function, f is
continuous. Hence Z(f) is closed in Y. O

Remark. Similarly as in the quasi-affine case, if Y is a quasi-projective variety
and fi,... f, regular functions on Y then Z(f,... f.) is closed.

Lemma 5.14. If f and g are regular functions on a variety Y, and f = g on
some nonempty open subset U CY |, then f = g everywhere.

Proof. We have that f and g are regular on Y. This means f — g is regular on
Y by Lemma 5.4 and therefore continuous. The set of points where f — g =0
isZ={PeY: f(P)—g(P)=0} CY. IfY is quasi-affine then by Lemma 5.7

87



this zero set is closed in Y. If Y is quasi-projective then by Lemma 5.13 this
zero set is closed in Y.

By Theorem 1.46 every non-empty open subset of an irreducible space is dense.
Hence by assumption U is dense in Y. Therefore the closure of U is all of Y.
By definition, the closure of U is the intersection of all closed sets in Y that
contain U. Hence each such closed set is all of Y. Z is one such closed set which
contains U. Hence Z =Y. Therefore f =gon Y. O

Lemma 5.15. Let U C P" be a quasi-projective variety and f : U — K a
regular function on U. If U C U is open then fiy. : U — K is regular.

Proof. Let P € U’ CU. Since f is regular at P there is an open neighbourhood
V C U with P € V and homogeneous polynomials g, h € K|xg,- - ,x,] of same
degree such that h # 0 on V and f = ¢ on V. To show fy is regular at P
we need to find an open neighbourhood V' C U’ with P € V', homogeneous
polynomials ¢', b’ € K[xg,- - ,x,] of same degree such that A’ # 0 on V' and
fior = Z—l, on V'. We guess V' = U' NV and check it satisfies the conditions.
U'nv cu'. PeU' NV. We are given f = { on V with h # 0 on V. But

=4 onU'NV with h # 0 on U' NV still holds true. Hence we have found
an open neighbourhood that satisfies all conditions. Therefore f : U" — K is
regular. O

Lemma 5.16. Let X be a variety and f : X — K a map. If for each P € X
there is an open U C X with P € U such that fiy : U — K is reqular on U,
then f is regular on X.

Proof. Let X be an quasi-affine variety. Let P € X and let U C X an open set
with P € U such that fj;y : U — K is regular (on U). Hence there is an open
V C U with P € V such that fjyy = g/hon V and h # 0 on V. To show f is
regular at P we need an open subset of X that contains P such that f = g¢'/h’
on this subset and h’ # 0 on this subset. This is satisfied since V C X with
P €V and f can be expressed as a quotient of polynomials on V' with f = g/h.
Hence f is regular on X.

Let X be an quasi-projective variety. Let P € X and let U C X an open
set with P € U such that fjy : U — K is regular (on U). Hence there is an
open V C U with P € V such that fjy = g/h on V with g,h € Klxo,...2,]
homogenous of same degree and h # 0 on V. To show f is regular at P we
need an open subset of X that contains P such that f = ¢’/h’ on this subset
with ¢’, b’ € K|z, ...x,] homogenous of same degree and A’ # 0 on this subset.
This is satisfied since V' C X with P € V and f can be expressed as a quotient
of homogeneous polynomials on V' with f = g/h. Hence f is regular on X. O

Lemma 5.17. All constant functions are regular.

Proof. Let Y be a quasi-affine variety. By definition a function f : ¥ — K
is regular at a point P € Y if there exists an open neighbourhood U with
PeUCY, f=g/honU, g,h € Kl[z1,...2,] h nowhere 0 on U. Let f be
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a constant function. An open neighbourhood for f is Y. f can be written as
[ =4 where g = f and h = 1. Hence f is regular.

Let Y be quasi-projective variety. By definition a function f : Y — K is regular
at a point P € Y if there exists an open neighbourhood U with P € U C Y,
f =g/honU, gh € Klxg,...x,] are homogeneous. Let f be a constant
function. It is homogeneous of degree 0. An open neighbourhood for fis Y. f
can be written as f = 7 where g = f and h = 1. Hence f is regular. O

5.2 Morphisms

Definition 5.18. If XY are two varieties, a morphism ¢ : X — Y is a con-
tinuous map such that for every open set V' C Y, and every regular function
f:V — K, the function fo¢: ¢ (V) — K is regular.

Lemma 5.19. Let X,Y and Z be varieties. Let ¢ : X — Y and ¥ :Y — Z be
morphisms. Then the composition map Y o ¢ : X — Z is a morphism.

Proof. By definition of morphism ¢ and v are continuous maps. By Lemma
1.32, ¢ o ¢ is continuous. Let V' C Z be an open subset and f regular on
V. Since 1 is a morphism ¢~1(V) C Y is open and fo : =1 (V) — K is
regular. Since ¢ is a morphism, ¢~ 1(x»"1(V)) € X is open and fov o ¢ :
¢ 1(¥~1(V)) = K is regular. By Lemma 1.31 ¢~ (= 1(V)) = (v 0 )" 1(V).
Hence fowog: (1po¢) (V) — K is regular. Therefore po¢: X — Z is a
morphism. O

Ezample 5.20. Let ¢ : A1 — A? be defined by t — (¢2,#3). Then ¢ defines a
morphism.

Proof. By definition ¢ is continuous if and only if ¢ ~1(C) is closed for all closed
subsets C' C A2, Let C C A2 be a closed subset. We would like to show
e 1(CO) = {t € Al|p(t) € C} is closed in Al. The closed subsets in A? are the
algebraic sets. Therefore C' = Z(T) for some T C K[x1, z3].

¢ HC) =7 (Z(D)) = {t € Allp(t) € Z(T)}
= {t e A2, %) € Z(T)}
={tc A'g(t*,t*) =0 for all g € T}

We see p~1(C) is the zero set {g(t?,t3) € K[t| : g € T}. i.e Z(T’) for some
T' C K[t]. Z(T") is closed in A'. Hence ¢ is continuous.

We have ¢ : Al — A? defined by t — (t2,#3). Let V C A? be an open subset.
Let ¢~ 1(V) C A be the inverse image of V under ¢ and P € »~(V). Hence
p(P) e V. Let f:V — K be a regular function. This means there is an open
subset U CV C A? with p(P) e U C A% f=g/honU, g,h € K[z1,72] and h
nowhere 0. foyp: o (V) =V — K. Since U C V we can restrict our map as
follows. fop:p 1 (U) = U — K. This sends t — (t2,1%) — g(t2,t3)/h(t?,3).
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g(t2,t3),h(t%,t%) € K[t] and h(t?,t3) is nowhere 0 on ¢ 1(U). Hence f o ¢ is
regular. Therefore ¢ defines a morphism. O

Lemma 5.21. Let Y be a variety and Y' C Y an open subset or irreducible
closed subset. The inclusion map defined as

Y =Y
Yy —iy) =y

/

18 a morphism.

Proof. Let W C Y be an open subset.

it W) ={PecY' :i(P)eW}
={PeY' :PeW}
={PeY' nwW}
=Y'nw

By the subspace topology on Y, Y/ NW is open in Y’ hence i~ (W) is open in
Y’. Therefore 7 is a continuous map.

Case 1: If Y is a quasi-affine variety.

Let W C Y be an open subset and f : W — K regular on W. Let Q € i~ *(W).
Then i(Q) € W. Since f is regular for all points in W, there exists an open
neighbourhood O C W with i(Q) € O and g,h € Klz1,...x,] such that h # 0
on O and f = g/h on O. Since i is continuous i~ !(0) is open in Y’. By the
subspace topology on i~1(W), i~1(0) is open in i~}(W). Q € i~1(0). Hence
we have found an open neighbourhood i~*(0) C i~}(W) with Q € i~(O). We
are given h # 0 on O. But i~1(0) = O. Therefore h # 0 on i~1(0). Let
Pei ! (0). (f 0i)(P) = J(i(P)) = g(i(P)) /h(i(P)) = g(P)/h(P). Hence [ o
is regular .

Case 2: If Y is a quasi-projective variety.

Let W C Y be an open subset and f : W — K regular on W. Let Q € i~1(W).
Then i(Q) € W. Since f is regular for all points in W, there exists an open
neighbourhood O C W with i(Q) € O and g,h € K|xo,...x,] homogeneous of
same degree such that h # 0 on O and f = g/h on O. Since i is continuous
i~1(0) is open in Y’. By the subspace topology on i~}(W), i~1(O) is open in
i~L(W). Q € i~1(0). Hence we have found an open neighbourhood i~1(0O) C
i1 (W) with Q € i~1(O). We are given h # 0 on O. But i71(0) = O. Therefore
h#£0on i 1(0). Let P e i~1(0). (f o i)(P) = [(i(P)) = g(i(P))/h(i(P)) =
g(P)/h(P). Hence f o1 is regular .

Therefore ¢ is a morphism. O
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Lemma 5.22. Let X be a variety and U C A™ a non-empty open set. Let
j U <= A™ be the inclusion map. Let ¢ : X — U be a map such that
joo: X — A™ is continuous. Then ¢ is continuous.

Proof. Let O C U be open. By Lemma 1.18 O is open in A™. Therefore
(j o ¢)71(O) is open in X. By Lemma 1.31 (j o ¢)~1(0) = ¢~ 1(;71(0)).
¢~ 1(j71(0)) = $71(0). Hence ¢~1(O) is open in X. Therefore ¢ is continuous.

U

Lemma 5.23. Let X be a variety and U C A™ a non-empty open set. Let
j U <= A™ be the inclusion map. Let ¢ : X — U be a map such that
jod: X — A" is a morphism. Then ¢ is a morphism.

Proof. By Lemma 5.22 ¢ is continuous. Let O C U C A"™ be open and
f + O — K a regular function. By Lemma 1.18 O is also open in A".
We are given j o ¢ is a morphism. Hence for O C A"™ open and f : O —
K regular, then fojo¢ : (jo¢) 1(O) — K is regular. By Lemma 1.31
(jo9)7H0) = ¢1(i710)). ¢ (i7H(0) = ¢7H(0). Let Q € ¢~1(0).
(Fojod)Q) = (fo)6Q) = fG(6Q) = F(H(Q) = (f 0 6)(Q). Hence
fojo¢ and f o ¢ are the same map. Therefore f o ¢ is regular. Hence ¢ is a
morphism.

O

Lemma 5.24. Let X,Y be varieties and ¢ : X — Y a morphism. Let X' C X
be an irreducible closed subset. Then ¢|x: : X' =Y is a morphism.

Proof. We are given ¢ : X — Y is a morphism. By Lemma 5.21 47 : X/ — X
is a morphism. By Lemma 5.19, ¢ o¢ : X’ — Y is a morphism. Let P € X'.
d1x(P) = ¢(P). (¢oi)(P) = ¢(i(P)) = ¢(P). Hence ¢ oi and ¢|x: are the
same map. Therefore ¢|x/ is a morphism. O

We now have a concept of defining an isomorphism of varieties.

5.2.1 Isomorphism of varieties

Definition 5.25. Let X,Y be varieties. An isomorphism of varieties ¢ : X —
Y is a morphism which admits an inverse morphism ¥ : ¥ — X with ¢o¢ = idx
where idx is the identity map on X and ¢ o 1) = idy where idy is the identity
map on Y. Note that an isomorphism is bijective and bicontinuous, but a
bijective bicontinuous morphism need not be an isomorphism.

At the end of section 5, I will prove the note in Definition 5.25 using an example
of a bijective bicontinuous morphism that is not an isomorphism.
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5.3 Rings of functions

Definition 5.26. Let Y be a variety. We denote by O(Y") the ring of all regular
functions on Y.

Let Y be a variety and P €Y. Let L={(U,f): U CY open ,P €U, f:U —
K a regular function}.

Lemma 5.27. (U, f) ~ (V,g) & f =g on UNV defines an equivalence relation
on L.

Proof. Reflexive: Let f be a regular map U — K on U. Then clearly f = f on
UNU. Hence (U, f) ~ (U, f).

Symmetric: Let U,V be open sets and f, g regular maps such that (U, f) ~
(V,9). Then f = g on UNV. This also means ¢ = f on VN U. Hence

(Vog) ~ (U, f)-

Transitive: Let (U, f) ~ (V,g) and (V,g) ~ (W,h). Then f = gon UNV
and ¢ = hon VN W. Therefore f =g=honUNV NW. Hence f = h on
UNVNW. The set of points where f =hor f—h=0is Z={Q e (UNW):
f(Q)—h(Q) =0} CUNW. Y is irreducible and U N W C Y is non-empty
and open, by Theorem 1.46 U NV is irreducible and dense. UNV N W is a
non-empty open subset of U N W, hence it is dense in U N W. This means
UnNnvVnW =UnW. By definition, UNV NW in U N W is the intersection
of all closed sets in U N W that contain U NV N W. Therefore U N W is the
intersection of all closed sets in U N W that contain U NV N W. Hence each
closed set is all of UNW. The only closed set in UNW that contains UNVNW is
UNW. Z is one such closed set that contains UNV NW. Therefore Z = UNW.
Hence f=hon UNW.

Therefore (U, f) ~ (V,g) <> f = g on UNV defines an equivalence relation. O

Definition 5.28. A germ of a regular function on Y near a point P is an
equivalence class in L. We denote the set of germs Opy.

Lemma 5.29. Let Y be a variety. U,V CY open and f,g regular functions.
U, NH+V,g)=UNV,f+g). (U, f)+(V,g) is well defined on Opy with the
equivalence relation in Lemma 5.27.

Proof. We have that P € U and P € V. Hence U NV is non empty. If
f:U—= K, g:V — K are regular functions at P then f and g are regular
at P € UNV. Hence by Lemma 5.4 f + g is regular on U NV. Let (U, f) ~
(U, ) and (V,g) ~ (V',¢'). Then f = fon UNU and g =g on VNV’
U, H+(V,g)=({UNV,f+g). Since f=f on UNU' and g=¢' on VNV’ we
have that f+g=f'"+¢ on (UNU)YN(VNV)=UNV)N({U' NV’'). Hence
(UNV, f+g)~ U NV f' +g"). Therefore (U, f) + (V,9) = (UNV, f+g) ~
onvi ff+4)=U",f)+ (V' g¢). Hence (U, f) + (V, g) is well defined. O

Lemma 5.30. Let (U, f)(V,9) = (UNV, fg). (U, 1) (V,g) is well defined on
Opy with the equivalence relation in Lemma 5.27..
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Proof. We have that P € U and P € V. Hence U NV is non-empty. If
f:U—= K,g:V — K are regular functions at P then f and g are regular at
P e UNV. Hence by Lemma 5.4 fg is regular on UNV. Let (U, f) ~ (U, f')
and (V,g) ~ (V',g"). Then f = fon UNU' and g = ¢’ on VNV'. (U, f)(V,g) =
(UNV, fg). Since f = fon UNU" and g = ¢’ on VNV’ we have that fg = f'¢
on (UNUYNWVNAV)=UNV)NWU'NV'). Hence (UNV, fg) ~ (U NV’ f'g").
Therefore (U, f)(V,g) = ({UNV, fg) ~ U NV’ f'¢") = U, f)(V',g"). Hence
(U, £)(V,g) is well defined. O

Lemma 5.31. Opy is a ring.

Proof. We must check the following conditions hold.

(i) It is a commutative group with respect to addition.

(ii) Closed under Multiplication.

(iii) Tt is commutative with respect to multiplication

(iv) Multiplication is associative and has a unit element.

(v) For all z,y,2 € R (z+y)z = vz + yz and 2(z + y) = 2x + zy. We define
addition as in Lemma 5.29 and multiplication as we defined in Lemma 5.30.

Proof of (i). Let (U, f), (V, g) be in the set of equivalence classes. Then (U, f) +
V,9)=(UNV,f4+g). UnVisopenin Y, f + g is regular in U NV. Hence
the set is closed under addition. Let (U, f),(V,g) and (W, h) be in the set of
equivalence classes. Then

(U, £)+((V,g) + (W, h)) = (U, f) + (VN W, g + 1))
NVAW), f+(g+h))

(
=(Un
(UNV)NW,(f+g)+h)
=U
(.

me+g) (W, h)
V.g)) + (W, h)

Hence addition is associative. We guess (Y,0) as the additive neutral ele-
ment,where 0 is the 0 function. Then (U, f) 4+ (Y,0) = (UNY, f+0) = (U, f).
So (Y,0) is indeed the additive neutral element. We try (U,—f) as the ad-
ditive inverse. (U, f) + (U,—f) = UNU,f+ (—f)) = (U,0) = (Y¥,0) since
(U,0) ~ (Y,0).(U,0) ~ (Y,0) since 0 =0 on Y NU. Let (U, f),(V,g) be in the
set of equivalence classes. (U, f)+ (V,g) = UNV,f+9)=VnNnUg+f) =
(V,g)+ (U, f). Hence the set is commutative. Therefore Oy, p is a commutative
group.

Proof of (ii). Let (U, f),(V,g) be in Oy p. (U, f)(V,9) =({UNV, fg). UNV is
open in Y, fg is regular in U N'V. Hence the set is closed under multiplication.

Proof of (iii). Let (U, f),(V,g) be in Oy p. Then (U, f)(V,g9) = (UNV, fg) =
(VnU,gf) = V.9, ).
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be in Op,y.

Proof of (iv). Let (U, f), (V,g), (W, h)
2h) = (U, (V0 W, gh)

U, NIV, 9)(W.
=(UnVnw),f(gh)
(UNV)NW),(fg)h)
=(UNV, fg)(W,h)
=((U, NV, 9)) (W, h)

Hence multiplication is associative.
We try (Y, 1) as our unit element where 1 is the constant function. (Y, 1)(U, f) =
(UNY, f1) = (U, f). Hence we have a unit element.

Proof of (v). Let (U, f), (V,g),(W,h) be in Opy.
U NIV,9)+ W h)] = (U, f)(VOW,g+h)
=UnVnw), flg+h)
UnvVnWw, fg+fh)
((UNV)NUNW), fg+ fh)
(
(

UNV,fg)+(UNW,fh)
U, ) (V.g) + (U, f)(W, h)

Since multiplication is commutative it follows that [(V,g) + (W, h)|(U, f) =
V. 9)(U, f) + (W, h)(V, g).

Hence Opy is a ring. O
Lemma 5.32. Opy is a local ring.

Proof. Let W be the set of germs of regular functions that vanish at P. i.e
W ={(U, f)|]U CY open and f(P) = 0}. We claim this is the unique maximal
ideal in Opy. First we show W # Opy. The unit element in Opy is (Y, 1).
Since f = 1 is a constant function there is no P for which f(P) = 0. Hence
(Y,1) ¢ W and W # Opy. The elements of W are equivalence classes of pairs.
W is a subgroup of Opy. Let (V,g) € Opy. Then (V,g)(U, f) = (VNU,gf).
V' NU is open and (gf)(P) = g(P)f(P) = g(P)0 = 0. Hence (V,g)(U, f) e W.
Therefore W is an ideal.

From Lemma 4.25 we simply need to show that for (U, f) with f(P) # 0, (U, f)
is a unit. Let % :U\Z(f) = K and Q € U\Z(f). Since f is nowhere 0 on

U — Z(f) then by Lemma 5.4 % is regular. So we have (U, f)((U\Z(f),1/f) =
(U 0 (O\Z(f), f1/f) = (\Z(f),1). But (\Z(f)) NY = U\Z(f). Hence
(UNZ(f),1) ~ (Y,1) since 1 =1 on U\Z(f). O

Recall an ideal m is maximal if and only if R/m is a field. Since we have shown
in Lemma 5.32 that Opy is a local ring with maximal ideal W then Opy /W
is a field.
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Lemma 5.33. Opy /W is isomorphic to K.

Proof. Let ¢ : Opy — K be defined by (U, f) — f(P).First we check that ¢
is well defined. Let (U, f) ~ (V,g). Then f =gon UNV. ¢, f) = f(P).
o(V,g) = g(P). But (U, f) ~ (V,g) hence f(P) = g(P). Therefore ¢ is well
defined. Let (U, f), (V, g) be in the ring of germs of regular functions at a point
P. Then ¢((U, f) + (V.g)) = o(UNV. f+g) = (f + 9P = f(P)+9(P) =
(U, f) + (V. 9).

o((U, f)(V,9)) = o(UNV, fg) = (fg)P = f(P)g(P) = o(U, f)o(V,9).

¢(Y,1) = 1(P) = 1. Hence we have that ¢ is a ring homomorphism from
Opy — K. By [SL, Isomorphism Theorem, page 93] Opy/ Ker ¢ is isomorphic
to Im(g). Ker(@) = {(U,f) € Oy.plé(U, f) = 0}. ie Kex(o) = (U, f) €
Opy|f(P) = 0}. This is indeed W. Hence Opy /W is isomorphic to Im(¢).
Let a € K. Can we find (U, f) in Opy such that ¢(U, f) = a? We try (Y, a)
where a is viewed as a constant function. Constant functions are regular by
Lemma 5.17. P €Y and Y CY is open. ¢(Y,a) = a. Hence ¢ is surjective.
Therefore Im(¢) = K. Thus Opy /W is isomorphic to K. O

Lemma 5.34. Let Y be a variety. Let U CY be open. Then U — Z(f) is open
mY.

Proof. Z(f) is closed in U hence U — Z(f) is open in U. U — Z(f) C U. By
Lemma 1.18, U — Z(f) is open in Y. Hence U — Z(f) is open in Y. O

Let Y be avariety, T' = {(U, f),U C Y, U non-empty and open , f regular on U}

Lemma 5.35. (U, f) ~ (V,g) iff f = g on UNV defines an equivalence relation
onT.

Proof. Reflexive: Let f be a regular map U — K. Then f = f on UNU. Hence
(U, )~ (U, [).

Symmetric: Let U,V be open subsets of Y and f, g regular maps such that
(U, f) ~ (V,g). Then f = gon UNV. This means g = f on VNU. Hence
(Vog) ~ (U, f).

Transitive: Let (U, f) ~ (V,g) and (V,g) ~ (W,h). Then f = gon UNV
and g = h on VNW. Therefore f =g=hon UNV NW. Hence f = h on
UNV NW. The set of points where f =hor f—h=0is Z={Q e (UNW):
f(Q)—h(Q) =0} CUNW. Since Y is irreducible U N W is irreducible and
dense. UNV NW is a non empty open subset of UNW by Lemma 1.45, hence it
is dense in U N W. This means U NV N W = U N W .By definition, UNV N W
in UNW is the intersection of all closed sets in U N W that contain UNV NW.
Therefore U N W is the intersection of all closed sets in U N W that contain
UNV NW. Hence each closed set is all of U N W. The only closed set in
UNW that contains UNVNW is UNW. Z is one such closed set that contains
UNVNW. Therefore Z=UNW. Hence f=hon UNW.
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O

The equivalence classes in T form a field called the function field of Y, denoted
KY). KY)={[(U75] | Uf) €T} Elements of K(Y) are equivalence
classes of pairs. We note here K (Y) is standard notation for function field and
K in this circumstance does not mean an algebraically closed field.

Lemma 5.36. K(Y) is a field.

Proof. We define addition and multiplication as follows.

(U, )+ Vig)=UNV, f+g)

and
(U.NV,9)=UNYV, fg)

Addition and multiplication are well defined as we saw in Lemmas 5.29 and
5.30. The only difference here is that U NV # () because U NV is an open set
in an irreducible space. We must check the following conditions hold.

(i) Tt is a commutative group with respect to addition.
(ii) Closed under Multiplication.

(iii) It is commutative with respect to multiplication.

(v) For all z,y,2 € R (x + y)z = vz + yz and z(z + y) = zz + zy.

(vi) Fornon-zero (U, f) € K(Y') there exists (V, g) € K(Y) such that (U, f)(V, g)
is the unit element.

)
)
(iv) Multiplication is associative and has a unit element.
)
)

The proof of (i)-(v) is similiar to Lemma 5.31 so we only need to prove (vi).

Let (U, f) € K(Y) with f # 0. This means there is a point @ € U such that
f(@Q) # 0. We restrict f to the open set U — Z(f).

We have % (U—-Z(f)) = K and Q € U — Z(f). Since f is nowhere 0 by
Lemma 5.4 % is regular.

Sowehave( U =200, 1) = Un U= Z(f), f1/f) = (U = 2(f), 1).
But (U (f))ﬂY U—Z(f). Hence (U — Z( ), 1) ~ (Y, )sncel—lon

U~ Z(f) N

We have defined for any variety Y, O(Y'), Oy, p and K (Y). Restricting functions
we obtain natural maps from O(Y) — Oy,p — K(Y') which are injective and
ring homomorphisms. So we can consider O(Y'), Oy, p as subrings of K(Y). We
will now show these maps are injective ring homomorphisms.

Lemma 5.37. The map ¢ : O(Y) — Oy,p defined by o(f) = (Y, f)] for f

reqular on Y is injective and a ring homomorphism.

Proof. Let ¢(f) = ¢(g). Then [(Y, f)] = [(Y,g)]. This means (Y, f) ~ (Y, 9),
hence f = g on Y. Hence ¢ is injective.
Let f, g be regular.
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o(f+9) =Y. f+9)
=Y, N] +[(Y. 9)]
=¢(f) +¢(9)
e(fg) =Y, f9)]

= [(Y, MY, 9)]

=¢(f)e(9)
o(1) = [(¥. 1))
Hence ¢ is a ring homomorphism. O

Lemma 5.38. Let ¢ : Oy p — K(Y) be defined by o[(U, )] = [(U, f)] for U
open, [ reqular on'Y. Then ¢ is injective and a ring homomorphism.

Proof. First we need to show ¢ is well defined. Let [(U, f)] = [(V,g)]. Then

(U, f) ~ (V. g). Hence f =gon UNV. ¢[(U, f)] = [(U, f)]. ¢[(V.9)] = [(V,9)]-
But (U, f) ~ (V,g). Hence ¢ is well defined.

Let o[(U, f)] = o[(V, g)]. Then [(U, f)] = [(V,g)] in K(Y). This means (U, f) ~
(V, g), therefore f =g on U NV. Hence ¢ is injective.
Let [(U7 f)]7 [(Vv g)] € OY,P~

(U NI+[(Vig))) = olUNV, f +g)]
=[UNV, f+9)]
=T N+IV.9g)]
= olU, )]+ ¢l(V, 9)]

LU, NIV, 9))) = ¢l(UNV, fg)]

=[(UnV, fg)]
= [(U, NIV, 9)]
= o[(U, Nol(V, g)]
o[(YV,1)] = [(Y, 1)].
Hence ¢ is a ring homomorphism. O

Lemma 5.39. O(Y)C () Oyp
PeYy
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Proof. We can consider O(Y) and [ Oy,p as subsets of K(Y). Let f € O(Y)
pPey
and P € Y. This means f is regular at P. Hence f € Oy, p. Therefore O(Y)

Cc
Oy,p. We can do this for arbitrary P € Y. Hence O(Y) C () Oy,p. O
Py

Lemma 5.40. Let ¢ : X — Y be a morphism. For each P € X, ¢ induces a
ring homomorphism of local rings ¢ : Oypyy — Op x-

Proof. We will show that,
©p : Oppy)y = Opx

which sends [(V, f)] = [(¢~1(V), f o )] is well defined.

Let [(V, f)] € Oupy,y- Then V.C Y isopenin Y, o(P) € V,and f:V — K
is regular. We take U = ¢~ 1(V). It is open in X and P € ¢~ 1(V). We take
g=fop:U—=V = K. It is regular. Let [(V, f)], [(W,h)] € Oy(p),y such that
[(V, )] = [(W, h)]. Therefore (V, f) ~ (W, k). This gives f =hon VNW.
epl(V. ) =™ (V), fo )]

ep (W h)] =[(e~ 1 (W), hoy)].

Let Pe o t(VNW) = Y (V)N Y (W). In particular P € o= (V).
(fo@)(P) = f(e(P)). (how)(P) = h(p(P)). ¢(P) e VNW. Since f =
hon VW, f(e(P)) = h(p(P). Hence hop = fog on o 1(V)Np L(W).
Hence ¢} is well defined. We now check if this a ring homomorphism.

Let [(Va f)]7 [(Wa h)] € OLP(P),Y~

ep((Vo f) + (W, h)) = op(V AW, f + h)
= (e (VW) (f+h)oyp)
V)N ' (W), fop+hoy)
)i fow)+ (¢~ (W), hoy)

= (¢~
=(p7'(V
=ep(V, f) +p(W,h)

ep((V, )W, h)) = op(V AW, fh)
= (¢ (VNW),(fh) o)
V)N (W), (fop)(hoy))

), foe) e (W), hop)

= (¢~
= (e (Vv
= op(V, N)ep (W, h)

98



Hence ¢% is a ring homomorphism. O

Lemma 5.41. Let ¢ : X — Y be a map. Let V. C Y.Then ¢(¢~1(V)) =
VNe(X)

Proof. Let y € VN o(X). Then y € V and y € ¢(X). Since y € ¢(X)
y = ¢(P) for some P € X. Alsoy € V, therefore p(P) € V. Hence P € ¢~ 1(V)
Therefore y = p(P) € p(p~1(V)). Hence V N(X) C o1 (V)).

Let y € p(p~1(V)). Then y = ©(Q) for some Q € ¢~ (V). Hence ¢(Q) € V.
Therefore y € V. Since o 1(V) C X. ¢(Q) € ¢(X). Hence y € ¢(X).
Therefore y € VN p(X). o(e~1(V)) C VN e(X).

)

Hence o(¢~1(V)) =V N e(X). O
Lemma 5.42. Let o(X) be dense in'Y. Then op : Oypyy — Opx is injec-
tive.

Proof.

Ker(¢p) ={(V, f) € Oypyylep(V, f) =0}
={(V, f) € Opp)y (@' (V), fop) = 0}

Let (V, f) € Ker(¢%). Therefore we have fo e =0 on ¢~ }(V). Hence f =0
on p(p~1(V)). We see this by letting Q € ¢(o =1 (V). Then Q = ¢(R) for some
R € o7 1(V). Hence f(Q) = f(o(R)) = (f o p)(R) = 0. Given that ¢(X) is
dense in Y and ¢(p~1(V)) = VNp(X), Lemma 1.21 tells us p(¢~1(V)) is dense
in V. Since f = 0 on (¢~ 1(V)), by Lemma 5.14 f = 0 everywhere. i.e f =0
on V. Therefore ¢} is injective. O

The next section will discuss the relationship of O(Y), Opy and K(Y') to A(Y)
and S(Y). We will show that for any affine variety Y, A(Y) = O(Y) but not in
the case of a projective variety.

5.4 Rings of functions and coordinate rings
Theorem 5.43. Let Y C A" be an affine variety with affine coordinate ring
A(Y). Then,

(a) OY) = A(Y)

(b) for each P €Y let mp C A(Y) be the ideal of functions vanishing at P.

Then P — mp gives a 1 — 1 correspondence between the points of Y and
the mazimal ideals of A(Y).
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(¢) For each P, Opy =2 A(Y )mp-
(d) K(Y) is isomorphic to the quotient field of A(Y').

Proof. Firstly we define amap o : A(Y) = O(Y). A polynomial f € K[xy,...xz,]
defines a regular function on A™ and hence on Y. So we obtain a ring homo-
morphism ¢ : A — O(Y) defined by f — fly. Ker(p) = {f € A|f(P) =
0 for all P € Y}. This is simply I(Y). So we have an injective homomorphism
from A/I(Y) — O(Y). Lemma 2.50 tells us there is a 1 — 1 correspondence
between points of Y and maximal ideals of A containing I(Y"). Passing to the
quotient by 7(Y") as in Lemma 2.85, these maximal ideals correspond to maximal
ideals of A(Y). P I(P)C A I(P)/I(Y) C A(Y).

For each P there is a natural map ¢ : A(Y)m, — Opy that sends j+ I(Y)/l +
IY) — (Y — Z(l),j/l). Since A(Y) — Opy is injective, ¢ is injective by
Lemma 4.10.

¢ is also surjective. To see this let (U, f) € Opy. Then f is regular on U,
there exists V' C U such that V is open with P € V C U and f = g/h,
g,h € K[zq,...,2,] and h nowhere 0 on V. Let Q € V. f(Q) = g(Q)/h(Q)
for all @ € V where h(Q) # 0. We want to find a/s € A(Y)m, such that
o(a/s) = (U, f). Wetrya=g+I1(Y),s=h+I(Y)witha=g+ I(Y) € AY)
and s = h+ I(Y) € A(Y) — mp since h(P) # 0 and hence s ¢ mp. ¢(g +
IY)/h+1(Y) = (Y — Z(h),g/h). From Lemma 5.27 we have (U, f) ~ (V, f).
We have (Y — Z(h),g/h) ~ (V,g/h) . Hence by the transitive property of an
equivalence relation (Y — Z(h), g/h) ~ (U, f). Therefore ¢ is surjective. Hence
for each P, Opy = A(Y )mp-

In a proof similar to (¢), we have an injective map from the quotient field of
A(Y) which we denote STIR, to K(Y) since g : A(Y) — K(Y) is injective
and g¢(s) is a unit in K(Y) for each s € S = A(Y) — {0}. This is because
every field without 0 is a multiplicative group. All elements in this group are
units. The map from the quotient field of A(Y") is also surjective. To see this
let (U, f) € K(Y). Then f is regular on U, there exists V C U such that V
is open in U and f = g/h, g,h € K[z1,...,2,] with h nowhere 0 on V. Let
QeV. f(Q) =g(Q)/MQ) for all Q@ € V where h(Q) # 0. We want to find
a/s € STIR such that ¢(a/s) = (U, f). Wetry a= g+ 1(Y),s = h+1(Y) with
a=g+IY)e AY)and s=h+I(Y) e AY)—-{0}. h+IY)#0+I(Y).
If h+I(Y) =0+ I(Y), this means h € I(Y). But h ¢ I(Y) since h(P) # 0.
Hence we have ¢(g+ I(Y)/h+ I(Y)) = (Y — Z(h),g/h) ~ (U, f). Hence K(Y)
is isomorphic to the quotient field of A(Y"). Now we can prove (a). By Lemma
539 O(Y) € N Opy. From (b) and (c¢) we have A(Y) C OY) C NA(Y )m
where m is maximal ideal. From Lemma 4.21 we have that A(Y) = () A(Y ).

Hence A(Y) = O(Y). O

Lemma 5.44. Let U C P" : be the open set defined by x; # 0. Then ¢} :
U = A" is an isomorphism of varieties.
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Proof. We will first show ¢} is a morphism. Recall ¢} is the map defined as

o Ut — A"
P—Q

where P = (ag,...a,) € U, Q = ¢M(P) = (ao/ai, ... ai—1/0i, @iy1/ai, ... an/a;)
with a;/a; omitted.

By Lemma 3.56 ¢} is a bijective, continuous map whose inverse map ;" is con-
tinuous. Let V' C A™ be an open subset and f : V — K a regular function. Let
Q € (¢7)~1(V). Then ¢7'(Q) € V. Since f is regular on V, there exists an open
neighbourhood W C V with ¢! (Q) € W and polynomials g,h € Klz1,...,zy]
such that h # 0 on W and f = g/h on W.

Given that ¢7'(Q) € W we have that Q € (¢2*)~1(W) C (¢7*)"1(V). By Lemma
1.18, W is open in A™. ¢7 is continuous. Hence (¢7)~!(W) is open in U
By the subspace topology on (¢2)~1(V), (¢2)~1(W) is open in (¢2)~1(V).
Therefore, for a point Q € (¢2)~1(V) we have found an open neighbourhood
(™)~ (W) C (¢2)~1(V) which contains Q.

fo@? is a function on the open set (¢7)~1(V). We have f = g/h on W. We
can put g and h through g as follows.

B(g) = xfg(xo/xsy. ., Xim1/Tiy Tig1/Tiy - ., Tn/x;) homogeneous of degree e.
B(h) = z¢h(xo/xi,...Ti—1/Ti,Tiy1/Ti,. .., Tp/2;) homogeneous of degree d.
Let ¢ = max degree(d, e).

Put ¢’ = z¢g(xo/mi, ..., xn/x;) and B = x§h(xo/x;, . . . 7xn/ncl) Then ¢', h' are

homogeneous of degree c¢. Let Q' € (¢7)*(W). Q" =lg:q1 :--.qi—1:1:
Qig1 " Qnl-
(fodi) (@) = f(7(Q))
= f(0/1,. - qi-1/1,qi+1/1, ... qn/1)
= f(qo,---Qi—1,Qit1,---qn)
_9(q0---qn)
" h(qo---an)
@)
Q')

By Lemma 5.4 f o ¢} is regular.

Hence ¢} is a morphism.
We now check if the map %] is a morphism. This map is defined by

Y AT S UP
(bl,...bn)H(bl,...bi,l,bi_i_l...,bn)
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Let j be a regular function on an open set U C U*. Then for every P € U there
is an open neighbourhood Z with P € Z C U and homogeneous polynomials
I,m € K[zg...xy] such that j = I/m on Z. Since 9! is continuous then the
inverse image of an open set is open. Let S € (¢)~}(U) be a point. Then
YI'(S) € U. Therefore there exists an open neighbourhood Z with ;(S) € Z C
U and homogeneous polynomials I,m € Klxg,...,z,] such that j = [/m on
Z. Hence (¢7)~1(Z) is an open neighbourhood of S in (¢*)~1(U). joy? is a
function on the open set (¢7)~1(U).

We have j =1/m on Z where [,m € K[xo,...,%,] and m is not zero on Z. We
can put [ and m through « as follows.

Oé(l) = l(bl, N bi, 1, bi+1, ey bn) a(m) = m(bl, ey bi, 1,bi+1 N bn) Then

l(bh s '7bi7 lvbi+17 s 7bn)
m(bl, .. ~7bi7 1,bi+1, .« bn)

=4(b1,...,b;, L, b1, .., bn)

= J (i (by, - bn))
= (joM)(b1,...,by)

Hence 9" is a morphism.

Let P=lag:ai:,...,ap].
(i 0 ¢} )(ao, - .. an) = i (ao/ai, ... ai—1/ai, aip1/a; - : an/a;)
= (ao/ai : ...ai_l/ai,1,ai+1/ai,...,an/ai)
~(@g a1 @1 G Qi ey Oy

Let Q = (bi,...,bn).

((b?O’L/}?)(bl,bn):(b?(bl : "'Ibi,ltbi+1"'lbn)
= (b1,...,bp)

Hence ¢} is an isomorphism. O

We have S = Klxg,...,2,] is a graded ring. Let p be a homogeneous prime
ideal of S then from Lemma 4.16, S(,) is the subring of elements of degree 0
in the localization of S with respect to the multiplicative subset T consisting
of the homogeneous elements of S not in p. We denote this localization ring as
T-1S. By Lemma 4.27 S(p) is a local ring with maximal ideal (p - T-18)N Sp)-
In particular if S is an integral domain and we have p = (0), S((p)) is a field by
Lemma 4.23. Also if f € S is a homogeneous element then by Lemma 4.17, S )
is a subring of the localized ring Sy where S(s) is the set of elements of degree
0.

Lemma 5.45. Let f : R — S and g : R — S be ring homomorphisms. Then
D={reR: f(r)=g(r)} is a subring of R.
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Proof. {r € R : f(r) = g(r)} € R. Let r,s € D. Then f(r) = g(r) an
f(s) = g(s). Since f and g are ring homomorphisms f(r —s) = f(r) — (s
g9(r) —g(s) = g(r —s). Hence r —s € D. f(rs) = f(r)f(s) = g(r)g(s) = g
Hence rs € D. f(1) =1 by definition of a ring homomorphism. ¢(1) =1 by
definition of a ring homomorphism. Hence f(1) = g(1) and 1 € D. Therefore
D is a subring of R. O

Let U* C P™ be the open set defined by z; # 0. So far we have defined an
isomorphism of varieties,

or UM = A"

(ag : -+ :ap) = (ap/aiy ... ai—1/a;,ai41/0; .. .an/a;)

We have defined a morphism

WP A" P
(bl,bn) — (bl,...,bi71,bi+1,...,bn)

We have a ring homomorphism.
(@) Kly1, -y yn] = Klzo, ... Tn] ()

Lif 1< <i
Yji =N =5 ep - .
x—ilfz—klgjgn

We have U* C P™ an open set such that z; # 0. We let Y; = Y NU*. Since
U = A™ we can consider Y; as the affine variety ¢7(Y;).

Lemma 5.46. For fized P € U* the set D = {f € K[y1,...,yn] : f(¢?(P)) =
((&7)*f)(P)} is a subring of K[y, ..., yn].

Proof. By Lemma 5.45, D is a subring of K[yi,...,yn] O

Corollary 5.47. D is a subring of K[yi,...,ys]. In the case where f = y; €
Klyi,...,yn], then D = K[y,...,yn].

Proof. Let f =y; € K[y1,...,yn] and P = (ag,...,a,) € U'. We may assume
1 is in the " position. Then f(¢7?(P)) = f(ao/1...a,/1) = f(ao,...an) = y;.
IF1<j < i then ((¢7)"f)(P) = “=2(P) = 9=t —a; 1. Ifi+1<j < n then
((pM)*HH(P) = %(P) = &=t = aj 1. Therefore D contains all y1,y2,. .. Yn.
D also contains all constant functions. Hence D is the whole ring. Therefore
f(@(P)) = ((67)" f)(P). O
Lemma 5.48. For g € K|xo,...,%p](,), the following are equivalent.

(i) g(P)=0 forallPeY, =Y NU.

(ii) g € I(Y)(a,)
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Proof. Assume (i). Put g = IL with h € K[y, ...z,] homogeneous of degree
m. g(P) =0 for all P €Y. Hence P € Z(h) for all P € Y;. ( Z(h) is the zero
set of h). This means Y; C Z(h). Therefore Y C Z(x;) UZ(h) = Z(x;h). Hence
x;h € I(Y'). Therefore g = w’f,fffl € I(Y) ()

Assume (ii). Put g = L with & € I(Y) homogeneous of degree m. Then
Y C Z(h) hence g(P) = 0 for all P € Y;. O

Lemma 5.49. A(Y;) = S(Y) ;) where T; = x; + 1(Y).

Proof.
(@) Kly1, -y yn] = Klzo, .. s Tn] ()
it 1<y <
Yi =9 a2, ,
= ifi+1<j53<n
is a ring homomorphism. Given 7' = {z}", m > 0}, elements in K[zo, ..., Zy](,)

are {%,f € Klzg,...z,),b € T, f,b homogeneous of same degree}. We must
show

(T/Jn) : [zoa-“axn](zi)%K[ylv"wyn]

g(zo...x
(7mn) =g, Yis L Yig1 - Un)

is a well defined ring homomorphism.

Let f(ro,~1»7-,f6n,) _ 9(®0,--,mn)
x

q

assuming ¢ > p. Then

t(@l f(zo,...,xn) — 2P g(xo,...,2,)) =0
for some t € T'.
Hence z7*(x! f(zo,...,xn) — 2¥g(z0,...,2,)) = 0. Since K[zo,...,x,] is an
integral domain, it contains no zero divisors. This results in
! f(zo,...,xn) — 2 g(xo,...,2,) =0
2P f(zo, ..., xn) — g(x0, ..oy 2) =0

So we obtain ! ? f(zo,...,xn) = g(zo, ..., x,). Substituting in our point gives

1q7pf(y17"‘7yia17yi+l ;yn) :g(ylv“'»yi?layiJrl ;yn) Hence f(ylvayn) =

9(y1...,yn). Therefore (1)I")* is a well defined map.
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Let 2fosptn) Moowptn) ¢ Ko, . 2y,

)
i T

(w?)*(g(ajo’ . q ,l‘n) + h(.ﬁo, . p ,J}n))

= (wn)*(mfg(xo,...,xn)—|—a:?h(x0,...,xn)))

i
forq

= 1pg(y1a~~yia17yi+1~~'»yn)+

1qh(y17"'7yi517yi+1a"'ayn)
=91, Yn) +h(Y1, - Yn)
s 9(T0y ooy Tn) naw D(T0y o)

= (7)) () + (W) ()

Ly €Ty

( n)*(g(xo,...,xn) ' h(xo,.;,xn)) _ (wln)*(g(xo,...,xn)-h(x07...,xn)))

t p+q

s GR(T0, - Ty
=0 )
=gh(W1, - ¥ LYiv1s -5 Yn)
:g(y1717"'7yn)'h(y1?17"'7y’ﬂ)
s Zan o h(Zoy . Tn
= (e (L (e (BT )

i Ly

Wy (3) =1

Therefore (¢')* is a well defined ring homomorphism.

Let w € Klxo,...,7pn](z,). Then degree f(xo,...,r,) = degree 2" =

(629 o () ) (LT Tn)y e (g L giens )

x

:f(;l,,l,,?j)

o & Ei ey
. yesey

xi’xi’” xX; €T

Hence (¢}')* o (¢]')* is the identity in K[z, ..., %],
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Let g(y1,---,yn) € Kly1,.- . yn]- D ={g € K[y1,...yul[((7)" 0 (¢]'))(9) =
9} C K[y1,-.-yn]- (¥M)* o (@) is a ring homomorphism. Hence D is a subring

by Lemma 5.46. D contains yi,...,Yyn, all c € K. Therefore D generates
Klyi,...,yn] as aring. Hence D = K[y, ...yn]. Therefore (¢7")* o (¢p2)* is the
identity on Kyi,...xzy].

Hence K[yi,...,yn] = Klzo,. .., Tn](z,)-

We define I(Y)(5,) = I(Y )z, N S(z,) in Se. (07)*(1(9](Y3))) = 1(Y)(2,). We see
this as follows.

Let f € I(¢?(Y;)). Hence f(¢7'(P)) = 0 for all P € Y;. Therefore ((¢2)*f)(P) =
0 for all P € Y;. Hence g = (¢})*f € K[zo,...,%n](s,) satisfies g(P) = 0 for
all P € Y;. Hence by Lemma 5.48 g € I(Y)(,). Therefore (¢7)*(1(¢}(Y;))) €
I(Y)(2y)-

Let g € I(Y)(y,)- By Lemma 5.48 g(P) = 0 for all P € Y;. Since ¢}’ is a bijective
map g = (¢7)*f for a unique f € K[yi,...yn]. Hence ((¢7)*f)(P) = 0 for all
P €Y. Therefore f(¢'(P)) =0 for all P € Y;. Hence f € I(¢7'(Y;)). Therefore
I(Y)(a,) € (¢7)"(1(¢7(Y2))):

Hence (¢7)*(I1(¢7(Yi))) = I(Y)(s,). Passing to the quotient as in Lemma 2.85
we obtain A(Y;) = S(Y) ). O

Lemma 5.50. Let Y be a projective variety. Let Y; =Y NU* where U C P"
is the open set defined by x; # 0. Then K(Y) = K(Y;).

Proof. Let x € K(Y). Then = = (U, f) where U is an open set of Y and f is
regular on U. We define

7:K(Y)— K(Y;)
(U, f) = (UNY;, fluay,)

Y is irreducible therefore Y D Y NU # (). U C Y is non-empty and open.
Hence we have Y NU* NU # (. Therefore Y; # (). By the subspace topology on
Y;,UNY; is an open subset of Y;. By Lemma 5.15 fjyny, is regular.

Let (U, f) ~ (V,g). Then f =gonUNV. ie f(P)=g(P)foral PecUNV.
(U, 1) = (UNY;, fluay)- 7((V.9)) = (VN Y5, gvay,). Let PeUNVNY,.
We have f(P) = g(P) on UNV. Hence fiuny,(P)= gvny,(P)on UNVNY,.
Therefore (UNY, fluny,) ~ (VNY;, gvay,) and 7 is well defined.

Let x,y € K(Y). Then « = (U, f) where U is an open set of Y and f is regular
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on U and y = (V, g) where V is an open set of Y and g is regular on V.

(U, f)+(V,g9)) =7(UNV. f+g)
= (UﬂVﬂYi,(f—&—g)wm/myi)
=UNY;nV Y, (fluvnvay; + 9unvay;)
= UNY, fluny,) + (VN Y, gvay,)
(U, ) +7(V,9)

(U, f)(V,g)) =7(UNYV, fg)
=UnNnvVny, (fg)\UﬁVﬂYi)
=UNY;NV Y, (flunvavi9iunvay;)
=UNY;, fluay,)(V N Yi gvay,)
(U, f)7(V,9))

T((V,1)) =7(Y NYi, Lyay,)
=1

Hence 7 is a ring homomorphism.
We define

7 K(Y;) = K(Y)
U f) = U, [)

7' is clearly well defined.

Let z € K(Y;). Then x = (U, f).

(ror)(U, f)=7(7'(U.f))
=7(U, f)
=UNY;, fiuay,)
= (U, f)

Let z € K(Y). Then z = (U, f).
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(7 oT)(U, f) = 7'(r(U, /)
= T/(U n }/i7 f|UﬂYL‘)

~

Therefore 7 is a ring isomorphism and K(Y) & K(Y;) O

By Lemma 5.43 part d, K
of A(Y;). Next we show Q

Y:) =2 Q(A(Y;)) where Q(A(Y;)) is the quotient field
(Y1) = Q(S(Y)(a))) = SY)((0))-

(

(A
Corollary 5.51. Q(A(Y;)) = Q(S(Y)@n)-
Proof. By Lemma 5.49 A(Y;) = S(Y)z;). Therefore using Lemma 4.22 we
obtain Q(A(Y;)) = Q(S(Y)wn). .

Lemma 5.52. Q(S(Y)(g)) = S(Y)((O))

Proof. Q(S(Y)@)) = {% 2 f,9 € S(Y)@:),9 # 0}. Another way of interpreting
this set is as a form of localization, namely (S(Y')(z;))(0). Hence we will prove
(S(Y)(I—i))(o) = S(Y)((0))- By Lemma 4.19 we have that R(,) = (R(y))p,,- Here

R =5 )()‘Paﬂdx—E 0@ € SY)@) Py = (0)@={z%0 €
(0),r > 0} = {0} € S(Y)(z;). Hence by Lemma 4 19 (S(Y) @) = S(Y)((OE

Lemma 5.53. Let Y be a projective variety. Then K(Y) = S(Y) ().

Proof.
K(Y) = K(Y;) by Lemma 5.50
K(Y;) = Q(A(Y;)) by Theorem 5.43
Q(A(Y:)) = Q(S(Y) ;) by Corollary 5.51
Q(S(Y) @) = S(Y)((0)) by Lemma 5.52
Therefore K(Y) = S(Y)((O)) U

We will now show that the only regular functions on O(Y) are the constant
functions. To do this we briefly discuss modules and submodules.

5.4.1 Modules

Definition 5.54. Let R be a ring, S C R a subset and f € R. Then S - f =
{s-flse S} CR
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Lemma 5.55. Let A be a ring, B C A a subring and f € A. Then,
B[f] := {bo + b1 f +baf? 4+ - +buf™:n>0,by,by,...,b, € B} C A
s a subring of A.
Proof. Tt is clear B[f] C A. To prove B][f] is a subring of A we must show the
following conditions hold.
(i) B[f] is closed under addition.
(ii) B[f] is closed under multiplication.
(iii) 14 € B[f).
(iv) for z € B[f], —x € BJ[f].
Proof of (i).
Let bo +b1f +baf2+ -+ by fco+crf+caf?+--+emf™ € Blf]. WLOG
we can assume n > m. Then,
bo+bif +baf 4 +baf oo+ e f +eaf o temfT =
(bo+co)+ (b1 +c1)f + (b2+62)f2+"-+ (b + cm) f™
+ bm+1fm+1 + bm+2fm+2 +oo b f"

Since bo + co,b1 + ¢1,b2 + c2, ..., bm + Cmy bing1,bm2, ... b, are in B, this sum is in
BIf).

Proof of (ii)

Let bo +bif +baf? 4+ 4+ bof" cot+crf +caf? + -+ cmf™ € B[f]. Then,

(coterf+eaf’+-+emf™)(bo+bif +baf?+ - +baf") =

O afHO b)) =
i=0 3=0

m—+n
DD bt
k=o i+j=k

Since the sum of the ¢;b; € B, this sum is in BJ[f].
Proof of (iii). Since B is a subring 14 € B. Letting bp = 14 we see 14 € BJ[f].

Proof of (iv). Let bo + b1 f 4+ baf? 4+ --- + b, f™ € B[f]. Since B is a subring, for each

b; € B there is an inverse —b; € B. Hence —bg — b1f — baf? — -« — b f™ € B[f].
But —bo — bif — baf? — - — by f™ = —(bo + bif + baf> + -+ 4 by f"). Therefore
—(bo +b1f +bof?+ - +bof") € B[f]. 0

Lemma 5.56. Let R be a commutative ring, S C R a subring. R is an S-
module.

Proof. R is an additive group. We define a map

SxR—R
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(s,r) — sr

where s € S;r € R and sr is the multiplication in R.

Let e be the unit element in S and » € R. By definition of S being a subring
of R, e is the unit element in R. By definition of R being a ring er = r for all
r € R.

Let s € S,r;,r3 € R. Since S C R, s € R. Hence s(r; + ry) = sry + sre in R.
Let 51,82 € S,r € R. Since S C R, 51,82 € R. Hence (s1 + $2)r = s17 + Sor in
R.

Let s1,82 € S,r € R. Since S C R, s1,52 € R. Hence (s182)r = s1(sar) in R.
Therefore R is an S-module. O

Definition 5.57. Let R be a ring and M an R-module. Let N be a subgroup of
M. We call N a submodule of M, if whenever n € N and r € R, then nr € N.

Definition 5.58. Let R be a ring and M an R-module. M is noetherian as an
R-module if every submodule is finitely generated.

Lemma 5.59. Let R be a ring and M an R-module. Let N be a submodule of
M. N is an R module.

Proof. If N is a subgroup of M, then N is an additive group. Since M is an
R-module we have a map
RxM—M

(r,m) —rm
with m € M,r € R and rm is the multiplication in M.We need to check when
given (r,n) for n € N,r € R that rn is in N. Given that N is a submodule of

M, then by definition rn is in N.
Hence we have a multiplication map given by:

RxN—N

(ryn) = rn

formne N,re R,rne N

Let e be the unit element in R and n € N. Given that N is an submodule,
en =n.

Let r € R,n1,ng € N. Since N C M, ny,ne € M. Hence r(ny +p na) =
rni + rng where +,, is addition in M.

Let r1,79 € R,n € N. Since N C M, n € M. Hence (ry +p7 r2)n = rin + ran.
Let r1,79 € R,n € N. Since N C M, n € M. Hence (r1r3)n = ri(rqon).
Therefore N is an R-module. O

Lemma 5.60. Let M be an R-module. Let N1, No C M be R-submodules of M
with N1 C Ny. Then N; is an R-submodule of Ns.
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Proof. Given that M is an R-module and N7, Ny are R-submodules of M then
by definition 5.57, Ny, No are subgroups of M. For N; C N, then N; is a
subgroup of Ns. By definition of submodule, for n; € Ny, r € R then nir € N.
Therefore N; is an R-submodule of Ns. O

Definition 5.61. Let R be a ring. Let M be an R -module. A module endo-
morphism of M is a module homomorphism from M to itself.

Definition 5.62. Let R be a ring, R’ a subring of R. An element x of R is
said to be integral over R’ if z is a root of a monic polynomial with coefficients
in R/, that is if 2 satisfies an equation of the form

2"+ az" P a2+ 4a,=0

where the a; are elements of R'.

Lemma 5.63. Let R be a ring, R' a subring of R and x € R. The following
statements are equivalent:

(i) x is integral over R'.
(i) R'[x] is a finitely generated R'-module.

Proof. Assume (i). Let € R be integral over R’. Then, z is a root of a monic
polynomial with coefficients in R/. Hence z satisfies an equation of the form

2" Fax" F a4+ a, =0

where the a; are elements of R’. Hence

" = —apx" T —aga" Tt — - —ay,

2" = —(a 2" a2 -+ ay)

Let S’ be the submodule of R'[z] generated by {1, x,z2,...2"~1}. For all s with
0<s<n-—1,itisclear z° € §'. We want to show ™, "1, z"*+2, .. . 2"t" ¢ &
for all » > 0. We have

" = —(a1 2"t a2 -+ ay)

We see x™ is a linear combination of elements already in S’. Hence 2™ € S’.

2" = —(a12" + agr" "t Fazx™ % 4 ana)

We see z"*! is a linear combination of elements already in S’ including z™.
Hence z"*! € §'.

2" = — (a1 2" 4 apa™ + azz" -+ a,2?)

n+2 n+1

We see z is a linear combination of elements already in S’ including z
Hence z"*2 € §’. Using induction we make the claim z"*" € S’ for r > 0.
Assume gt gntr=2 o gr e S,

xn+r — _(alanr'r’fl 4 agxn+r72 4 a3xn+7“73 et anxr)
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Hence from our assumption we see z"*" € S’ as it is a linear combination
of elements already in S’. It is obvious S’ C R'[z]. Let a € R'[z]. Then
a = ry+rix +rhx? + -+ rjzt for some t > 0,7y, 77,75, ...7, € R. Tt is
clear from our induction proof that Y riz® for 0 < i < t is in S’. Therefore
R'[z] C S'. Hence S" = R'[z]. Therefore (i) implies (ii).

Assume (ii). We are given R'[z] is a finitely generated R’-module. Let {x1,z2,... 2y}
be a set of generators of R'[x] as an R’-module. We will show that x satisfies
an equation of the form

2" it b =0

for some r{,ry...,r, € R'. We have zz; € R'[z]. As {z1,22,...2,} are a set
of generators of R'[z], we have that xx; = >0 rj;z;, 1 < i < n for some
ri; € R'. Hence za; — Y 7 rj;x; = 0. Using the Kronecker Delta which tells

us
S A
0, ifi#j.

we can write za; — Y _, r.x; =0 as Z?Zl digray — "

ri.x; = 0. Hence we

Jj=1"1j j=1"4j
obtain
n
/ —_—
E (5ijl’ — ’I"ij)CCj =0
=1
. / / /
for i = 1 we have, (z — riy)x1 — rigTa + -+ — 71, Tn =0
. ’ ’ ’ _
for i = 2 we have, — rhx1 + (x — rh9)Ta + -+ — 15, Ty =0
. / / /
for i = 3 we have, — 75,01 + —7T5522 + -+ — 3, Tn =0
. / / / —
for i =n we have, — 7/ x1 — 7000 — -+ (x — 7, )Tp =0

In matrix form A x B = C, this set of equations become,

/ / /
T =71y —Tig T3 =T, 1 0
/! /! !
—Th T —Thy  —Tag -+ —To, T2 0
!/ !/ !/ !
—T3; —T3zg T —Tzg o =Tz, | | %3 - 10
! /! !/ /
—Tn1 ~Tn2 —Tn3 T Ty Ln 0
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Let

! ! A
r—ry T2 T o Ty
! ! A
—Ty1 T T —T23 —Ton
! ! ! !
A= —T31 —T3p X —T33 - —T3n
! ! ! /
—Tn1 ) —Tn3 AR il S

Multiplication of an n x n matrix A by its adjoint is equal to the det A multiplied
by I where I is the identity matrix. i.e Adj(A)-A = det(A)-(I). So multiplying
our set of equations in matrix form by the adj A we get the result,

D 0 0
0 D 0 0 0 Ty 0
0 0 D 0 0 T2 0
X I3 — 0
: : : : o T, 0
o o o o --- D
where D = det(A).
Hence we have
Dx1:0
D’IQZO
D.’133=O
Dz, =0

Hence D annihilates each x;. Multiplying each x; by any a; € R’ we have

Dalxl =0
DGQ.’L‘Q =0
Dagmg =0
Dayx, =0

Dayx1+Dagxs+ Dagxs+- - -+ Daypx, = D(ajx1+asze+- - -+ayx,) = 0. Hence
DZ? a;x; = 0. Therefore D annihilates any linear combination. Choosing a
linear combination in R'[z] in particular 1, we have D -1 = 0. Hence D = 0.

det(A) = Z Sgn(ﬂ)a1a(1)a20(2) <o Ong(n)
g€Sy
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where o : {1...n} — {1...n}, sgn(c) = £1 and S,, is the symmetric group on
n. Bach ay, @) for 1 < b < n either gives z — rl'm(b) or —rl’m(b). This results in
a polynomial of degree at most n. Fach term of the polynomial is associated
with a permutation. Let ¢ = I'd permutation. Then we have

Sgn(Id)audu)azld(z) -+ QpJd(n) = @11022033 - - - Gpn

Hence this permutation gives the term (z —r};)(x —7b,) ... (x —r/,,). This term
is monic of degree n. All other terms in the polynomial will have degree less
than n. This is because at least one ayy ;) will not be z — rl’m(b). The sum of
all these terms is 0. Hence we have a monic polynomial of the required form.
Therefore (ii) implies (i).

Hence (i) and (ii) are equivalent statements. O

Theorem 5.64. Let Y be a projective variety in P™. O(Y) = K. In other
words the only regular functions on Y are the constant functions.

Proof. Let f € O(Y) be a global regular function. Then for each 4, f is regular
on Y;. By Lemma 5.43 (a) f € A(Y;). Since A(Y;) = S(Y)(z,) We can express f
as % with ¢g; € S(Y), homogeneous of degree N;. It is clear S(Y) C Q(S(Y))

N

is a 1subring. We can also view O(Y) and K(Y) as subrings of Q(S(Y')) since
OY) CK(Y)=S5(Y)0) € Q(S(Y)). Hence zNif € S(Y)y, is homogeneous
of degree N;. Choose N such that N > > N;. This means N > No+ Ny +---+
N,,. Then each element in S(Y)y can be expressed as a linear combination of
monomials of degree N in zo,...z,. Hence S(Y )y is spanned as a K vector
space by these monomials. In any such monomial of degree N in x,...x, at
least one x; has a power > ;. We show this as follows.

Let xéwoxiwl .. .x,]y” be a monomial of degree N. Then Mo+ My +---+ M, =
N > Ng+ Ny + -+ + N,. Assume no x; occurs to a power > N;. This means
M, # N; or in other words M; < N; for each ¢ with 0 < i < n. This would
mean » M; <> N;. But Y- M; =N and N > Ny + Ny +---+ N,,. Hence we
have a contradiction. Therefore in any such monomial of degree N in zg, ...z,
at least one x; has a power > N,. From this theory we can conclude that
SY)n - f € S(Y)ny where S(Y)y - f = {a- fla € S(Y)n,}. We see this as
follows.By definition 5.54 S(Y) - f € Q(S(Y)). Let zpxt™ .. aMr € S(Y)n
be homogeneous of degree N. Mo+ M; +---+ M,, = N. We choose ¢ such that

) ) Mo .My M, Mo M M, . gi
M; > N;. We can express g °xy " ...z - fas xg xy) ..oy o where
g € S(Y) is of degree N;.

Then,

My .M M; M, —
xolxy sz ey f =

My .M M; M, | 9i

Tolxy Ty, N,

T
Mo Ml Mi*Ni Mn .
xolxy LT Xy g

The sum of the degrees gives My + My +---+ M; — N; +---+ M, + N; = N.

Hence a:éwoxiwl coaMi N g Me g0 is homogeneous of degree N Therefore

it} n
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méwoxﬁl - f € S(Y)n. Multiplication by a scalar will also be in S(Y)n
M1 M2 M; M"fES( )

ieaxy 2y twy ... x; Y)n. The sum of finitely many elements

is in S(Y) . Therefore S(Y)N - f € S(Y)n. By iteration we see,

S(Y) FCS(Y)N

(Y)
SY)n-f-fcSY)nv-fCSSY)n
SY)n-f2fCSY)n-fFCSY)N
SY)n-f2f CS(Y)N FCSY)N

SY)n-f1SS5Y)n

for all ¢ > 0. In particular z)) f¢ € S(Y)n and S(Y)n C S(Y). Therefore
z f4 € S(Y) for all ¢ > 0. By Lemma 5.55 S(Y)[f] is a subring of Q(S(Y)).
By definition S(Y)[f] = {bo+b1f+b2f2 by fbo, b1, b2y ... by € S(Y)}. Since
' f1€ S(Y) forall ¢ >0, f9 €z, NSy ) for all ¢ > 0. Let b0+b1f+b2f2

~ b ft € S(Y)[f]. Foralliwith0 <i <twehaveb; € S(Y)and f € x5V S(Y).
Hence b; f* € 25 S(Y) and thus b; f* = 25 Y a; for some a; € S(Y). Therefore,

t t
2 : 7 § : —N
blf = Ty G4
1=0 i=0
t
_ —N§ : )
= Xy a;
=0

Z::o a; € S(Y). Therefore 25" ZE:O a; € z5VS(Y). Hence the subring
S(Y)[f] is contained in x5V .S(Y).

By Lemma 5.56 Q(S(Y)) is an S(Y) module. z5VS(Y) is a subgroup of
Q(S(Y)). Let 2;Ng € gV S(Y) and h € S(Y). Then x5 - g-h = 25" (gh).
hg € S(Y). Hence x5" (hg) € 5™ S(Y). Therefore x5V S(Y) is a sub-
module of Q(S(Y)). By Lemma 5.59 x5V S(Y) is an S(Y) module. Let
z € gV S(Y). Then 2 = 25" j for some j € S(Y). Hence {5V} is a gen-
erating set for x5 VS(Y). Therefore 5 VS(Y) is a finitely generated S(Y)
module. By Lemma 5.60 S(Y)[f] is an S(Y)-submodule of 25 S(Y). By
Lemma 2.5 S = K[xo, 1, ,2y] iS a noetherian ring. By Lemma 2.84 S/I(Y)
is noetherian. Therefore S(Y) is noetherian. z;V.S(Y) is noetherian as an
S(Y)-module.[SLA, Prop 1.4 page 415]. By definition every sub-module of
2oV S(Y) is a finitely generated sub-module. Hence S(Y)[f] is a finitely gen-
erated S(Y)-module. By Lemma 5.63 f is integral over S(Y). This means
f is a root of a monic polynomial with coefficients in S(Y). i.e there exists
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a,as,...,am € S(Y) such that
ffaf™  faaf" Pt ay =0 (3)

f =% with g € S(Y) of degree N. We replace our f in equation (3) and
0
obtain

gm gm—l gm—2
S radi— tade— a0 (@
0 Zo Ty

Multiplying equation (4) by z)'™ we obtain (in S(Y))

-1_N -2 2N N
9" +arg™ g +azg™ Ay A amay ™ =0
Here g™, g™ taly, g™ 222N, ... zll™ are homogeneous of degree Nm. This

means each term of the equation is of degree > Nm. Since S(Y) is graded, we
can replace the a; by their homogeneous components of degree 0 and obtain (in
S(Y))
g™ + a1 0™ w4 az0g™ 223N 4+ -+ am oz =0
Hence (in Q(S(Y)))
f a7+ azof" TP A+ amo =0

Therefore f is a root of some polynomial p(t) = t™ + a1 ot™ ! + agot™ 2 +
<o+ ampo € k[t]. As K is algebraically closed we have

pt)=(t—aq)...(t —an)
for a1, s ..., € k. But p(f) =0, hence
(f—or)...(f=an) =0

Therefore f — a; = 0 for some ¢ € {1,2...n}. Hence f = ;. Therefore f € K.
This shows the only regular functions are constant. O

We will look at some examples.

Lemma 5.65. Let fo and f1 be polynomials in one variable over K. Assume

fo(t) = f1(1/t) for all t # 0.

Then fo and fi1 are constant functions. Moreover fy and fi are the same con-
stant function.

Proof.
fo(t) = by t™ + bm_ﬂfm_l + -+ by with by, byp_1,...,bp € K
fi(s) = ast + 18T 4 e with ¢, 021, ..., c0 € K

fl(f):*-i-i-i-"--i-Co with ¢, ¢;_1,...,¢c0 € K
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Given that
fo(t) = f1(1/1)
for all £ # 0. we obtain

bt 4 b1t by = T4 S e

We multiply across by t! and see that

Byt 4 by 1t b ot bt =+ aqt + aat? + .ot

Therefore
byt ™ byt T b, ot 2 bt — e — it — ot — - —cptt = 0
bmthrl + bm_ltm+171 + -+ bltlJrl + (bo - Co)tl - Clt171 — CQtliz — e —C = 0

for all t # 0. K is an algebraically closed field. Therefore by Lemma 2.2 K is
infinite. Hence we have infinitely many roots. Therefore it must be the zero

polynomial. ie b,,, by —1,...b1,—c1 -+ — ¢ are all zero. Hence
fo(t) =bo
and
fi(l/t) =co
Also by — ¢p = 0 from our equation. Hence by = ¢o. Therefore fo(t) and f1(1/t)
are the same constant function bg. O

Example 5.66. Let Y = PL. P! = {[xg : z1]}. Let f € O(P!) be a global
regular function. Then

fo = ()" (flvo) € Ky1]
fro= (1) (flv,) € Klyo]

SN

Al 25 U, CP'DOU; +—— Al

(see diagram).

Let Q € UgNU;yie Q = [1:t],¢ # 0. Then Q = 9§ (t) = ¥i(1/t). Hence f(Q) =
f(%;f)) = fo(t). Also f(Q) = f(¥1(1/t)) = fi(1/t). Hence fo(t) = fi(1/t) for
all t # 0.

By Lemma 5.65, fy and f; are the same constant function by. If P € Uy, then
P = 9}(t) for t € A'. Hence f(P) = f(¢¢(t)) = fo(t) = bo. If P € Uy, then
P =1i(s) for s € Al. Hence f(P) = f(¥i(s)) = f1(s) = bo.

Hence f is constant on all of P! as required.
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Before we look at the example of P? we first prove the following lemma.

Lemma 5.67. Let g(x,y) € K[z,y] be a polynomial in two variables over K
such that g(xz,y) =0 for all x # 0 and all y. Then g is the zero polynomial.

Proof. Viewing g as a function on A2 g(P) = 0 for all P # (0,s),P € A2
ie P e Z(f) for all P # (0,s). In other words {A?\{(0,s),s € k} C Z(f).
From the Zariski topology on A™ we have Z(g) is closed. {(0,s),s € k} is a
closed subset of A2, Hence {A?\{(0,s),s € K} is open. Therefore we have
an open, non-empty subset of an irreducible space. Hence by Theorem 1.46
{A\{(0,5),s € K} is irreducible and dense. By Lemma 1.13 the only closed
subset of A? that contains {A%\{(0,s),s € k} is A? itself. Hence Z(g) = A®.
Therefore g € I(A?) = (0). Hence g = 0. O

Ezample 5.68. Let Y = P2. P2 = {[zg : 21 : 72]}. Let f € O(P?) be a global
regular function. Then

fo = (W5)" (flvo)
fr= @D (flo)
f2 = ¥3)"(flv,)
(see diagram).
fo K f1
YA

o ¥ 2 vi 2
A — Uy CP 2U1<;A

Let P € UyNUy, iie P=[1:t:s],t #0. Then P = ¢3(t,s) = ¥?(1/t,s/t).

Hence f(P) = f(¥3(t, 5)) = fo(t,s). Also f(P) = f(yi(1/t,s/t)) = f1(1/t,s/t).
Hence fo(t,s) = f1(1/t,s/t) for all t £ 0.

fo € K[y1,y2] hence we can express it as fo(y1,¥2) = Yivp Z?:o aijy{yg with

ai; € K. Therefore
m n
folt,s) = z Z agt's’
i=0 j=0

f1 € K[yo,y2) hence we can express it as f1(yo,¥2) = D r—o do1—0 CkIYGYS With
cx; € K. Therefore

1 s 1 s
fl(gvg):kzzckl'tfk'tj

But we know fo(t,s) = f1(1/t,s/t) for all t # 0. Hence

m n o p T 1 Sl
DD at's =YY em gy

i=0 j=0 k=0 1=0

p T 1

01=0
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We multiply across by tP*" and see that

m T

n p
E E aijt”p*"”sj = g cpystPTr R
k=01

i=0 j=0 =0

m n P r
E E az-jt"”’”sj—g E cpsitPtTTRl =

i=0 j=0 k=0 1=0
Lemma 5.67 tells us this is the zero polynomial.

m n

E E (Zijti+p+rsj = aoothrr —+ amtp“s + -4 (ZonfierTSn
=0 j=0
+ alothrrJrl 4 CLllthr'r‘Jrls R alntp+r+1$n

=+ azotp+7“+2 4 azltp+r+28 + a22tp+r+282 RS azntp—&-r—&-QSn

+ amOtPJrrer + amltp+r+ms + amQtp+r+282 et amnthrrerSn

We see no two terms in this sum occur with the same degree of ¢ and s.

P T
E E CrrSPTTTR T = oo tPHT 4 crstPTTT 4 g, ST
k=0 1=0
+ Clotp—i_r_l + 6118tp+r_2 + -4 Clrsrtp_l

+ Cg()tp+r_2 + Cglstp+T_3 + 62282tp+r_4 B Czrsrtp_2

+ cpot” 4 cp1st” T 4 cpas?tTT 4 4 cprs”

We see no two terms in this sum occur with the same degree of ¢ and s. If
shgptr—h=l — gl'yptr=k'=" then | = ' and hence p+r—k —l=p+r— k' — '
gives —k — 1" = —k’ — I’ and hence k = k'

We want to determine for which 4,5,k and [ is t*tP+7s) = glgptr—F=l  This
means for which values is i +p+r =p+r —k—1[1 and j = [. Looking at
i+p+r=p+r—k—1[, weobtain i = —k — [ for ¢ non negative. But k£ and
[ are also non negative. Hence ¢ = —k — [ only when ¢ = k = [ = 0. Therefore
7 = 0. Therefore in the zero polynomial

m n P r

i=0 j=0 k=0 1=0
each a;; = 0 for i # 0 or j # 0, each ¢y = 0 for k # 0 and [ # 0. Therefore
fo(t,s) = aogo
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and
fl(l/t,S/t) = Coo

are constant functions. But agg — cgo = 0. Therefore agg = cgo, hence fo(t, s) =
f1(1/t, s/t) = agp are the same constant function.

AN

A2 2L [y CP2D Uy 2 A?

Let Q € UyNUs.ie Q = [1:t:s],s#0. Then Q = ¥3(t,s) = ¥3(1/s,t/s).
Hence f(Q) = f(5(t.s)) = fo(t,s) = aco. Also f(Q) = f(i(1/s,t/s)) =
f2(1/s,t/s). Hence fo(t,s) = fa(1/s,t/s) for all s # 0.

fo € K[y1,y2] hence we can express it as fo(y1,y2) = aoo-

f2 € K[yo,y1) hence we can express it as f2(yo, Y1) = D po Doio CLIYGY: with
er; € K. Therefore

But we know fo(t,s) = f2(1/s,t/s) for all s # 0. Hence

w z 1
aOOZE E 6kl'57

k=0 1=0

We multiply across by s“t2 and see that

aOOS E E ekl8w+z k— ltl

k=0 1=0

w oz
aOOSerz _ § § eklstrszfltl — O
k=0

=0 1=0
Lemma 5.67 tells us this is the zero polynomial.

z

w
§ § eklsw—i-z—k—ltl — 60081u+z + 6018w+z—1t + €O2sw+z—2t2 T eozswtz
k=0 (=0

+ 6105w+z71 + 6115w+272t + 6125w+z73t2 N elzswfltz

4 e2osw+z—2 + 6218w+z—3t 4 622Sw—|-z—4t2 RS e2zsw—2tz

+ e008° + w18 T+ ewas®THE 4+ ey t?
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We see no two terms in this sum occur with the same degree of ¢ and s. If
swta—k—lyl — gwtz=k'=1'4l" then | = ' and hence w +z —k—l=w—+z—k' — '
gives —k —1' = —k’ — I’ and hence k = ¥'.

We want to determine for which k and [ is s¥*? = s We can see
that [ = 0. So we check for which values is w + z = w + 2z — k. Looking at
w+z=w+ z—k, we obtain 0 = —k, which give k = 0. Therefore in the zero
polynomial

w+szfltl

w

z
a003w+z _ § § ekl8w+z—k—ltl

k=0 1=0
each ey =0 for k£ 0 or [ #0.

fo(t,s) = ago

and

fg(l/S,t/s) = €00
are constant functions. But agg —egp = 0. Therefore agg = egg. Hence fo(t, s) =
f2(1/s,t/s) = agp are the same constant function.
If P € Uy, then P = ¢2(t,s) for (t,s) € A% Hence f(P) = f(¥3(t,s)) =
fo(t,s) = aoo.
If P € Uy, then P = ¢?(r,q) for (r,q) € A% Hence f(P) = f(¥?(r,q)) =

fi(r,q) = ago-
If P € Uy, then P = ¢2(e,g) for (e,g) € A% Hence f(P) = f(¥3(e,g)) =

f2(e, 9) = aoo.

Hence f is constant on all of P? as required.

Ezample 5.69. Let Y = Z(2? — x9z2) C P2. We would like to show the only
regular functions on Z(x? — x¢x3) are the constant functions.
Let f € O(Z(2? — xox2)) be a global regular function.

Yo = Z(23 — xoz2) NUp = {P € (23 — xoz2) : 79 # 0}. The only point in
(23 — wox2) but not in Uy is [0 : 0 : 1]. Hence Yy is all of (23 — mpz2) except
[0:0:1].

Y1 = Z(2% — zow2) NUp = {P € (23 — 2072) : 1 # 0}. The only points in
(23 — zow2) but not in Uy are [0 : 0 : 1] and [1 : 0 : 0]. Hence Y; is all of
(%3 — wow2) except [0:0:1] and [1:0:0].

Yo = Z(22 — xow2) N Uy = {P € (23 — 2013) : 79 # 0}. The only point in
(¥3 — wox2) but not in Uy is [1 : 0 : 0]. Hence Y3 is all of (23 — mgz2) except
[1:0:0].

Therefore Yy and Ya covers all of Z(2? — zgx2) and we need only look at the
maps in the following diagrams.
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/)4

A1*>Z —yg 4>}/OCZ —3:03:2)
W W Y
t — (t,t3) +—  P=[1:t:1

We see
fo:=v5(flv)
92
K
f:
Z(22 — 2072) D Y2 P Z(y? —yo) +—— Al
W v w
[r?:r:1] i (r2,r) <~ 1
We see

f2 = (V2)" (flva)

Let P=[1:t:s] € YyNYsfor s#0 and s = t>. Hence we have P = [1: ¢ :
)= [1/t2 : 1/t : 1] for t # 0. f(P) = fo(t,t?) = f2(1/t?,1/t). Our map now

looks as follows:
K

9o

A1—>Z(y%—y2)L>YOCZ 2 _ 2oz0) D Ve <2 Z(y2 —yo) —— Al
W W W W W
t = (t,t?) — P=1[1:t:t? — (1/t21/t) 1/t

Consider fy on the affine variety Z(y? — y2). Viewing fo as a polynomial, we
have for the regular function fo € O(Z(y7 — y2)) a polynomial fo € K(y1,ys:]
such that fo|z(,2_y,) = fo. For all (a1,a2) € Z(yi —ya), fola1, a2) = fo(ar, az).

In particular, for a; =t and ay = 2, fo(t,12) = fo(t, 12).
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AZ(y3 — o)) = % By Lemma 2.69, % is an integral domain,

hence (y? — y2) is a prime ideal generated by y? — ya.. Let a = (y3 — y2).

o _ Klyi,y]
A=) = 17008 — )

Kly1,y2]

I(Z(a))

Kly1, 2]
Va

_ Ky, 9]
a

Ky, 2]

(yi — y2)

y17y2]

Yi— Y2

[

ol — =

Put go(t) = fo(t,t?). Then go(t) € K[t] is a polynomial in one variable.

Consider f, on the affine variety Z(y; — yo). For fo € O(Z(yf — yo)) there
is a polynomial fo € K[yo,y1] such that fa|z(,2_,) = f2. For all (a1,a2) €

Z(y? — Y0), folar,az) = fo(al,ag). In particular, for a1 = 72 and ay = r,
fo(TQ,T) = f0(7”277").
AZ(y? — yy)) = —Almwel - Kl j¢ oy integral domain, so (y2 — yo) is a

I(Z(yi—v0)) " (yi—y2)
prime ideal generated by y7 — yo. Let b = (y3 — o).

K[yo, y1]
I(Z(yt = o))
Klyo,y1]
I(Z(b))
K[yo, y1]

Vb
Klyo, 1]

b
_ Klyo, 1]
(yf ~ o)

[Yo, y1]

Y — Yo

A(Z(yi — w)) =

Put fo(r2,7) = ga(r). go is a polynomial in one variable. For P = [1 : ¢ : t2], we
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now have

f(P)=f[1:t:1?
= fo(t,t?)
= fo(t, %)
= go(t)

f(P) = f1/t% - t/t? : 1]
= fo(1/t%,1/t)
= fo(1/t2,1/1)
= g2(1/1)

Hence go(t) = g2(1/t) for all ¢ # 0. By Lemma 5.65 go and g2 are the same
constant function. We call this constant ag.

If @ € Yo, then @ = ¢o(t,#*). Hence f(Q) = f(vo(t,t?)) = fo(t,1?)
fo(t,1%) = go(t).

If Q € Ya, then Q@ = to(r?,r). Hence f(Q) = f(v2(r®7)) = fa(r?,r) =
f2(r?,r) = ga(r). But go = g2 = ag. Hence f = ag Hence f is constant for all
P € Z(23 — zox2) as required.

We will show now that two affine varieties X and Y are isomorphic if and only
if their coordinate rings are isomorphic as K-algebras.

Lemma 5.70. Let X be any variety. O(X) is a k-algebra.

Proof. O(X) is the ring of regular functions on X. It has point-wise addition
and multiplication. By Lemma 5.4 if f, g is regular then f+g and fg are regular.
We define a multiplication of elements of O(X) by elements of K as follows:

K x O(X) = O(X)

(k, f) = kf

where (kf)z = kf(x) for all x € X. We must check that kf is regular. Let X
be a quasi-affine variety. We are given that f is regular on X. This means for
each P € X there is an open neighbourhood U C X with P € U,f = 4 on U
for g,h € Kly1,...,yn) and h # 0 on U. We can take the same U and guess
kf = % kg € Kly1,...,yn] and h # 0 on U. Therefore kf is regular on X.
Let X be a quasi-projective variety. We are given that f is regular on X. This
means for each @ € X there is an open neighbourhood V' C X with Q € V,f = £
on V for g,h € K|z, ..., 2,] homogeneous of same degree and h # 0 on V. We
can take the same V and guess kf = %g. kg € K|[zo,...,z,], kg, h homogeneous
of same degree and h # 0 on V. Therefore kf is regular on X.

Let 1 € K be the unit element and f € O(X).Then (1f)x = 1f(z) = f(z). Let
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ki,ke € K and f,g € O(X).

We see (k1(f +9))(x) = (k1f + k19)(x), hence ky(f + g) = k1f + kg

(k1 + k2) f)(@) = (k1 + k2) f(2)
= k1 f(z) + ko f ()
= (kif)(z) + (k2f)(z)
= (kif + k2 f) ()

We see ((k1 + k2)f)(x) = (k1f + kaof )(x), hence (k1 + ko) f = k1 f + kaf

(k1 (ko f))(z) = ki ((k2f)(z))
= ki(k2f(x))

= (k1k2) f())

= ((k1k2) f)(z)

We see (k1(kaf))(x) = ((kike)f)(z), hence ky(ka2f) = (k1k2)f Therefore O(X)
is a K vector space.
Let k € K and f,g € O(X). Want to show

k(fg) = (kf)g = f(kg)

We see (k(fg))(x) = ((kf)g)(x). Hence k(fg) = (kf)g. Continuing on we
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obtain,

We see ((kf)g)(z) = (f(kg))(z).Hence (kf)g = f(kg). Therefore k(fg) =
(kf)g = f(kg). Hence O(X) is a K-algebra. O

By Lemma 2.66 for an affine variety Y, A(Y) is a K-algebra.

Lemma 5.71. Let X be any variety, and let Y C A™ be an affine variety. A
map of sets v: X — Y is a morphism if and only if x; oy is a reqular function
on X for each i, where x1,...,x, are the coordinate functions on A™.

Proof. Let v be a morphism. Then for each open V' C Y and regular function
f:V = K, forisregular. In particular for f = x;, x; o~ is regular.

Assume the x; o v are regular. i.e 1y o7y, x5 07y...,2, o~ are all regular on X.
Any multiplication, addition and scalar multiplication of regular functions on
X is again regular on X. Hence for any f € K|[z1,...,x,], f o~y is regular on
X. Let C be a closed subset of Y. Then C = Z(T) where T is a set of poly-

nomials. i.e C = Z(f1, fay.-s fry...) for f1, fo,.coy fryoor € K[z1, 22 .., 24).

Z(fl,f2,...,fr,...) = {P e A" fl(P) = fZ(P) = ... = fr(P) =0 = }
Let Q € v~1(C). Then v(Q) € C. So we have
h(v @) = f20Q)) = --- = fr((Q)) =--- =0
(fioN(@Q) = (faon@Q)=-=(fro(@) =---=0

Hence y™1(C) € Z(f1 07, f20%:--- fr07,-..).
Let R€ Z(f107, fa07,..., frovy...). Then,

(fio)(R) = (faocy)(R) =+ = (froy)(R)=--- =0
fi(v(R) = fo(v(R) =+ = fr(v(R)) =--- =0

Therefore y(R) € C. Hence R € vy~ 1(C). Therefore Z(fi o7, fa07,...,fr0
v...) €y HC). Hence v~ 1(C) = Z(fi o7y, f207,..., fro7,...). By Lemma
5.9 Z(fioy,fao,..., fro7y...) is closed. Hence y~1(C) is closed in X. This
shows ~ is a continuous map. Let V' C Y be open and g : V — K be a regular
function. Let P € 4~ !(V) then v(P) € V. Since g is regular, there is an
open neighbourhood W C V with v(P) € W and h,j € K[x1,...x,] such that
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g = h/j with j # 0 on W. This gives us that g(v(P)) = h(y(P))/j(~v(P)).
Let P' € v=Y(W). v~ }(W) is open in v~ 1(V). (go7)(P') = g(y(P')). Since
g is regular g(v(P)) = h(3(P')/i(x(P') = (h o 7)(P')/(j 0 7)(P"). Therefore
(g ory)(P’})l: (hoy)(P")/(jov)(P’). By Lemma 5.4 (g o) is regular. Hence[']y
is a morphism.

Theorem 5.72. Let X be any variety and Y an affine variety. There is a
natural bijective mapping of sets

a: Hom (X,Y)<— Hom (A(Y),O(X))

where Hom (X,Y") is the set of morphisms of varieties and Hom (A(Y), O(X))
1s the set of homomorphisms of K-algebras.

Proof. Let ¢ : X — Y be a morphism. Then ¢ induces a homomorphism of
K-algebras,
¢°:0(Y) = O(X)
[ fod

where f o ¢ is regular on ¢~ 1(Y) = X. Clearly ¢~1(Y) C X. Let x € X. Then
#(z) = y for some y € Y. Therefore ¢~ (V) O X. Hence ¢~ 1(Y) = X. ¢©
is actually a homomorphism of K-algebras. Let k € K, f € O(Y) and z € X.
#C (kf) = kf o ¢. Hence

We see (9 (kf))(z) = (k¢ (f))(x). Hence ¢°(kf) = k(67 (f))-
By Theorem 5.43 part (a) 7y : A(Y) = O(Y). Hence we have a homomorphism
h:AY)—= O(). Let k€ K,and f+I(Y) € A(Y).

h(k(f +1(Y))) = h(kf +I1(Y))
= (kf)|y
=k(fjy)
=kh(f +I1(Y))

Hence 7y is actually a homomorphism of K-algebras. By Lemma 2.64

¢ o7y : A(Y) — O(X) is a homomorphism of K-algebras.
Hence the map « is defined as a(¢) = ¢© o 1y
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Let g be a homomorphism of K-algebras A(Y) — O(X). We take Y to be a
closed subset of A™. Recall A(Y) = K|zq,..., 2,]/I(Y).. For each x; € A =
Klzy,..., xn] welet T; € A(Y') be the image of ;. Then each §; = ¢(Z;) € O(X)
is a global regular function on X. We define a map v : X — A™ as v(P) =
(&1(P),&(P),...,&.(P)). Y is a closed subset of A™ hence Y = Z(I(Y)). Let
f € K[z1,...z,]. Then f(y(P)) = f(&1(P),&(P), ..., & (P)). But & = ¢g(T;)
hence

Il
—
o
—~
-~

o
%
S~—
~—
—
)
S~—

:C~1K

Let p,q € K[z1,...,2,] hold. Put f =p+¢q. Then

9(f(Z1,T2,...,Tn))(P) = g(f + I(Y))(P)
=gp+q+I1(Y))(P)
=g(@+7q)(P)
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Put f = pqg. Then

So we see it holds for f =¢, f = z;,f = p+ q and f = pq. Hence the equa-
tion will hold for all f € A. Therefore f(g(Z1)(P), 9(T2)(P),..., 9(Tn)(P)) =
9(f(T1,Ta,...,Tpn))(P). In particular if f € I(Y") then

g(f +1(Y))(P) = g(0 + I(Y))(P)

= (0o(x))(P)
— 0

Hence f(g(%1)(P), g(Z2)(P), ., g(%:)(P)) = g(f(F1, Fa, .. Fa))(P) = 0. There-
fore f(g(Z1)(P), 9(T2)(P),..., 9(Z»)(P)) = 0. Hence f(y(P)) =0forall P € X.
Therefore Im(y) C Y. Hence « is a map from X to Y. v is a morphism by
Lemma 5.71. We will now show a(v)) = g.

By definition a(y) = v° o7y. Let f € A(Y) and P € X. Then

Hence v induces the homomorphism g. Therefore « is surjective.
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Let ¢, p € Hom(X,Y) such that a(¢) = a(p). Then ¢© o7y = p© o7y. Hence
#° = p®. Let f € O(Y). Then ¢ (f) = ¢ (f). Therefore fo¢ = fop. Hence
¢ = ¢. Therefore a is injective.

« is a bijective map. O
Lemma 5.73. Let X,Y be affine varieties. Then
a': Hom (X,Y) <= Hom (A(Y), A(X))

where Hom (X,Y") is the set of morphisms of varieties and Hom (A(Y), A(X))
1s the set of homomorphisms of K-algebras is bijective.

Proof. We have a : Hom(X,Y) — Hom(A(Y),O(X)) is bijective. We will
show the map
B:Hom(A(Y),O(X)) = Hom(A(Y), A(X)
g Tx og

is bijective. The map 8’ : Hom(A(Y), A(X)) - Hom(A(Y),O(X)) is defined
by h +— 7x o h. We will show £’ is the inverse map of 3.

Let g € Hom(A(Y), O(X)).

(8”0 B)(9) = B'(B(9))
=p'(1x' o9)
=Tx© 7');1 og
=g
Let h € Hom(A(Y), A(X)).

(B B")(h) = B(B'(h))

= B(rx oh)

:T)}loTXOh

=h

Hence § is bijective. The composition of two bijective maps is bijective. Hence
we have (o « is bijective. o a is the map Hom(X,Y) — Hom(A(Y), A(X))
defined by ¢ — ¢4. O

Lemma 5.74. Let X C A™ and Y C A™ be affine varieties withY' CY either
an open subset or irreducible closed subset. Let ¢ : X — Y’ be a map. ¢ is a
morphism if and only if io¢ : X — Y is a morphism where i : Y' — Y is the
inclusion map.

Proof. Let ¢ be a morphism. By Lemma 5.21 i is a morphism. By Lemma 5.19,
10 ¢ is a morphism.
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Conversely, let i o ¢ be a morphism.

Case 1: When Y’ is an open subset of Y. Let O C Y’ be an open subset. By the
subspace topology on Y’, O = VNY’ for some open V C Y. Y’ and V are open
in Y hence V NY’ is open in Y. Hence O is open in Y. Therefore (i o ¢)~1(0)
is open in X. (i0¢) 1(0) = ¢ 1(i71(0)) = ¢~ 1(O). Hence ¢$~1(0) is open in
X showing ¢ is a continuous map.

Let O C Y’ be an open subset and f : O — K regular. By the subspace
topology on Y’, O =Y’ NV for some open V C Y. Therefore Y’ NV is open in
Y. Therefore O is open in Y. Hence we have that foio¢: (io¢) 1(O) - K
is regular. Let P € (i0¢)~1(0). (io¢) 1 (0) =¢"1(i"1(0)) = ¢71(O). Hence
P e ¢ 10).

Therefore foio¢ = fo¢. Hence we see fod: ¢ 1(O) — K is regular.

Case 2: Let Y’ be an irreducible closed subset. This means Y’ is an affine
variety. We have assumed ¢ o ¢ is a morphism. Hence by Lemma 5.71, x1 o i o
¢,x20%0¢,...x,0t0¢@ are regular on X. Let P € X. Foreach j € 1,...,m
(xjoiog)(P) = (zjoi)(¢(P)) = (zjo¢)(P). Hence zjoio¢ and z; o ¢ are the
same map. Hence z; o ¢ is regular on X.

By Lemma 5.71, ¢ is a morphism.
O

Example 5.75. Let X and Y be affine varieties and ¢ : X — Y a morphism. By
Theorem 5.72 there is a natural bijection between Hom(X,Y) — Hom(A(Y), O(X))
defined by ¢ — ¢© o 7y-. By Theorem 5.43 7x : A(X) = O(X). Hence we have

a K-algebra homorphism 75" 0 ¢© o 1y : A(Y) — A(X). We can see this more
clearly in the following diagram.

AY) =2 Ax)

¢(9
oY) — O(X)
From the diagram, by definition, ¢ = 73 0 ¢© o 1y

Lemma 5.76. Let X,Y,Z be varieties. Let ¢ : X — Y, :' Y — Z be mor-
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phisms. ¢ induces

#° : O(Y) = O(X)
f=fo9

¥ induces

VO 0(Z) = O).
grrgoy

Then (10 6)° = ¢ 0 4°.

Proof. Since ¢ and ¥ are morphisms the composition 1o ¢ is a morphism. o ¢
induces

(Y0 9)?: 0(Z) —» O(X)
h+— ho(¢og)

Let g € O(Z). Then

(69 09°)(9) = 6°(¥°(9))
=¢%(gov)
=gotpog
=go(og)
= (0 ¢)°(9)

Hence (¢ 0 ¢)© = ¢© o 9. O

Lemma 5.77. Let X,Y,Z be affine varieties. Let ¢ : X — Y, o0 : Y — Z be
morphisms. ¢ induces

¥ induces

Then (10 )4 = ¢ o 2.
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Proof. Since ¢ and v are morphisms the composition 1o ¢ is a morphism. o ¢
induces

(Yod)*: A(Z) - A(X)
h ho (o)

Let g € A(Z). Then

Hence (¢ 0 ¢)? = ¢ o p?. O

Theorem 5.78. Let X and Y be affine varieties. X andY are isomorphic if
and only if A(X) and A(Y) are isomorphic as K-algebras.

Proof. Let ¢ : X — Y be an isomorphism of affine varieties. This means ¢ is a
morphism which admits an inverse morphism ¢ : Y — X such that ¢oy = Idy
and ¥ o ¢ = Idx. From Example 5.75 we have a K-algebra homomorphism
¢t =15t 0pC o1yt AY) = A(X).

Similarly since v is a morphism % induces a K-algebra homomorphism

YO O(X) = OY)

AX) =2 Ay

bk

O(X) L= o)

From the diagram, by definition, 4 = 7' 0% o 7x : A(X) — A(Y).
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@Aod)A:T)zlogf)OOTyOT;lO”L/}OOTX
=500 0y ory
=7x o ($o¢)?orx
:T);lo(idx)OOTX
=75 o ((idx)® o Tx)
ZT)leTX

= idA(X)

Yrogh =il oyCory orgl o ¢ o1y
=7 0yC 0 g0 oy
=mylo(¢ov)?ory
=750 (idy)® oty

)0

= 7';1 o ((idy)* o1y)

Hence A(Y) = A(X).

Let A(Y) = A(X). By definition of K-algebra isomorphism, A(Y) — A(X) is
a bijective map with a homomorphism g : A(Y) — A(X) and an inverse homo-
morphism ¢’ : A(X) — A(Y). Taking g first we recall that 7x : A(X) = O(X).
Therefore we have a homomorphism 7x og : A(Y) — O(X). Hence by Theorem
5.72 there exists ¢ € Hom(X,Y) such that a(¢) = 7x o g. But by definition
a(¢) = ¢ oTy. Hence 7x 0g = ¢© o7y. From this we obtain g = T)El 0pCory.
Hence g = ¢*. Given that ¢’ : A(X) — A(Y) is also a homomorphism we obtain
a homomorphism of K-algebras 7y o ¢’ : A(X) — O(Y). Hence by Theorem
5.72 there exists ¢ € Hom(Y, X) such that a(¢)) = 7y o ¢’. But by definition
a(y) = o7y Hence 7y og’ = ¢ orx. From this we obtain ¢’ = 73, ' 09)®orx.
Hence g’ = ¢4.

(pop)t =ptoph
=goyg
=Idawy)
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By Lemma 5.73 ¢ o p = Idy.
(pog)t =gt oyt
=gog
= Id(x)
By Lemma 5.73 ¢ o ¢ = Idx.
Hence X =Y. O
Ezample 5.79. Recall in Lemma 2.69 we proved A(Y) = K[t] where Y = Z(y —

x?). Theorem 5.78 tells us Z(y — x?) = A! since K[t] is the coordinate ring of
Al

5.4.2 Examples of morphisms
Ezample 5.80. Let 7 : A' — A2 be the map defined by t +— (¢,t2). 7 is a
morphism.
Proof. Let t € A! and z the coordinate function on A2. (zo7)(t) = t. We have
a map

zoT:A' 5 K

t—1

We need for each t € Al an open U C A! with t € U and g,h € K[r] with
h(r) # 0 on U and (z o7) = g(r)/h(r). We choose U = Al and (xo7) =
g(r)/h(r) where g(r) =t and h(r) = 1. Hence we see z o T is regular.

Let t € Al and y the coordinate function on A2. (yo7)(t) = t2. We have a
map
yor:A' 5 K

t s t2

We choose our open set to be Al. (yo7) = g(r)/h(r) where g(r) = t? and
h(r) = 1. Hence we see y o 7 is regular. By Lemma 5.71 7 is a morphism. O

Exvample 5.81. Let v : A' — A? be the map defined by s — (s2,5). v is a
morphism.

Proof. Let s € A! and x the coordinate function on A2. (zo~)(s) = s%. We
have a map

zoy: Al 5 K

s 82
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We need for each s € A! an open U C A! with s € U and g,h € K[r] with
h(r) # 0 on U and (z ov) = g(r)/h(r). We choose U = Al and (x 0~) =
g(r)/h(r) where g(r) = s? and h(r) = 1. Hence we see x o 7y is regular.

Let s € A! and y the coordinate function on A% (yov)(s) = s. We have a
map
yoy:A' - K
S s

Again we choose our open set to be Al. y o~y = g(r)/h(r) where g(r) = s and
h(r) = 1. Hence we see y o« is regular. By Lemma 5.71 v is a morphism. O

Ezxample 5.82. Let w : A2 — A! be the map defined by (s,t) — s. w is a
morphism.

Proof. Let (s,t) € A? and @ the coordinate function on Al. (z o w)(s,t) = s.
We have a map
row:A? 5 K
(s,t) — s

We need for each (s,t) € Al an open U C A? with (s,t) € U and g, h € K[r1, 9]
with h(ry,72) # 0 on U and (x o w) = g(ry,72)/h(r1,72). We choose U = A2
and x ow = g(r1,r2)/h(r1,r2) where g(ri,m9) = s and h(ry,r2) = 1. Hence we
see z o w is regular on A2,

By Lemma 5.71 w is a morphism. U

Example 5.83. Let n : A?> — A! be the map defined by (s,t) + t. nis a
morphism.

Proof. Proof is similar to Example 5.82. O

Lemma 5.84. Let f(z,y) = y?> — 2. Z(y*> — 2®) is an affine variety.
Proof. We have to show that f(x,y) = y? — 23 is irreducible. Assume y? — 23
is not irreducible. Then

y? — 2% = (ax + by + ¢)(dz? + exy + gx + hy + jy*> + k) a,b,c,d,e,g,h,j,k € K

= adz® + (ae + bd)z?y + (aj + be)xy? + (ah + bg + ce)zy + (ak + cg)x
+ (bk + ch)y + (ag + cd)x® + (bh + cj)y® + bjy® + ck
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Hence we obtain the following equations.

ad = —1 ae+bd =10 aj+be=0 ah+bg+ce=0
ak+cg=0 bk +ch =0 ag+cd=0 Dbh+cj=1
bj =0 ck =10

Since ck = 0 either c =0 or k = 0.
If ¢ = 0 then we obtain the following equations.

ad = —1 ae+bd=0 aj+be=0 ah+bg=0
ak =0 bk =0 ag=0 bh=1
bj =0

Using ag = 0 either a = 0 or ¢ = 0. a # 0 because ad = —1. Therefore g = 0.
Then we are left with the following.

ad = —1 ae+bd=0 aj+be=0 ah=0
ak =0 bk =0 bh =1
bj =0
Now we see that ah = 0 means either a = 0 or h = 0. But a # 0 since ad = —1

and h # 0 because bh = 1. Hence our initial assumption that ¢ = 0 is wrong.
Therefore we must assume that £k = 0. If £ = 0 we obtain
ad = —1 ae+bd=0 aj+be=0 ah+bg+ce=0
cg=0 ch=20 ag+cd=0 bh+cj=1
bj =0

Using cg = 0 either ¢ =0 or g = 0.
If ¢ = 0 then we obtain
ad = -1 ae+bd =0 aj+be=0 ah+bg=0
ch=0 ag=0 bh=1
bj =0

We see from ag = 0 that a =0 or g = 0. a # 0 since ad = —1. Therefore g = 0.
Hence we get

ad = —1 ae+bd=0 aj+be=0 ah=0
ch=20 bh =1
bj =0

137



Now we see from ah = 0 that a =0 or h = 0. a # 0 since ad = —1 and h # 0
since bh = 1. Therefore our assumption that k¥ = 0 is wrong.

Hence we have shown that y? — 23 is irreducible. From Theorem 2.55 we have
that Z(y? — x3) is irreducible hence an affine variety. O

Theorem 5.85. Let ¢ : At — Z(y?> — 23) be defined by t — (t2,t%). ¢ is a
bijective bicontinuous morphism.

Proof. First we show ¢ is a map. This means showing Im (¢) C Z(y? — 2®).
Im(p) = {p(t) € A2t € A1} = {(?,t3) € A%t € A'}. Let P € Im(p). Then
P = (t3,t%) for some t € At. (+3)%2 — (t?)3 =t — 1% = 0. Hence P € Z(y* — 2?).
Therefore Im (¢) C Z(y? — 23).

We will now show that ¢ : Z(y? — 2®) — Al defined as,

y/r ifx#0
(m’y)H{o if =0

is the inverse map of .
Let (z,y) € Z(y* — x3).
Case 1: If x = 0 then y = 0. Hence we have
(¢ ©09)(0,0) = (4(0,0))
= #(0)
= (0%,0%)
= (0,0)

Case 2: If © # 0 then

©
~—
£

=

(pod)(x,y) = o

Il
S
~—

SRS
S~—

Il I |
— — —
&w‘aw &w‘@wﬂ <
> s —
SIS 1S LW
O o] W —
— — ]|

v
w
=

Il
—~
&
NP

Hence ¢ o ¢ is the identity map in Z(y? — z3).
Let t € Al (¢ o p)(t) = d(p(t)) = d(t2,t3). If t2 # 0 then t # 0. Hence we

get o(t3,1%) = ;—; =+¢. If 2 = 0 then ¢t = 0 hence t3 = 0. Therefore we have
o(t%,t3) = $(0,0) = 0. Hence (¢ o ) is the identity in Al.
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Hence ¢ is the inverse map of . This proves that ¢ is a bijective map.

We now show ¢ : Z(y? — 2%) — A' is continuous.

™1 is continuous if and only if (¢~1)~!(D)(inverse image in Z(y*> — %)) is
closed for all closed subsets D C Al. Let D C A! be a closed subset. We
would like to show (o= 1)"Y(D) = {(x,y) € Z(y* — 2%)|p(z,y) € D} is closed
in Z(y? — 23). The closed subsets in A! are algebraic sets which are the finite
sets,) and A itself (Zariski Topology). o= 1(0) = 0. p~1(Al) = Z(y? — 23). 0
and Z(y? — 2®) are closed in Z(y? — 2?). Therefore we need to show it is true
for the finite sets. But ¢ is bijective. Hence the finite sets in A' are mapped
to by finite sets of points in Z(y? — 2?). Finite sets of points in Z(y? — %) are
closed. Hence ¢! is continuous.

Now we show ¢ is a morphism.
Let t € Al and z the coordinate function on Z(y? — 2?). (zo¢)(t) =t. We
have a map
rop: Al 5 K
t—1

We need for each ¢t € A! an open U C A! with ¢t € U and g,h € K[r] with
h(r) #0on U and z o ¢ = g(r)/h(r). We choose U = A' and z o ¢ = g(r)/h(r)
where g(r) = r and h(r) = 1. Hence we see z o ¢ is regular.

Let t € A! and y the coordinate function on Z(y? — 23). (yo p)(t) = t2. We
have a map
yoyp: Al 5 K

t s t2

We choose our open set to be Al. y oy = g(r)/h(r) where g(r) = r? and
h(r) = 1. Hence we see y o ¢ is regular.

By Lemma 5.71 ¢ is a morphism.
© is a bijective bicontinuous morphism.

O

Lemma 5.86. ¢ : Al — Z(y? — 23) defined by t — (t2,t3) is not an isomor-
phism.

Proof. Since ¢ is bijective there is an inverse map ¢! : Z(y? — 23) — Al
defined as, (z,y) —



We will show ¢!

¢! is continuous. Can we find a regular function f, such that f o ¢~! is not

regular for all points 7 We choose the regular function defined by f : ¢ — ¢.
Assume fo ™t Z(y? —23) — Al — K is regular at P = (0,0). Then
there exists an open U C Z(y? — %) with P € U and g,h € K|x,y] such that
foe~t=g/h on U and h is nowhere 0 on U. In particular y/z = g/h on U\P.
Hence hy = gx on U\P. U\P is a non-empty open subset of an irreducible
topological space hence it is dense. Therefore hy = gz on Z(y? —x3). Applying
© to both sides we have hy o ¢ = gz o o on Al. Therefore

is not a morphism.
1

h(t?, )2 = g(t%,t3)t?
h(t*, 89)t = g(t,1%)

Taking g(z,y) = a+br+cy+dx®+... then g(t?,t3) = a+bt2 +ct> +dt* 4. ...
Since g(t2,t3) = h(t?,t3)t, the lowest possible term of g is bt? hence a = 0.
Therefore g € t2K[t]. Now h(t?,t3) = bt + ct? + dt3 + .... Hence h(t?,¢>) must
have lowest term bt and hence h(t?,t®) € tK|[t]. Hence for P = (0,0) we get
h(P) = 0. This is a contradiction that f o ¢! is regular at (0,0). Therefore
©~ ! is not a morphism, and hence ¢ : Al — Z(y? — 23) defined by t — (£2,13)
is not an isomorphism.

O
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6 Conics in A2 and P?

Lemma 6.1. Let Y = Z(zy — 1) C A% Y = AN\ {0}.

Proof. First we define maps between Y and A'\{0}. Define
¢ AN{0} — Z(zy — 1)
t— (t,1/t)

and
Y Z(xy — 1) — AN\{0}
(z,y) =z

Let t € A1\{0} and z,y : P? — K coordinate functions. Then (z o ¢)(t) =
z(¢(t)) = t.
(o) : AN\{0} » K
t—1

To show z o ¢ is regular on A*\{0} we need for each t € A'\{0} an open
U C AN{0} with t € U and polynomials g(r), h(r) with h(r) # 0 on U and
zo¢ = g(r)/h(r). We can choose U = A'\{0}. A™\{0} C A'\{0} is open.
t € A\{0} and z o ¢ = g(r)/h(r) where g(r) =t and h(r) = 1. Hence z o ¢ is
regular on A'\{0}.

Let £ € A — {0} (yo@)(t) = y(6(t)) = 1/1.

(yo o) : AN{0} - K
t— 1/t

To show y o ¢ is regular on A'\{0} we need for each ¢ € A'\{0} an open
V C AN\{0} with t € V and polynomials ¢’(r), h'(r) such that h'(r) # 0 on V
and yo ¢ = ¢'(r)/h/(r). We again choose V = A — {0}. A —{0} C A! - {0}
is open. t € Al — {0} and yo ¢ = ¢'(r)/h/(r) where ¢'(r) = 1 and K/ (r) =t
for t # 0. Hence y o ¢ is regular on A! — {0}. Therefore by Lemma 5.71 ¢ is a
morphism.

Lemma 5.23 tells us ¢ is a morphism if j o : Z(zy — 1) — A is a morphism
where j : A'\{0} — A! is the inclusion map. jot : Z(zy — 1) — Al is the
map

jou:Z(xy—1) — Al

(xp,yp) — xp
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Let Q = (zp,yp) € Z(zy — 1) and x,y : A? the coordinate functions. Then
(zojo)(Q) = (z0/)(h(Q)) = (zeoj)zp) =zp.
(xojow):Z(xzy—1) > K

(xp,yp) = xp

To show z o j o %) is regular on Z(zy — 1) we need an open V C Z(zy — 1)
with (zp,yp) € V and z 0 j o) = g(z,y)/h(z,y) with A'(x,y) #0 on V. We
choose V = Z(xy —1). Z(xy — 1) C Z(xy — 1) is open. (xp,yp) € Z(zy — 1).
xojot = g(x,y)/h(x,y) where g(x,y) = x and h(xz,y) = 1. Therefore by
Lemma 5.71 j o % is a morphism. Hence by Lemma 5.23 9 is a morphism.

Let t € A' — {0}.

(Yo @)t = ¢(o(t))
= (t,1/1)
=t

Hence 1) o ¢ is the identity map on A! — {0}
Let (xp,yp) € Z(xy — 1).

(po)(xp,yp) = ¢(Y(zp,yp))
= ¢(zp)
= (l‘P, 1/'TP)

= ($P7yP)

Hence ¢ o 4 is the identity map on Z(xy — 1).
Therefore Y = Al — {0} O

Theorem 6.2. Let a,b,c,d,p,q € K. Let f € K[z,y] and f' € K[z',y']. Let

¢:A* — A?
(zp,yp) — ’p = axp +byp +p, yp = cxp +dyp +q

Assume f = f'o¢. Then,

(i) ¢ is a morphism.
(it) o(Z(f)) € Z(f')
(#ii) If ad — be # 0 then ¢ is an isomorphism.
(iv) Assume ad —bc # 0. If f is irreducible, then f is irreducible and ¢|zy)
Z(f) = Z(f") is an isomorphism.
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Proof. (i). By Lemma 5.71, ¢ is a morphism if and only if 2’ o ¢ and 3/ o ¢ are
regular on A2 where 2,y are the coordinate functions. Let Q = (zp,yp) € A®.
Then

#(Q) = (axp + byp + p,cx +dy + q)
(' 0 9)(Q) = axp +byp +p

Hence we have a map

ogp: A’ 5 K
(xp,yp) = axp +byp +p

A2 C A% is open, Q € A% and (7' 0 ¢) = % where g(z,y) = ax + by +

p and h(z,y) =1 . Hence 2’ o ¢ = g/h. Therefore 2’ o ¢ is regular on A2,
Similarly

(¥ 0 9)(Q) = cxp +dyp +q

Hence we have a map

yop:A® > K
(xp,yp) = cxp +dyp +q

A2 C A%isopen, (Q) € A% and (y 0 ¢) = il/gfng where ¢'(x,y) = cx + dy +

q and B/(z,y) = 1 . Hence y/ o ¢ = g'/h’. Therefore y' o ¢ is regular on A2.
Therefore ¢ is a morphism.
(ii) Let Q = (zp,yp) € Z(f). Then

f(xp,yp) =0
(f'o¢)(xp,yp) =0
fl(¢($P7yP)) =0

Hence ¢(zp,yp) € Z(f'). Therefore ¢(Z(f)) C Z(f")

(iii). For this proof we change our map ¢ to matrix form. Hence we have,

b: A% — A?

G- ()= 00+ )
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Since ad — be # 0, (CCL
we obtain a map,

w() : <) G- 6

By (i), ¥ is a morphism.
Let (zp,yp) € A2. Then,

(Yo d)(xp,yp) = V(p(xp,ypr)

Z) is invertible. [SLLA, Theorem 5.3 page 148.] Hence

()0 -0 ¢

Let (25, yp) € A% Then
(¢ 09)(@p,yp) = 6 (2, yp)

(8 Gh)-(:
G G
-(h)

Hence ¢ is an isomorphism.
(iv) We are given ad — be # 0 and f is irreducible. Assume f’ is not irreducible.
Then f'(z',y') = ¢' (¢, y )W/ (2, y') for ¢', ' € K[z',y’] both not constant. We
are also given f = f' o ¢. Let (vp,yp) € A2
flzp,yp) = f'(¢(zp,yp))
= f'(axp +byp + p,cxp + dyp + q)

Hence

[z, y) = f'(ax + by +p, cx + dy + q)
= ¢'(ax + by + p,cx + dy + q)h' (ax + by + p, cx + dy + q)
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for ¢'(ax + by + p,cx + dy + q), W/ (ax + by + p,cx + dy + q) € Klx,y]. We
are given f is irreducible. Therefore, either ¢'(ax + by + p,cx + dy + q) or
R (ax + by + p, cx + dy + ¢) is constant.

Assume ¢'(ax + by + p,cx + dy + q¢) = t for t € K constant. Therefore
g (¢(xp,yp)) = t for all (xp,yp) € A% Let (2%,y5) € A% be given. Since
¢ is surjective, (zp,yp) = ¢(zq,yq) for some point (zg,yg) € A?. Hence
g (2p,yp) = ¢ (é(xg,yg)) = t. Hence ¢'(z',y’) = t. Therefore ¢'(z',y’) is
constant. By assumption, ¢’(z’,y’) was non-constant. If we assume h'(ax +
by + p,cx + dy + q) = s for some s € K constant the same argument results
in A'(2',y’") being constant which again is a contradiction. Hence f’ must be
irreducible.

By (iii) ¢ is an isomorphism. This means we have an inverse morphism ¢ such
that g o = IdA? s and Yo ¢ = IdA? - We are given f = f’ o ¢. Hence
',y z,y

foth= f'o¢porp. Therefore f' = fop.

We have f, f’ irreducible hence Z(f) and Z(f') are varieties. By (i) and (ii)
¢ is a morphism with ¢(Z(f)) € Z(f'). Hence we can restrict the map ¢ to
1z5) : Z(f) — Z(f'). Since Z(f) and Z(f') are varieties, @z (s) is a morphism
by Lemma 5.74 and Lemma 5.24. ¢ is an isomorphism with inverse morphism
b Let (@, yp) € Z(f). Then f'(pyp) = 0. Hence (f o )@, ) = 0.
Therefore f(¢¥(2'p,yp)) = 0.Hence (2, yp) € Z(f'). Therefore ¥(Z(f)) C
Z(f"). We can restrict the map ¢ to Yz : Z(f') = Z(f). Yz is a
morphism by Lemma 5.74 and Lemma 5.24. Let (2/5,y%) € Z(f’). Then

(B12(r) © Yiz()) @p, ¥p) = D125 (W12(5 (p, Up))
= d1z(5)(WV(@p,Yp))
= o(Y(p,yp))
= (po)(*p,yp)

= (x/P» y%‘)

Hence ¢|z(5) © 9 z(s) is the identity map on Z(f’). Let (zp,yp) € Z(f). Then

W1z © D1z (@p, yp) = Yiz(s1y (D125 (TP, yP))
=Yz (d(Tp,yp))
=Y(¢(zp,ypr))
= (Yo ¢)(zp,yp)

= (vayP)

—~ o~

Hence vz 0 ¢ z(s) is the identity map on Z(f). Hence ¢|z5) : Z(f) = Z(f')
is an isomorphism. O

Theorem 6.3. Any conic in A? is isomorphic to either A or Al — {0}
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Proof. By definition a conic in A2 is the zero set of an irreducible polynomial of
total degree 2. Let f be an irreducible polynomial of total degree 2. f(x,y) =
ax? 4 bxy + cy?® + dx + ey + h for some a,b,c,d, e, h € K with a, b, c not all 0.

fx,y) = ax® + bey + cy® + do + ey +h

Let g(z) € K[2] be the polynomial az?+bz+c. K is algebraically closed. Hence
we can factor az? + bz + ¢ and obtain,

az? +bz+c=(rz+s)(tz+w) s twek
with 7, s not both 0 and ¢, w not both 0.
=trz? + rzw + stz + sw

=trz? 4+ (rw + st)z + sw

Hence a = tr,b = rw + st,c¢ = sw. Substituting these equalities into f(z,y) we
get,

fz,y) = tra® + (rw + st)zy + swy® + dz + ey + h
= tra® 4+ rwzy + stxy + swy® + dr + ey + h
=ra(ter + wy) + sy(tex +wy) +de+ey+h
= (tx + wy)(rax + sy) + dx + ey + h,

Case 1. If ro 4 sy and tx 4+ wy are linearly dependent then i(ra + sy) + j(tz +
wy) = 0 for some 4, j € K, with ¢ and j not both 0.[SLLA, page 10.]. Let ¢ = 0.
Then j(tx + wy) = 0 Hence tx 4+ wy is the zero vector. This is not allowed. Let
j = 0. Then rz + sy is the zero vector. This is not allowed. Hence i # 0 # j.
Therefore we have tx + wy = k(rz + sy) for some non zero k € K, namely
k = —i/j . Hence we have,

flz,y) =k(re+sy)® +de+ey+h

Let f(z,y) = (rz + sy)? + %x + Ty + % f=+f. [ isirreducible therefore f is
irreducible. Put rz + sy = 2’ and dx/k + ey/k + h/k = —y'. Then f(z,y) can
be rewritten as a polynomial in K[2/,y'] namely f'(2’,y') = 2/ —y'. We now

have the following map,
o : Ai’y — Ai,)y,

(xp,yp) = (@p =rap + syp,yp = ——= — =L _ 2
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By Theorem 6.2, part (i) ¢ is a morphism.
Let (zp,yp) € A% )- Then

z,y
¢(xp,yp) = (rep + syp, ——— — —— — —
h

d
F(@@p.yp) = (rop + syp)? + Lop + Ty + 1

Hence f = f’ o ¢. By Theorem 6.2 part (ii) ¢(Z(f)) C Z(f")

Assume re — ds = 0. Then rz + sy and dx + ey are linearly dependent. [SLLA,
Theorem 4.2 page 159.] This means dz + ey = A(rz + sy) for some A € K.
Hence we would have k(rz + sy)? + A(rz + sy) + h = 0. Let z = rz + sy.
Then our equation becomes kz? + Az +h = 0. Since K is algebraically closed,
kz? + Az + h = 0 is reducible. Therefore f would be reducible which is not
allowed. Hence re — ds # 0.Therefore re/k — ds/k # 0. By Theorem 6.2, part
(iii), ¢ is an isomorphism.

We now have re/k — ds/k # 0. By Theorem 6.2 part (iv) since f is irreducible,
f is irreducible. By Theorem 6.2 part (iv)

Dl Z(f) = Z(f")

is an isomorphism. But Z(f) = Z(f). Hence Z(f) (ff

>~ Z(f). ie Z(f) =
Z(z' — y'"?). By example 5.79, Z(z' — y"?) =2 Al. Hence Z(f) = A'.

Case 2. When rz + sy and tx + wy are linearly independent. This means
rw—st £ 0. f(z,y) = (rz+ sy)(tz + wy) + dz + ey + g for r, s not both 0 and
t, w not both 0.

Let 2’ = rx + sy and y' = tz + wy.
In matrix form we have

fla,y) =2y + (d e) (;) +h

But

—1 /
z\ _(r s z
(-G )
Therefore f(z,y) € K[z,y] can be expressed as a polynomial in K[z, y'] namely

—1 /
' y) =2y + (d e) (Z 5)) (z,) +h
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-1 _ w —s
ros —__ 1 w s — [ rw—st rw—st
t w rw—st\ —¢ p — L

rw—st rw—st

w —s
(d e) (rw_—tst rwr—st>:(dwet M) Hence f’(x’,y’) =2y +d'2 +e'y +

rw—st rw—st
rw—st rw—st

. ) _ dw—et / __ —ds+ter
h with d' = T5=% and €’ = — =

Hence we have a map,

We have f = f’/ o ® by construction. We also have f irreducible hence f’ is
irreducible. Hence by Theorem 6.2 part (iv), ® is a isomorphism.

f’(x',y') :x’y'—l—d'm’—i—e'y'—i—h
— .’,U,y/ + d/:C/ + e/yl + d'e' _ dlel + h
=@ +e )y +d)—de +h

Let 2" =2’ + € and y/ = ¢y + d’. Then f’ can be expressed as f"(a",y") =
z"y"” — h' where h' = d'e’ —h. h' # 0. Otherwise f’ is reducible and this is not
true. Now we obtain the following map.

U:A?2 5 A2
z’ 1 0\ (/2 e
y/ — 0 1 y/ + d/

We observe that 1-1—0-0=1. We also have f’ = f” o ¥ by construction. We
know f” is irreducible hence f” is irreducible. By Theorem 6.2 part (iv), ¥ is a
isomorphism.

We can express f” as f" = h’(””h—l,/y” — 1) and note here that Z(f") = Z(f").
Hence we have h’(%y” — 1) = 0 from which we obtain %y” —1=0. With

. " JE—
one final change of coordinates we let 2" = %7 and y"" = y”. Hence f” can be

expressed as f”' = 2'"y""" — 1. We now obtain the map,

w:A? 5 A?
z" 1,0 %’
y// '_> O, 1 y//

We observe that 1-1—0-0 = 1. We also have f7 = f" ow by construction.
We know f” irreducible hence [ is irreducible. By Theorem 6.2 part (iv) w
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is an isomorphism. So we have Z(f) = Z(f') = Z(f") = Z(f") = Z(f").
Hence Z(f) = Z(f"). So for case 2, Z(f) = Z(xy — 1). By Lemma 6.1,
Z(zy —1) =2 A — {0}. Hence Z(f) = Al — {0}.

Therefore any conic on A? is isomorphic to either Al or A — {0} O

Lemma 6.4. Let X,Y be varieties, with X = |JU; an open covering. Let

¢: X =Y be amap such that ¢y, : U; — Y is a morphism for each i. Then
¢ is a morphism.

Proof. By Lemma 1.34 ¢ is continuous. Let V' C Y be an open subset and
f:V — K aregular function. ¢y, : U; — Y is a morphism for each ¢ hence
we have that f o ¢y, : (¢jr,) (V) — K is regular. Let P € (¢y,)" (V). We
have that P € (¢yp,) ' (V) for one j. We are given f o ¢y, : (¢jy,) (V) = K
is regular. Put W = (¢y,) (V) Let @ € W. Then

(fodw,)(Q) = f(d,(Q))

(fod)w(Q) = (foo)(Q)

Hence f o ¢y, and (f o ¢);w are the same map. Therefore (f o ¢)y is regular
on W. By Lemma 5.16 f o ¢ is regular on ¢ (V). Hence ¢ is a morphism. [

Lemma 6.5. Let X be a variety. Let Y C P™ be an irreducible closed subset
and i 'Y — P" the inclusion map. Let ¢ : X — Y be a map such that
1o¢: X — P™ is a morphism. Then ¢ is a morphism.

Proof. By Lemma 1.39 ¢ is continuous. Let U C Y be open and f : U — K
a regular function. Let P € ¢~'(U). Then ¢(P) € U. Since f is regular on
U, there is an open neighbourhood O C U with ¢(P) € O and homogeneous
polynomials g, h of same degree, such that h # 0 on O and f = g/h on O.
By the subspace topology on Y, O = W NY for some open W C P". Put
W' =W n P"\Z(h)). Hence W' NY = O. W’ is open in P™ and h # 0 on
W’. We have a regular function ¢ : W’ — K. Put f = g/h. We have io ¢
is a morphism, W’ C P™ is open and f : W/ — K is regular on W’. Hence
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foiop:(iop) " (W') = K is regular.

(i0¢) (W) = {P € X : (io$)(P) € W'}
={Pe X :i(¢p(P)) e W'}
={PeX:¢(P)eW' NY}
—{PeX:¢(P)cO}
= ¢71(0)

Let Q € ¢~ 1(0).

Hence foio@ and f o are the same map. Hence fog : #~1(0) = K is regular.
By definition of regular function fo ¢ : ¢~*(U) — K is regular. Hence ¢ is a
morphism. U

From this point on, to distinguish which space we are in, we will denote zero
sets in A™ by Zan» and zero sets in P" by Zpn.

We define the map,

61 A2\{0} = Zpa(y* — x2) C P?

(s,t) — [s% : ts : 7]

Assume s # 0. Then s? # 0. Assume t # 0. Then 2 # 0. Hence [s? : ts: t?] €
P2. Also (ts)? — s%t? = t25% — s%t? = 0. Therefore [s? : ts : t?] € Zp2(y? — x2).
Let (s,t) ~ (s',t') in A2\{0}. Then (s',t') = (\s, A\t) for some non zero \ € K.
6(s,t) = [s2 : ts : t2]. 8(s',t)) = 0(As, At) = [A2s% : MtAs : A22] = [s2 : ts : 12].
Hence 0(s,t) = 6(s’,t'). We can now construct the map § : P! — Zpa(y? — 22)
by defining d[s : t] = 0(s, t).

(s,t) € A2{0} —2 Zpa(y? — 22) —s P?

! l 57
[s:t] € P!
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Hence we have a well defined map 6 : P! — Zp2(y? — x2) which maps [s : t] —
[s? : ts : t?]. But we have the inclusion map i : Zp2(y? — xz) — P? which maps
[s? : ts : t?] > [s% : ts : t?]. Hence we have a well defined map i o § : P! — P?
which maps [s : t] — [s? : ts: 2.

Theorem 6.6. Zp2(y? — xz) C P? is isomorphic to P1.

Proof. We constructed a map iod : P — P? defined by [s : t] + [s? : ts : t?]. P!
is covered by the open sets Ut UU}. Recall Ul = {P = [ag : a1] € P! : ag # 0}
and Ul = {Q = [bg : bs] € P! : by # 0}. We can restrict the map i o § to the
open set Ug. Let [r:s] € Ul. Then (iod)[r:s] =i(d[r:s]) =i[r?:rs:s?] =
[r? : rs : s2]. The following diagram shows how we can construct a morphism
Us — P2

[ap : a1] € Us P2 > [l:p:q
1 aﬂ P;g i
o € Al —— T A? =) (p,q)
w w
t — (t,t2)

By Lemma 5.44 ¢} : U} — Al is a morphism.
By Example 5.80 7:A! — A? is a morphism.
By Lemma 5.44 2 : A% — P2 is a morphism.
Y2 o T o ¢} is a morphism by Lemma 5.19.

Hence 12 o 7 o ¢} is equal to the restricted map i o § : U} — P? .Therefore the
restricted map i 0§ : U3 — P? is a morphism.

We restrict i o § to the open set U. Let [p: g] € Ui. Then (iod)[p:q] =i(d[p:

q)) = i[p? : pq : ¢*] = [p* : pq : ¢*]. The following diagram shows how we can
construct a morphism Ul — P2
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[bo : b1] € Ut P2 el [r:t:1]

2 € Al —— A2 5 (n1)
w w
s — (s2,3)

By Lemma 5.44 ¢1: U] — A! is a morphism.
By Example 5.80 ~:A' — A2 is a morphism.
By Lemma 5.44 43 : A2 — P? is a morphism.
13 oy o ¢1 is a morphism by Lemma 5.19.

(Y3 oyo¢)lp:ql =13 07)(bilp: q))

@ q
=[p* : pa: ¢*
Hence 93 oy 0 ¢t is equal to the restricted map io§ : UL — P? . Therefore the
restricted map i 0§ : U} — P? is a morphism.
By Lemma 6.4 ¢ 0 § is a morphism.

We have that Zp:(y? — xy) is a closed irreducible subset of P? therefore § :
P! — Zp2(y? — x2) is a morphism by Lemma 6.5.

We define 1 as follows,
Y Zp2(y? —x2) — P!

[x:y:Z]H{[x:y]ifx#O

[y:z]ifz#0
We will show 1) is a well defined map by showing,

Condition 1: Let [ :y: 2] € Zp2(y? — 22). Then x # 0 or 2 # 0.
Condition 2 : If z # 0 and 2z # 0 then [z : y] = [y : 2].
Condition 3: If [z:y: 2] =[2': ¢ : 2] then Y[z 1y : 2] = Y[a’ 1 ¢ : 2]
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Proof of 1: Let [z : y : 2] € Zp2(y? — 2) C P2 Then y* = z2. Assume
r =0 =z Then 32 = 0-0 which gives y> = 0. Hence y = 0. Therefore
r=y=2=0. Hence [z :y: 2] ¢ P2 Therefore z and 2 cannot both be 0.

Proof of 2: Let x #0 and 2z # 0. [z : y] = [y?/2 : y] = [y* 1 yz] = [y : 2] . Hence
we see if both = and z are non zero then [z : y] = [y : 2]

Proof of 3: Let [z,y,2] = [ : ¥/ : 2/]. Then (2/,y',2") = (Az, Ay, Az).
Ifex#0then¢[z:y:z]=[x:yland Yo’y : 2] = Y[Ax : Ay : Az] = [Az : Ay
[z:y] = [2": ¢/ since (2/,3') = Mz, y).

Ifz#0then Yz :y:z]=[y:z]and Y[z’ 1y : 2'] =[x : Ay Az] = [y : Az].
[y =y : ] since (4, ) = Ay, 2).

Hence 1 is a well defined map.

We now show that 1) 04 and §o4) are the identity maps on P! and Zp2(y? — z2)
respectively.
Let [s:t] € PL.

Case 1: s # 0. If s # 0 then s2 # 0.
(Yo 0)[s - t] = (3]s - 1])
Y[s? i ts : 7]
52 . ts]

=[s:]

Case 2: s =0. If s =0 then [s:¢] =[0:1].

Hence v o § is the identity map on P! .

Let [z :y: 2] € Zp2(y? — z2).

Case 1: = # 0.
(God)ey: 2 = 6(Wla:y: )
oz -y
2y

[
(2% : 2y : x2]
[

=[z:y:2]
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Case 2: x = 0. If x = 0 we have previously shown z # 0.

Hence 6 o 1) is the identity map on Zp:(y* — 2z). This shows J is a bijective
map.

We now show 1/ is a morphism.

Zp2(y?>—x2) is covered by the open sets (USNZpz2 (y? —x2))U(UZNZp2 (y* —x2)).
We showed this earlier in the Theorem when we proved Condition 1.

We restrict the map 1 : Zp2(y? — z2) — P! to the open set UZ N Zpz(y? — x2).
Let [v:y: 2] € U?N Zp2(y? — x2). This means x # 0. Hence [z : y : 2] =
[z : y]. The following diagram shows how we can construct a morphism from
Ug N Zp2(y* — xz) to PL.

[x:y:2] € UZNZp:(y* —x2) P! > [l:p
£ i: z] € U% ¥g I
1 o
(4,2) € A2 —— 2 S Al >
w w
(t,s) — t

By Lemma 5.21 the inclusion map i : U3 N Zpz(y* — zz) — U§ is a morphism.
By Lemma 5.44 ¢3 : U? — A? is a morphism.

#30i:UZN Zp2(y? — x2) — A? is a morphism by Lemma 5.19.

By Example 5.82 w : A2 — A is a morphism.

By Lemma 5.44 ¢} : A — P! is a morphism.
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Lemma 5.19 gives us 1§ o w o ¢Z o4 is a morphism.

owogp)(ilz 1y : 2))

(Wgowogioi)z:y: 2] = (%
(T/’OOWO%)[JU y: 2]
= (¥

= (v

ow)(dplw :y: 2])

SRS

|
)
=,

Hence ¥} ow o @3 o is equal to the restricted map v : UZ N Zp2(y? — 2z) — PL.
Therefore the restricted map 1 : U2 N Zp2(y* — 22) — P! is a morphism.

We restrict the map v : Zp2(y? — xz) — P! to the open set U3 N Zp2(y? — x2).
Let [z :y: 2] € U2 N Zp2(y? — xz). This means z # 0. Y[z :y: 2] = [y: 2].

[z:y:2] € UinZpa(y® —az) Pl 5 [g:1]
[a::i:z] € ()['22 U T
I 4
(£,4) € A2 —— T Al 5 g
w w
(rp)  — p

By Lemma 5.21 the inclusion map i : UNZp2(y*> —xz) — U3 is a morphism. By
Lemma 5.44 ¢3 : U? — A? is a morphism. Hence ¢30i : USNZp2(y?—xz) — A2
is a morphism by Lemma 5.19.

By Example 5.83 7 : A2 — A is a morphism.

By Lemma 5.44 ¢ : A — P! is a morphism.
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Lemma 5.19 gives us 1} oo ¢3 o i is a morphism.

pionodioi)lr:y: 2] = (Yionoey)(ifr:y:2)
(1/’10770%)[1' y:z]
= (Y1 on)(d3[z:y: 2))
= (¢1

on)(Z,Y)

= ¥im(=. %)
=)
=[Z:1]
=[y: 7

Hence 9§ ono ¢2 oi is equal to the restricted map 1 : U3 N Zp2(y* — x2) — PL.
Therefore the restricted map ¢ : UZ N Zp2(y? — 22) — P! is a morphism.
By Lemma 6.4, ¢ : Zp2(y? — xz) — P is a morphism.

Hence P! = Zp:(y? — 22). O
Lemma 6.7. Let m be the projection map

7 : A%\{(0,0,0)} — P2
(z,y,2) =[xy : 2]

T 1S a morphism.

Proof. Let V. C P? be a closed subset. Closed subsets in P? are zero sets
of homogeneous polynomials. Hence V = Zp:(T) = {Q € P? : f(Q) =
0 for each f € T'} where T is a set of homogeneous polynomials f.

7! (Zp2(T)) = {P € A’\{(0,0,0)} : 7(P) € Zp=(T)}
={(z.y.2) € A°\{(0,0,0)} : [z 1y : 2] € Zp=(T)}
= {(z,9,2) € A°\{(0,0,0)} : fi(z,y,2) = 0}
= Zas(T) - {(0,0,0)}

Zas(T)—{(0,0,0)} = Zas(T)NA3\{(0,0,0)}. Hence by the subspace topology
on A3\{(0,0,0), 7=1(V) = Zas(T) — {(0,0,0)} is closed in A3\{(0,0,0).
Therefore 7 is continuous.

Let U C P2 be an open subset and f : U — K regular. Note that since
7 is continuous, 7~ 1(U) is open in A3\{(0,0,0)}. Let Q € 7~ 1(U). Then
m(Q) € U. Hence there exists an open neighbourhood O C U with 7(Q) € O
and homogeneous polynomials g, h of same degree with h £ 0 on O and f = g/h
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on O. By Lemma 1.18 O is open in P2. Hence 7=1(0) is open in A®\{(0,0,0)}.
By the subspace topology on 7= 1(U), #=1(0) is open in 7#=1(U). Also since
7(Q) € O we have Q € 7~ 1(0). Hence we have found an open neighbourhood
7 10) C 7~ Y(U) with Q € 7~1(0).

Let P = (z,y,2) € 7 (O).

(fom)(z,y,2) = f(r(x,y,2))
= L(m(z,y,2))
= %[IE cy 2]
_ 9(@,y,2)
h(z,y, =)
_9(P)
h(P)
By Lemma 5.4 f o7 is regular.
Hence 7 is a morphism. O

Lemma 6.8. Let a,b,c,d,e,g,h,j,l € K. Let o be the map,
o:A? 5 A3
(p,q) —(a+bp+cq,d+ep+gq,h+jp+lq)

o is a morphism.
Proof. Let (p,q) € A? and x,y, z the coordinate functions on A%. Then (z o
o)(p,q) = x(o(p,q)) = a+bp + cq.
(roo): A’ 5 K
(p,q) = a+bp+cq

To show z o o is regular on A2 we need for each Q € A2 an open U C AZ?
with @ € U and x o0 = g(s,t)/h(s,t) with h(s,t) # 0 on U. We choose
U=A2 A?2C A?isopen. (Q) € A? and x oo = g(s,t)/h(s,t) where g(s,t) =
a+bs+ ct and h(s,t) = 1. Hence x o o is regular on A2,
Let R = (p,q) € A%
Then (y o 0)(p,q) = y(o(p,9)) = d +ep + gq.

(yoo): A*> = K

(p,q) = d+ep+gq
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To show y o o is regular on A% we need for each R € A? an open U C A2
with R € U and y oo = g(s,t)/h(s,t) with h(s,t) # 0 on U. We choose
U=A? A?2C A%isopen. R€ A? and yoo = g(s,t)/h(s,t) where g(s,t) =
d+es+ gt and h(s,t) = 1. Hence y o o is regular on A2
Let T = (p,q) € A2.
Then (zoo)(T) = z(c(T)) = h+ jp+ lgq.

(z00):A? 5 K

(p,q) = h+jp+1q

To show z o o is regular on A% we need for each T € A? an open U C A2
with T € U and z o0 = g(s,t)/h(s,t) with h(s,t) # 0 on U. We choose
U=A%2 A2C A?isopen. T € A? and zo0 = g(s,t)/h(s,t) where g(s,t) =
h+ js + 1t and h(s,t) = 1. Hence z o o is regular on AZ.

Therefore by Lemma 5.71 ¢ is a morphism. U

Corollary 6.9. We note here that, consequently,
(i) o' : A2 - A3
(p,q) — (ap+b+cq,dp+e+gq,hp+j+1q)
and
(i) o”: A? — A3
(p,q) — (ap+bg+c,dp+eq+g,hp+ jg+1)

are both morphisms.

Lemma 6.10. Leta,b,c,d,e, g, h,j,l € K. Assume the determinant of

SRS TS
S0 o
~Q o

is not zero. Let w be defined as ,

w: A% = A*\{(0,0,0)}
(p,q) —(a+bp+cq,d+ep+gq, h+jp+1lq)

Then,
(i) w is a well defined map.
(i) w is a morphism.

Proof. (i). We only need to show that (a 4+ bp + cq,d + ep + gq, h + jp + 1q) €
A3\{(0,0,0)}. That is that a + bp + cq,d + ep + gq, h + jp + lq are not all 0.
Assume a+bp+cq=d+ep+gg=h+jp+1lg=0.
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Then in matrix form we have

ISAESURS)
<. 0 o
~Q 0o

a b
We are given that the determinant of | d e
hj

a b c
d e g | is invertible. Therefore we obtain,
h 5 1
a b c\ "fa b oc 1 a b ¢\ /0
d e g d e g pl=\|d e g 0
h j 1 h j 1 q h j 1 0
1 0

But this would give [ p | =

0 | and clearly 1 # 0. Hence our initial assump-
q 0

tion is incorrect and a + bp + cq, d + ep + gq, h + jp + lq are not all 0. Therefore
(a+bp+cq,d+ep+gq,h+jip+1q) € A>\{(0,0,0)} and w is well defined.
(i) Let i : A3\{(0,0,0)} — A3 be the inclusion map. By Lemma 5.23 w is a
morphism if 4 0w : A2 — A3 is a morphism. i o w is the map

A? @ A3\{(0,0,0)} : A

(pq) — (a+bp+cqd+ep+gq,h+jp+1lg) — (a+bp+ecq,
d+ep+gq,

h+jp+1lq)

Hence we see i ow : A2 — A3 is exactly the map in Lemma 6.8 which we have
proved is a morphism. Hence w is a morphism.

O
a b c

Lemma 6.11. Let a,b,c,d,e,g,h,j,l € K. Assume det [d e g| is not
h j 1

zero. Let W' be defined as ,

W' A% — A3\{(0,0,0)}
(p,q) —(ap+b+cq,dp+e+gq,hp+j+lq)
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Then,

(i) w' is a well defined map.

(i) W' is a morphism.

Proof. (i). We only need to show that (ap + b+ cq,dp+ e+ gq, hp + jp+1q) €
A3\{(0,0,0)}. Assume ap+b+cqg=dp+e+gq=hp+j+1lqg=0.
Then in matrix form we have

a b c P 0
d e g 11=10
h 5 1 q 0
a b ¢
d e g | is invertible by assumption. Therefore, using a similar calculation
h 7 1
as in Lemma 6.10 we would obtain,
P 0
1] = (0] and clearly 1 # 0. Hence our initial assumption is incorrect and
q 0

ap+ b+ cq,dp+ e+ gg,hp+ j + lg are not all 0. Therefore (ap + b + cq, dp +
e+gq,hp+j+1g) € A*\{(0,0,0)} and w’ is well defined.

(i) Let i : A3\{(0,0,0)} — A® be the inclusion map. By Lemma 5.23 &' is a
morphism if 4 0w’ : A2 — A3 is a morphism. i o’ is the map

A? o A*\{(0,0,0)} : A’

(pg) — (ap+d+cqgdp+et+gghp+j+lg) — (ap+bd+cqg,
dp + e + gq,

hp+j+1lq)

Hence we see i 0w’ : A2 — A3 is exactly the map o’ in Corollary 6.9 (i) which

is a morphism. Hence w’ is a morphism. O
a b c

Lemma 6.12. Let a,b,c,d,e,g,h,j,l € K. Assume det |d e g | is not
h 5 1
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zero. Let w" be defined as ,

W’ A% = A3\{(0,0,0)}
(p,q) —(ap+bg+c,dp+eq+ g, hp+ jg+1)

Then,

(i) w" is a well defined map.

(i) w" is a morphism.
Proof. (i). We only need to show that (ap 4+ bq + ¢, dp+eq+ g, hp+ jqg+1) €
A3\{(0,0,0)}. Assume ap+b+cqg=dp+e+gqg=hp+j+Ilg=0.

Then in matrix form we have

=R

.0 o

~Q O

— 3
I

o O O

g 1
.10 we would obtain ,

P 0
g| = {0]. and clearly 1 # 0. Hence our initial assumption is incorrect and
1 0
ap+bqg+ c,dp+eq+ g,hp+ jg+ 1 are not all 0. Therefore (ap + bg + ¢, dp +
eq+g,hp+iq+1) € A3\{(0,0,0)} and w” is well defined.
(i) Let i : A%\{(0,0,0)} — A3 be the inclusion map. By Lemma 5.23 w” is a
morphism if 4 o w” : A% +— A3 is a morphism. i o w” is the map

a b ¢

(d e g | is invertible. Therefore, using a similar calculation as in Lemma
noi

6.1

A? W A3\{(0,0,0)} i A3

(p,q) — (ap+bg+ec,dp+eq+g,hp+jg+1) = (ap+bg+e,
dp+eq+g,

hp + jq +1)

Hence we see iow’” : A2 — A3 is exactly the map ¢” in Corollary 6.9 (i7) which
is a morphism. Hence w” is a morphism. O

Theorem 6.13. Let a,b,c,d,e,g,h,j,l € K. Assume det s non

SR
S oo
~Q o
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zero. Let

7 A AP
(zp,yp,zp) = (T, Yp, 2p)
with

&' = axp + byp + czp
yp =drp +eyp +gzp
zp = hzp + jyp +lzp

Let f € Klx,y,2] and f' € K[2',y',2']. Assume that f = f' o T and assume
f, f' are both homogeneous.
Then,

(i) T induces a well defined map,

7:P?2 5 P2

[z yp : 2p] =[Tp  yp : 2p]

(i) T is a morphism.

(iii) T is an isomorphism.

(iv) 7(Zp2(f)) C Zp=(f'), Zp= is zero set in P2.

(v) If f is irreducible, then f' is irreducible and 7z, sy : Zp2(f) — Zp2(f')
s an isomorphism.

Proof. (i): First we restrict 7 to A®\{(0,0,0)}. This gives a map A3\{(0,0,0} —
A3 Let (zp,yp,2p) € A%\{(0,0,0)}. In matrix form we have

z’p a ¢\ [zp

yp | =1|d e g yp

Zp h 5 1 Zp
Assume 2» = yp = zp = 0. Then

0 a c Tp

0] =|d 9| vp

0 h l zZp

By assumption is invertible. Hence

> e
.0 o
~Q o
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a b ¢ 0 a b c a b c Tp
d e g 0)=1|d e g d e g yp
h g 1 0 h 5 1 h 7 1 Zp
Therefore
0 rp
0 =1yr
0 zZp

But (zp,yp,2zp) € A3\{(0,0,0)}. and hence xp,yp,zp are not all 0. Hence
our assumption that 2%» = yp = 25 = 0 is wrong and z'p, Y, 25 are not all 0.
Therefore the codomain of our restricted map can also be restricted. Hence our
restricted map becomes 7 : A3\{(0,0,0} — A3\{(0,0,0)}.

Composing the restricted map 7 with the projection map 7« in Lemma 6.7 we
obtain,

A3\{(0,0,0} —— A3\{(0,0,0)} — = P2

(@psYp2zp) 7 (@poypezp) [T iyp i 2p)

We obtain the map,

o7 : A*\{(0,0,0)} — P?
(@p,yp, 2p) —[2p : Yp : 2p]
with
*'p = axp + byp + czp
yp = dxp +eyp + gzp
zp = hxp + jyp +lzp

Let (zp,yp, 2p) ~ (sp,tp,qr) in A®\{(0,0,0)}.
Then (sp,tp,qp) = (Axp, A\yp, Azp) for some non zero A € K.

(ro7)(zp,yp,zp) = [T : Yp : 2p]
= lazp +byp + czp : dzp + eyp + gzp : hap + jyp + lzp]
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(moT)(sp,tp,qp) = (m o 7)(Azp, \yp, A\2p)
= [adzp + bAyp + cAzp : dAxzp + eAyp + gAzp : hAzp + jA\yp + I\zp]
= [Mazxp+byp + czp) : A(dxp + eyp + gzp) : M(hap + jyp + lzp)]
= [axp + byp + czp : dxp +eyp + gzp : hap + jyp + lzp]

Hence (7o 7)(xzp,yp,zp) = (mo7)(sp,tp,qp). We can now construct the map
7:P? — P? by defining 7[xp : yp : zp] = (10 7)(xp,yp, 2p).

(xp,yp,zp) € A3\{(070,0)}L>:P2

1 [

-

[xp :yp : zp] c P2

Hence we see 7 induces a well defined map 7 : P? — P2 which maps [zp : yp :
zp] = [2 Y : 2] We make note here that by definition 7[zp : yp : 2p] =
(mo7)(xp,yp,zp). Hence 7(mw(xp,yp,zp)) = (7o 7)(xp,yp,2zp). Therefore
(trom)(xp,yp,2zp)) = (ro7)(zp,yp,2p). Hence ro7 =T1om.

(ii) P2 is covered by the open sets U3 UUZUUZ. We can restrict the map 7 to the
open set UZ. Let [vp :yp : zp] € UZ. Then 7[xp : yp : 2p] = [axp +byp +czp :
dxp +eyp + gzp : hep + jyp + lzp]. The following diagram shows how we can
construct a morphism from U¢ — P2.

[zp :yp : zp] € Ug P2 > [r:s:t
[ % [ 1
<371;’;7};) € A2 % A3\{(0a0a0)} > (7‘,8,1‘5)
w w

(p.q) — (a4 bp + cq,

d+ep+ gq,

h+ jp +lq)

By Lemma 5.44 ¢3 : U — A? is a morphism.
By Lemma 6.10 w: A% — A3\{(0,0,0)} is a morphism.
By Lemma 6.7 m: A3\{(0,0,0)} — P? is a morphism.
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7 ow o @3 is a morphism by Lemma 5.19.

(mowogp)lzp :yp : 2p] = (mow)(glep : yp : 2p))

= (row)(¥2, 22

rp ITp
yp Zzp
—”<w<xp»zp>
m(a +b—+ —d+ +g— h+ —+l—)
zp
=la+ T A gt —+l—}
rp -rP rp rp rp Trp

= laxp +byp + czp : dxp + eyp + gzp : hxp + jyp + lzp]

Hence 7 o w o ¢2 is equal to the restricted map 7 : U — P2. Therefore the
restricted map 7 : UZ — P? is a morphism.

We can restrict the map 7 to the open set UZ. Let [xp : yp : 2p] € UZ. Then
Tlap :yp:zp| =[axp + byp + czp : dzp + eyp + gzp : hap + jyp + lzp]. The
following diagram shows how we can construct a morphism from U? — P2

[xp :yp : 2P| € U? P2 3 [r:s:i
l a |- 1
(GE.2E) € A? < 5 AB\{(0,0,0)} > (r,s,t)
w w

(P q) — (ap + b+ cq,
dp + e+ gq,

hp+3j +1q)

By Lemma 5.44 ¢? : U? — A? is a morphism.

By Lemma 6.10 ' : A? — A3\{(0,0,0)} is a morphism.
By Lemma 6.7 7 : A%\{(0,0,0)} — P2 is a morphism.
mow' o¢? is a morphism by Lemma 5.19.
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(mow o })[xp 1 yp : zp] = (mow)($F[xp : yp : 2p))
N, TP Zp
=(row)(—,=—
( )(yP yP)
1, TP Zp
=m(w'(—, —
( (yP yP)>
X z a z X .
=r(a=L +b+cE d"E ve+ g =L +j+1
yp yp Yypr yp Yp
zp

zp
yP)
x x z x Lz
=laL 4b+cLdL et g L 4+ 10
yp yp yp yp yp yp
= [axp+byp + czp : dzp + eyp + gzp : hap + jyp + 12p]

Hence 7 o w’ o ¢? is equal to the restricted map 7 : U2 — P2. Therefore the
restricted map 7 : U? — P? is a morphism.

We can restrict the map 7 to the open set U3. Let [zp : yp : 2p] € U3. Then
Tlep :yp:zp| =[axp + byp + czp : dzp + eyp + gzp : hxp + jyp + lzp]. The
following diagram shows how we can construct a morphism from U2 — P2.

[z :yp : 2P] € Us P > [r:s:{
l ) |- 1
() e A AN0,00} 3 (ns0)
W w

(p,q) — (ap + bg + ¢,
dp+eq+g,

hp +jqg+1)

By Lemma 5.44 ¢3: U2 — A? is a morphism.

By Lemma 6.10 «”: A% — A3\{(0,0,0)} is a morphism.
By Lemma 6.7 7 : A3\{(0,0,0)} — P? is a morphism.

7 ow” o @3 is a morphism by Lemma 5.19.
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(mow” o g3)[xp : yp : zp] = (oW ) (d3[zp : yp : 2p))
= (rou”)(-2, 22)
Zp Zp
— (TP YP
=m(w (vazp))

x x Z .
:ﬂ(a—P+by—P+c,d—P+ey—P+g,h—P+]
zZp zp zp zZp

zp

A
zp

x T x .
(R L Y iy L Ly |
zZp zZp zZp z

zp zp

= [axp + byp + czp :
dxp +eyp + gzp :
hxp + jyp + lzp]

P

Hence 7 o w” o ¢2 is equal to the restricted map 7 : U3 — P?. Therefore the

restricted map 7 : U3 — P2 is a morphism.

By Lemma 6.4, 7 : P2 — P2 is a morphism.

(iii) We change our map 7 to matrix form for this part of the proof.

FiA® 5 AP
a b ¢ Tp
('eryPaZP)'_> d e g yp
h _] l zZp
The inverse map of 7 is given as ,
A - AP
a b o\ ' [fah
(@p.yp,zp) > [d e g Yp
h j 1 2p
a b o\ "
As the determinant of [ d e g is also non zero we can conclude from part
h j 1
(i) of the proof that 7" induces a well defined map
7' P? - P?
a b c\ ' [2h
[ i yp:2pla([d e g yp
h o j 1 Zp
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where 7 is the projection map in Lemma 6.7. By part (ii) 7/ is a morphism.
Let [zp : yp : zp] € P2.

Tlzp :yp : zp))
7(m(zp,yp, 2p)))
(t"oTom)(zp,yr,zp)
(" omo7)(zp,yp,2p)
= (ro7 oF)(xp,yp,zp)
=m(zp,yp,2p)

=[zp:yp: 2p|

(t"or)[zp:yp:zp|=T
-

~
~ —~

Hence 7/ o 7 is the identity map on P2
Let (2 : yp : 2] € P2

Tor)(n(@p, yp, 2p))

= (
= (ro7'om)(2p,yp, 2p)
= ( )

TOmOo ’7~J (levy%'v Z}’)

(rom)leh vl - 7]

=(moTo %I)(x/vag’v 233)
= n(zp,Yp, 2p)

= [z yp : 2p]

Hence 7 o 7/ is the identity map on P2.
Hence 7 is an isomorphism.

(iv) Let [zp : yp : 2p] € Zp2(f). Then

fxp,yp,zp) =0
(ffoT)(xp,yp,zp) =0
f'(7(xp,yp,2p)) =0

Hence 7(xp,yp,zp) € Zas(f'). Therefore (7 (xp,yp,zp)) € Zp2(f').

n(7(xp,yp,zp)) = (T o 7)(xpP,ypr, 2P)
= (rom)(zp,yp,2pP)
(7(xp,yp,2p))

[xp typ: Zp]

(
(

T
T

Hence 7[xp : yp : zp] € Zp2(f'). Therefore 7(Zp=2(f)) C Zp2(f').
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(v) We are given f is irreducible. Assume f’is not irreducible. Then f’(z,y', 2") =
g (@Y, )W (2, y, 2') for ¢, h' € K[x',y,2'] both not constant. We are also
given f = f' o 7. Let (xp,yp,2zp) € A3.

fxp,yp,zp) = f'(T(xp,yp, 2p))
= f'(axp + byp + czp,dzp + eyp + gzp, hap + jyp + lzp)

Hence
f(@,y,2) = f'(ax 4+ by + cz,dz + ey + qz, hx + jy + 12)

Hence f(z,y,2) = ¢'(ax +by+cz,dr+ey+qz, ha+ jy+12)h (ax + by +cz, dz +
ey + qz, hx + jy + 12) for ¢'(ax 4+ by + cz,dx + ey + qz, hx + jy + 12), W (ax +
by + cz,dx + ey + gz, hx + jy + 12) € K[z, y, 2].

Since f is irreducible, either ¢'(ax + by + cz,dx + ey + gz, ha + jy + 1z) or
B (ax 4+ by + cz,dx + ey + qz, ha + jy + lz) is constant.

Assume ¢'(ax + by + cz,dx + ey + gz, hx + jy + 1z) = t for t € K constant.
Therefore ¢'(7(xp,yp, 2zp)) =t for all (zp,yp, zp) € A3. Let (2/p,yp, 2p) € A3
be given. 7 is a surjective map. Therefore (25, yp, 2p) = T(2q, Yg, 2¢) for some
point (zg,vq,2q) € A3. Hence ¢'(@p,yp, 2p) = ¢'(F(2q,yq, 2q)) = t. Hence
g (a',y',2) = t. Therefore ¢'(2',y’,2") is constant. But our initial assumption
that f is not irreducible means ¢'(z’, 3, 2’) cannot be constant.

If we assume h'(ax + by + cz,dx + ey + qz, ha + jy + 1z) = s for some s € K
constant, a similiar argument results in A'(2’, 3, z’) being constant which again
contradicts our initial assumption that f’ is not irreducible. This cannot hap-
pen. Therefore our initial assumption must be wrong meaning f’ is irreducible.

By (iii) 7 is an isomorphism. This means we have an inverse morphism 7’ such

. . . 2 . . 2
that 7o 7/ is the identity on P(m,yylﬁz,) and 7' o 7 is the Identity on P(L%Z). We

are given f = f’ o7 on A3. Hence f o7 = f' o7 o7, Therefore f o7 = f'.

By (i) and (ii) 7 is a morphism with 7(Z(f)) C Z(f'). Hence we can restrict
the map 7 to 725 : Z(f) — Z(f'). Since Z(f) and Z(f’) are closed irreducible
subsets of P2, T)z(f) is a morphism by Lemma 5.24 and Lemma 6.5.

Let [zp : yp : zp| € Zp2(f’). Then

f/(x/}:’vygvzg—") =0
(fo7)(@p,yp,2p) =0
f(# (@p,yp,2p)) =0
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Hence 7/ (2'p, Yp, 2p) € Zas(f). Therefore n(7' (2, yp, 2p) € Zp2(f).

= T/ )(I'P’vaZP)

(7 (¢p, Yp, 2p))

= 7'la 4o 4]

m(7 (@, yp, 2p)) = (w0 ) (@p, Yp, 2p)
(

Therefore 7/ (Zp2(f')) C Zp2(f). We can

Hence 7|2 : yp : 2] € Zp2(f).
1 Z(f') = Z(f)- 1[4y is a morphism by Lemma

restrict the map 7’ to TlZ(f )
5.24 and Lemma 6.5.
Let [ : yp : 2] € Z(f'). Then
(T1z(r) © Tz Ep 2 ¥p + 2p] = 125 (7] 241 [ = Y + 2P])
=Tz (7' [¥ : yp : 2p])
7('[2p 1 yp : 2p])
(ror)ae : yp : 2p])

= [2p : yp : 2p]

Hence 77y © Tllz(f,) is the identity map on Z(f’).
Let [zp :yp : zp] € Z(f). Then
(T2 © Tiz(p)ep 2 yp 2 2P] = Tz (Tz(p) [P yP + 2P])
= TI’Z(f,)(T[a:p typ i zp))
=7'(tlzp 1 yp : zp|)
= (r"oT)[zp :yp : 2p]
=[zp:yp: zp]|

Hence TIIZ(f,) o T|z(s) is the identity map on Z(f).
Hence 774y : Z(f) — Z(f') is an isomorphism.

Theorem 6.14. Any conic in P? is isomorphic to Z(y? — xz).

Proof. By definition any conic on P? is defined as the zero set of an irreducible
homogenous polynomial of total degree 2. Let f(x,y,2) = ax? + by? + c2? +
dxy + exz 4+ gyz be an irreducible homogeneous polynomial of total degree 2.

[y, 2) = az® + by® + c2® + day + exz + gyz
= ax® + exz + 2% + by® + dzy + gyz
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Let h(r) € K|r] be the polynomial ar®+er+c. K is algebraically closed. Hence
we can factor ar? + er + ¢ and obtain,

ar? +er4c = (tr + s)(pr +q)
= tpr2 +trq + spr + sq
= tpr® + (tq + sp)r + sq

Hence a = tp, e = tq+ sp, ¢ = sq. Substituting these equalities into f(z,y, z) we
get,

f(z,y,2) = tpx® + (tq + sp)xz + sq2° + by” + dwy + gyz
= tpz? + tqrz + sprz + sqz* + by? + dzy + gyz
= tw(pz + q2) + sz(px + qz) + by® + dxy + gy
= (tx + s2)(px + q2) + by” + dwy + gy=

Case 1: tx + sz and px + ¢z are linearly dependent. By definition i(tx + sz) +
j(px + qz) =0 for some 4, j € K, with ¢ and j not both 0. [SLLA, page 10].

Let ¢ = 0. Then j # 0. Hence O(tx + sz) + j(pr + gz) = 0. Therefore
Jj(px + qz) = 0. Since j # 0, px + qz is the zero vector. This means f(z,y,z) =
(tz + sz)(px + qz) + by? + dzy + gyz = (tx + 52)(0) + by? + day + gyz =
by? + dxy + gyz = y(by + dx + gz). Hence f(x,y,2) would be reducible. There-
fore i # 0.

Similarly, if we let 7 = 0. Then tz 4+ sz would be the zero vector. Hence
f(x,y,2) = (tv+52)(pr+q2) +by* +dry +gyz = 0(pr +q2) +by* + dey + gyz =
by? + dxy + gyz = y(by + dx + gz). This again makes f(z,y,z) reducible.
Therefore j # 0.

Hence i # 0 # j. Therefore we have px 4+ qz = k(tx + sz) for some non zero
k€ K, namely k = —i/j .

Therefore we have,

flw,y,2) = k(te + s2)* + by + dzy + gyz
= k(tx + s2)* + y(by + dx + g2)

_ ky/Q —kx'
_ k(y/2 _ l,/zl)
with o' = —y/k,y’ = tx + sz,2’ = by + dx + gz. So we have rewritten our

polynomial f € K|x,y, 2] as kf’ with f' =y? —2'2 € K[2',y,7'].
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Assume a/,y" and 2’ are linearly dependent in K[z,y,z]. Then by definition
k12’ + koy' + k32’ = 0 for some k1, ko, k3 € K, with kq, ks, k3 not all 0.

If ks # 0 then k32’ = —kia’'—koy' in K[z,y, 2]. Hence 2’ = kya'+ksy’ in K|z, y, 2]
with ky = —ky/k3 and ks = —ko/k3. Hence f'(2/,y'2") = y'? — 2/ (kax' + ksy') =
y'? — kyx'? — ksa'y’. Put g(r) = 1% — ksr — k4 € K[r]. Since K is algebraically
closed, g(r) can be factored. Hence we obtain r? —ksr—ky4 = (r—a)(r+b) = r?—
r(a—b) — ab for some a,b € K. Therefore a —b = ks and ab = k4. Substituting
these equations into f'(z',y',2') we get f/(2',y,2') = y> —(a—b)z'y’ —abz'? =
y'? —ax'y' +ba'y — abx”? = y'(y — ax’) + b2’ (y' — az’) = (v — az’)(y' + b2')
in K[z,y,z]. Therefore kf'(z',y',2") = k(y' — az’)(y’' 4+ ba’). Hence f(x,y,x) =
k(tx + sz — a(—y/k))(tz + sz + b(—y/k)). Hence f is not irreducible which is
a contradiction. Hence 2/, 3y’ and 2z’ must be linearly independent in K|z, y, z].
We obtain the following map.

¢: A% — A3

(xp,yp,2zp) (_Typ,tfﬂp + szp,byp + dxp + gzp)

0 =+ o0
. k _ 0 s 1 t S t 0 _ 1 _
withdet [¢ 0 s _0<b g)—l—k (d g)—l—O(d b>—0+k(tg—sd)+0_
d b g
1

r(tg—sd), % # 0 tg—sd # 0 since tx+ sz, by +dx+ gz are linearly independent.
By construction, f = kf'op. f,kf’ both homogeneous. Hence by Theorem 6.13
part (v), f’ is irreducible and Zp2(f) = Zp2(kf’). Note Zp2(kf’) = Zp=(f').
Hence Zp2(f) = Zp=(f').

Case 2. When tx + sz and pzx + gz are linearly independant. In matrix form,

T
f(z,y,2) = (tr + s2)(pz + q2) + by* + (d g) (Z> y
Put 2/ =tx + sz, 2/ = pr + gz and v = y. Hence

(2)=0 )0
-0 )

Hence f(z,y, z) € K|[z,y, z] can now be expressed as a polynomial in K[z', v/, 2']

Therefore

172



as follows,

—1

f’(a:’ /Z/):x/2/+b/2+(d g) t s AN

aya y p q Z/ y
=22 + ax'y + B2y + by'?

where «, 5 are given by

t s\ "
@ 8= 9} )
We obtain the following map.
@ A% — A3

(xp,yp,zp) — (txp + szp,yp,pxp + q2p)

t 0 s 0 0
withdet [0 1 0 _0< ) 1( )+0( )—Ol(tqspHO—
» 0 g 0 ¢q P q p 0

sp — tq # 0 because tx + sz, pr + qz are linearly independant. By construction,
f=fo¢. f,f both homogeneous. By Theorem 6.13 part (v) if f is irreducible
then f’ is irreducible and Zp2(f) = Zp2(f’). Now we have

f/($/7y/721) — LU/Z/ —I—ax'y’—kﬂz/y’ +by/2
— (x/ + 5yl)(zl + ay') o aﬁy& + by/2
— ($/+By/)<zl+0¢y/) _ y/Q(aﬂ _ b)

aff — b # 0. Otherwise f’ is reducible. But f’ is irreducible by Theorem6.13
part (v). Put af —b = 5. Then f'(2',y,2') = (' + By) (2 + o) — v'*~.
Put f'(a',y,2') = —(%)(z' + ay’) + y2. Note that Zp:(f') = sz(?/).
Hence Zp2(f) = Zp2(f'). Let 2" = %, 2" =2 + ay and y” = 3y’. Hence
f € K[z',y/, 2] can now be written as a polynomial in K[z”,y",2"] as follows,
(", y".2") = y""? — 2 2". We now obtain the following map.

@' A3 — AP

(ff’p + Byp

(b, Yp, 2p) — Yps Zp + ayp)

1 B8 9
v 5 0 0 1 B
withdet [0 1 0]=0 -1 “/ =0( ~ 7):0_1(1.1_0.0)_
0 o 1 Oé 1 0 1 0 « 2
= 71 # 0. By construction, f/ = f” o . f7,f"” both homogeneous. By
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Theorem 6.13 part (v) Zp2(f’) = Zp2(f"). Hence we have Zp=(f) = Zp:(f') =
Zp2(f") 22 Zp2(f"). Therefore Zp:2(f) = Zp2(f").

Hence we have that any conic on P? is isomorphic to Z(y? — xz). O
Theorem 6.15. Any conic in P? is isomorphic to P'.

Proof. By Theorem 6.14 any conic on P? is isomorphic to Z(y? — x2). By
Theorem 6.6 Z(y? — z2) = P'. Hence any conic on P? is isomorphic to P!. O

We now show an example. Before this we define the following.

Definition 6.16. The characteristic of a ring R, often denoted char(R), is
defined to be the smallest positive number of copies of the ring’s multiplicative
identity 1 that will sum to the additive identity 0. If no such number exists, the
ring is said to have characteristic zero.

Example 6.17. Let f(x,y,z) = 2% + 3% + 22, Assume characteristic of K is not
2. Z(2? +y? + %) 2 PL

Proof. First we will show f(x,y, z) is an irreducible homogeneous polynomial of
total degree 2. It is clear f(x,y, 2) is a homogeneous polynomial of total degree
2. Assume f(x,y, 2) is not irreducible. Then 2 + 32 + 22 = (ax + by + c2)(dx +
ey + gz) for a,b,c,d,e,g € K,a # 0. Without loss of generality we can assume
a = 1. Hence

22 2 + 2% = (x4 by + c2)(dx + ey + g2)
22+ 9% 4+ 2% = da? + (e + bd)xy + (g + cd)xz + (bg + ce)yz + bey? + cgz*

Therefore we obtain the following equations. d = 1,e 4+ bd = 0,9 + cd =
0,bg + ce = 0,be = 1 and cg = 1. Replacing d = 1 where it applies we obtain
e+b=0,g+ c=0. Hence we look at the following system of equations.

e+b=0
g+c=0
bg+ce=0
be =1
cg=1

Since K is a field, be = 1 means b # 0 and e # 0 and cg = 1 means ¢ #
0and g # 0. From e +b =0 we get e = —b. From g+ ¢ = 0 we get g = —c.
Substituting into bg + ce = 0 we obtain b(—c) + ¢(—b) = 0. This results in
—2bc = 0. By assumption the characteristic of K is not 2. Hence either b = 0
or ¢ = 0. We have already shown that b # 0 and ¢ # 0. Hence 22 + ¢ + 22 is
irreducible.

2?2 +y?+ 2% = 22+ 0xz+ 22 + 02y + Oyz + y2. Let h(r) € K[r] be the polynomial
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ar? +er +c. In this case ar? +er +c=1r24+0r+1. r2+0r + 1 can be factored
as follows,

P24 0r+1=(r—1i)(r+1i
where i? = —1. Therefore f(z,y,2) = (v —iz)(z +iz) + v = —iz and x + iz
are linearly independant. To show this we simply check the determinant of the

matrix, (1

Hence we are in case 2 of Theorem 6.14. In matrix form,

_il) Determinant is given by (1-4) — (1-—i) =i+ i = 2i # 0.

fla,y,2) = (z —i2)(z +iz) + > + (0 0) (‘;) y

Put 2’ =z — iz, 2’ = x +iz and ¢y = y. Hence

Therefore

(-6 ()

Hence f(z,y, z) € K[z, y, z] can now be expressed as a polynomial in K[z',y’, 2’|
as follows,

oo 1 2 1*i_1$//

— 1‘/2’/ + ozz:’y’ + ley/ + y/2

where «, § are given by

1 =i\
@a=0 90 7
In other words a = 0, 8 = 0. We obtain the following map.

¢ A% A3

(xp,yp,2p) — (xp —izp,yp,xp +i2p)

10 —i . .
withdet [0 1 0 |=0(Y )1 (! ~Hqo(l 9) = —10) = —2i £
10 i 0 4 1 1 0

0. By construction, f = f’ o ¢'. f, f both homogeneous. f is irreducible hence
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/' is irreducible. Hence by Theorem 6.13 part (v) Zpz(f) = Zp2(f’). Now we
have

(@, y, 7)) =a'2 + 02"y + 02"y + 92
= (2' +0y) (2 +0y') — 00y + ¢
= (¢' +0y") (' + 0y') —y*(0-0—1)
= (2’ +0y") (2" +0y') —y*(-1)

Put v = —1. Now f'(«, ¢/, 2") = (' +0y') (' +0y') =y (7). Put f'(a’,y',2)
—(ZE) (2 + 0y) + 2. Note that Zps(f') = Zps(F'). Hence Zps(f)

Zpa(f). Let 2" = %, 2" = %' 4+0y" and " = /. Hence f’ can be expressed
//Z//

1%

as f"(z",y".2") = y"? — 2”2". We obtain the following map.

QA3 — A3
x'p + 0y
550
withdet [0 1 o] =0(Y %) —1(=F O 4o(1 0 =—1(-1) =
0 0 1 0 1 0 1 0 0

1 # 0. By construction, f/ = f”o<p~”. {7, f” both homogeneous. f’ is irreducible
hence f” is irreducible. By Theorem 6.13 part (v) Zp2(f') = Zp2(f"). Hence we
have Zp2(f) & Zp2(f') = Zp2(f') = Zp2(f"). Therefore Zp2(f) = Zp2(f").
Hence we have Z (22 +y? + 22) = Z(xz —y?). By Theorem 6.6 Z(zz —y?) = PL.

Hence Z(z% + 9 + 2%) = PL. O
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