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Abstract. Motivated by Yang-Mills theory in 4n dimensions,
and generalizing the notion due to Atiyah, Drinfeld, Hitchin and
Manin for n = 1, Okonek, Spindler and Trautmann introduced
instanton bundles and special instanton bundles as certain alge-
braic vector bundles of rank 2n on the complex projective space
P2n+1. The moduli space of special instanton bundles is shown to
be rational.

1. Introduction

An instanton is a self-dual solution of the SU(2) Yang-Mills equa-
tions on the Euclidean sphere S4 [9, Exp. 1]. Via the Penrose trans-
formation, these correspond to certain algebraic vector bundles of rank
2 on the complex projective space P3, which are consequently called
instanton bundles [2, 9].
Salamon [19] and Corrigan-Goddard-Kent [7] have independently

generalized this picture to Yang-Mills theory in dimension 4n, replac-
ing S4 and P3 by the quaternionic projective space HPn and the twistor
space over it, which is the complex projective space P2n+1. Now cer-
tain Yang-Mills connections on HP

n correspond to certain algebraic
vector bundles on P2n+1; cf. [5, §3] and [14, Corollary to Main The-
orem 2]. Motivated by this generalization of the Penrose transform,
Okonek and Spindler [18] extended the notion of instanton bundles to
algebraic vector bundles of rank 2n on P2n+1.
A fundamental tool in the study of algebraic vector bundles on pro-

jective spaces is their description in terms of monads [13, 3, 17]. It often
allows to describe the vector bundles at hand in terms of some linear
algebra data. In particular, the Beilinson spectral sequence [4] yields a
correspondence between instanton bundles and instanton monads; we
recall this in Section 2 below.
Hirschowitz and Narasimhan [10] have introduced certain special in-

stanton bundles on P3, calling them special ‘t Hooft bundles. They
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have studied their moduli space, and proved in particular that it is
rational. Recently Tikhomirov [23] has shown that the moduli space
of all instanton bundles on P

3 with fixed odd c2 is irreducible, and
together with Markushevich also that it is rational [16].
Generalizing from P3 to P2n+1, Spindler and Trautmann [22] have

introduced the notion of special instanton bundles on P2n+1 and con-
structed their moduli space. They also prove that this moduli space is
non-empty, irreducible, and smooth of dimension 2n(k+1)+(2n+2)2−7
if one fixes the quantum number k + 1 of these instantons. The main
result of the present paper, Theorem 4.9, states that the Spindler-
Trautmann moduli space of special instanton bundles on P2n+1 is ra-
tional. So these instanton bundles depend on 2n(k+1)+ (2n+2)2− 7
independent complex parameters.
Like in the case of vector bundles on a curve [15, 12, 11], the proof

involves the rationality of some Severi-Brauer varieties, whose Brauer
classes are related to the existence of Poincaré families, or universal
families, of vector bundles parameterized by the moduli space. Spindler
and Trautmann determined in [22] when such Poincaré families of
special instanton bundles exist. Somewhat surprisingly, Theorem 4.9
proves rationality of the moduli space even in the cases where there
is no Poincaré family. A similar phenomenon has been observed for
moduli spaces of vector bundles on rational surfaces [21, 8].
Another main ingredient in the proof is the no-name lemma about

rationality of quotients of vector spaces modulo linear groups; cf. for
example [6]. It allows us to finally reduce to a rationality problem for
quotients modulo PGL2, where the invariant ring is known explicitly;
that’s how we prove rationality of a moduli space without at the same
time constructing a Poincaré family on some open part of it. Compared
to the the special case n = 1 of bundles on P

3, where the rationality is
proved in [10], this ingredient is new. Then some results about Severi-
Brauer varieties from [10] complete the proof.
The structure of the present text is as follows. In Section 2, we

recall the definition of mathematical instanton bundles that we will
work with, and we review the correspondence to instanton monads.
In Section 3, we recall the notion of special instanton bundles due
to Spindler and Trautmann, and we also review their construction of
moduli spaces for these; both aspects are based on the correspondence
to instanton monads. Section 4 is devoted to the proof of the main
result, Theorem 4.9.
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2. Mathematical instanton bundles

In this section, we recall the notion of (mathematical) instanton
bundles, and their description in terms of monads.
We work over the odd-dimensional complex projective space

P := P
2n+1

/

C, n ≥ 1.

An algebraic vector bundle E over P is said to have natural cohomology

if there is at most one q with Hq(P, E) 6= 0.

Definition 2.1. Let k ≥ 1 be an integer. A k-instanton bundle is an
algebraic vector bundle E over P = P2n+1 with the following properties:

i) The rank of E is 2n.
ii) The Chern polynomial of E is ct(E) = (1− t2)−k.
iii) For each l ∈ Z with −2n−1 ≤ l ≤ 0, the twisted vector bundle

E(l) := E ⊗OP(1)
⊗l

has natural cohomology.

Remark 2.2. i) Every k-instanton bundle is simple by [1, Theorem 2.8].
ii) Some authors moreover require that E has trivial splitting type.

Note that this is an open condition. It is not used here, so we don’t
include it in our definition.

Let Cpx(P) denote the category of complexes of coherentOP-modules.
By a monad, we mean a complex of vector bundles

E• = [0 −→ E−1 i
−→ E0 p

−→ E1 −→ 0] ∈ Cpx(P)

such that p is surjective, and i is an isomorphism onto a subbundle.
As morphisms of monads, we take the morphisms in Cpx(P). The
cohomology of the monad E• is the vector bundle

E := ker(p)/ image(i).

Definition 2.3. A monad E• is a k-instanton monad for k ≥ 1, if

E−1 ∼= OP(−1)k, E0 ∼= O2n+2k
P

, and E1 ∼= OP(1)
k.

The following standard facts show that the categories of k-instanton
bundles and of k-instanton monads are equivalent.

Proposition 2.4. i) If E• is a k-instanton monad, then its co-

homology E = ker(p)/ image(i) is a k-instanton bundle.
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ii) If E• and F • are two k-instanton monads with cohomologies E
and F , then HomP(E, F ) = HomCpx(P)(E

•, F •).
iii) Every k-instanton bundle E is isomorphic to the cohomology of

some k-instanton monad E•.

Proof. i) Let E be the cohomology of a k-instanton monad

0 −→ OP(−1)k
i

−→ O2n+2k
P

p
−→ OP(1)

k −→ 0.

Then the short exact sequences of vector bundles

0 −→ ker(p) −→ O2n+2k
P

p
−→ OP(1)

k −→ 0,

0 −→ OP(−1)k
i

−→ ker(p) −→ E −→ 0

show that E has rank 2n and Chern polynomial ct(E) = (1 − t2)−k.
Now tensor these sequences with OP(l), and consider the resulting long
exact cohomology sequences. For l = 0, we get an exact sequence

H0(ker(p)) −→ H0(E) −→ H1(OP(−1)k) = 0.

Here H0(ker(p)) = 0, since ker(p) is stable by [1, Theorem 2.8]; hence
H0(E) = 0. For general l, we see that Hq(E(l)) vanishes whenever

Hq−1(OP(l + 1)) = Hq(OP(l)) = Hq+1(OP(l − 1)) = 0.

The latter holds in each of the following four cases:

• l = −2n− 1, and q 6= 2n
• −2n ≤ l ≤ −2, and q arbitrary
• l = −1, and q 6= 1
• l = 0, and q ≥ 2

It follows that E(l) has natural cohomology for −2n − 1 ≤ l ≤ 0, the
only possibly nonzero cohomology groups in this range being

H2n(E(−2n− 1)), H1(E(−1)), and H1(E).

ii) Let E• and F • more generally be two monads, with cohomologies
E and F . Given a morphism E → F , we try to lift it to a morphism
of monads E• → F •. As explained in [17, Lemma II.4.1.3], the ob-
structions against the existence and uniqueness of such a lift are some
classes in

Extq(Ei, F j) = Hq(P, (Ei)dual ⊗ F j)

with i > j and q ≤ 2. If E• and F • are k-instanton monads, then

Extq(Ei, F j) = Hq(P,OP(j − i)rank(Ei)·rank(Ej))

vanishes for all i > j and all q ≤ 2.
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iii) For any vector bundle E over P, Beilinson [4] has constructed a
spectral sequence with E1-term

Epq
1 = Hq(P, E(p))⊗ Ω−p

P
(−p)

which converges to E. If E is a k-instanton bundle, then most of these
terms vanish, and the claim follows; for some more details, see for
example [18, Lemma 1.3 and Corollary 1.4]1. �

Remark 2.5. Let S be a scheme of finite type over C.
A vector bundle E over P × S is a family of k-instanton bundles if

its restriction to every closed point s ∈ S(C) is a k-instanton bundle.
A monad E• of vector bundles over P× S is a family of k-instanton

monads if its restriction to every closed point s ∈ S(C) is a k-instanton
monad. (This implies Ed ∼= OP(d)⊠ F d for vector bundles F d over S.)
With these definitions, the above equivalence between instanton bun-

dles and instanton monads extends to families; cf. [22, p. 585f.].

3. Moduli of special instantons

This section recalls the notion of special instantons due to Spindler-
Trautmann [22], and their construction of moduli spaces for these.
Still assuming k ≥ 1, we fix two complex vector spaces V,W ∼= C2.

Let V ⊗r
։ SrV denote the rth symmetric power of V . Then

E0
n,k := (Sn+kV ⊗W )dual ⊗OP and

E1
n,k := (SkV )dual ⊗OP(1)

are vector bundles over P = P2n+1, with ranks 2n+2(k+1) and k+1.
The multiplication µr : S

rV ⊗ SnV → Sn+rV induces a linear map

µ∗
r : (S

n+rV )dual −→ (SrV )dual ⊗ (SnV )dual.

The choice of a linear isomorphism

b : (SnV ⊗W )dual
∼

−→ H0(P,OP(1))

thus determines a morphism of vector bundles

pb : E
0
n,k −→ E1

n,k

such that H0(pb) is the composition

H0(E0
n,k)

µ∗
k−→ (SkV )dual ⊗ (SnV ⊗W )dual

b
−→ H0(E1

n,k).

Note that this composition is injective, since µk is surjective.

1In [18], all instanton bundles are assumed to be symplectic. However, this
assumption is not used in the quoted Lemma 1.3 and Corollary 1.4.
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Definition 3.1. i) A (k + 1)-instanton monad E• ∈ Cpx(P) is
called special if its stupid truncation

τ≥0(E•) := [E0 p
−→ E1]

is in Cpx(P) isomorphic to a complex of the form

[E0
n,k

pb−→ E1
n,k]

for some isomorphism b : (SnV ⊗W )dual → H0(P,OP(1)).
ii) A (k+1)-instanton bundle E over P is special if E is isomorphic

to the cohomology of some special (k + 1)-instanton monad.

Remark 3.2. This definition is equivalent to the original definition given
by Spindler and Trautmann, according to [22, Proposition 4.2].
In particular, all these special instanton bundles are simple, and have

trivial splitting type; cf. also [22, Proposition 4.5].

With k ≥ 1 still fixed, we consider all complexes of the form

[E0
n,k

pb−→ E1
n,k] ∈ Cpx(P)

as above. The next step is to classify them up to isomorphy in Cpx(P).
We have an exact sequence of algebraic groups

1 −→ Gm
ιn−→ GL(V )×GL(W )

πn−→ GL(SnV ⊗W ),

defined by ιn(λ) := (λidV , λ
−nidW ) and πn(α, β) := Snα ⊗ β. In par-

ticular, πn allows us to identify the 7-dimensional group

Gn := GL(V )×GL(W )/ιn(Gm)

with a closed subgroup of GL(SnV ⊗W ).

Proposition 3.3. Let k ≥ 1 be given. The homogeneous variety

Xn := Gn\GL(SnV ⊗W )

is a coarse moduli space for complexes of the form [E0
n,k

pb−→ E1
n,k].

Proof. Given an isomorphism b : (SnV ⊗W )dual → H0(P,OP(1)) and
an element g ∈ GL(SnV ⊗W ), we get another isomorphism

g · b := b ◦ gdual : (SnV ⊗W )dual
∼

−→ H0(P,OP(1)).

This defines a simply transitive action of GL(SnV ⊗W ) on the set of
all such isomorphisms b.
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Every pair (α, β) ∈ GL(V )×GL(W ) yields a commutative diagram

(Sn+kV ⊗W )dual
b◦µ∗

k
//

(Sn+kα−1⊗β−1)dual

��

(SkV )dual ⊗H0(P,OP(1))

(Skα−1)dual

��

(Sn+kV ⊗W )dual
b′◦µ∗

k
// (SkV )dual ⊗H0(P,OP(1))

with b′ := πn(α, β) · b, and hence an isomorphism of complexes

E0
n,k

pb
//

��

E1
n,k

��

E0
n,k

pb′
// E1

n,k.

Conversely, suppose that [E0
n,k

pb−→ E1
n,k] and [E0

n,k

pb′−→ E1
n,k] are

isomorphic in Cpx(P) for some isomorphisms b and b′. Then there is a
pair (α, β) ∈ GL(V )×GL(W ) with b′ = πn(α, β) · b, according to step
2) in the proof of [22, Proposition 6.1].
Pick one isomorphism b0 : (S

nV ⊗W )dual → H0(P,OP(1)). Assign to
each complex pg·b0 : [E

0
n,k → E1

n,k] with g ∈ GL(SnV ⊗W ) the moduli
point Gng in the coset space Xn = Gn\GL(SnV ⊗W ). The coset Gng
depends only on the isomorphism class of the complex. This turns Xn

into a coarse moduli space for the complexes in question. �

The group Gn acts via its quotient PGL(V ) on PV := (V \{0})/Gm.
Thus the homogeneous variety Xn carries a natural conic bundle

C := PV ×Gn GL(SnV ×W ) −→ Xn

with fibers PV . The fiberwise symmetric power

C(2n+k) −→ Xn

is a projective bundle with fibers

(PV )(2n+k) = PH0(PV,O(2n+ k)) = P(S2n+kV )dual.

Note that every element f ∈ (S2n+kV )dual induces a linear map

µ∗
n+k(f) : S

nV −→ (Sn+kV )dual.

We form the associated Grassmannian bundle

Grk(C
(2n+k)) −→ Xn,

which parameterizes linear subspaces PU ⊆ (PV )(2n+k) of dimension k,
or equivalently linear subspaces U ⊆ (S2n+kV )dual of dimension k + 1.
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Theorem 3.4 (Spindler-Trautmann). Given k ≥ 1, let

MP(k + 1) ⊆ Grk(C
(2n+k)) −→ Xn

denote the open locus of all linear subspaces U ⊆ (S2n+kV )dual such
that µ∗

n+k(f) is injective for all 0 6= f ∈ U . Then MP(k+1) is a coarse

moduli space for special (k + 1)-instanton bundles over P = P2n+1.

Proof. This statement is Theorem 6.3 in [22]. For the convenience of
the reader, we give an outline of the proof.
The starting point is that every special (k+1)-instanton bundle de-

fines a special (k+1)-instanton monad, and hence by truncation a point
in Xn. The remaining part of the monad will then be parameterized
by the fiber of MP(k + 1) over this point in Xn.
To be more specific, note that the choice of an isomorphism

b : (SnV ⊗W )dual
∼

−→ H0(P,OP(1))

yields a commutative diagram

(Sn+kV ⊗W ⊗ SnV ⊗W )dual
µ∗
k

//

b
��

(SkV )dual ⊗ S2
(

(SnV ⊗W )dual
)

S2b
��

HomP

(

OP(−1), E0
n,k

) (pb)∗
// HomP

(

OP(−1), E1
n,k

)

.

The kernel of the horizontal map µ∗
k consists of all multilinear forms

ϕ : Sn+kV ⊗W ⊗ SnV ⊗W −→ C

which satisfy the condition

−ϕ(v1, . . . , vn, vn+1, . . . , vn+k, w, v
′
1, . . . , v

′
n, w

′)

=ϕ(v′1, . . . , v
′
n, vn+1, . . . , vn+k, w

′, v1, . . . , vn, w)

for all vi, v
′
j ∈ V and w,w′ ∈ W . Using that ϕ is also symmetric in

v1, . . . , vn+k and in v′1, . . . , v
′
n separately, it is easy to deduce that ϕ is

symmetric in all the v’s and alternating in the w’s. This proves

ker(µ∗
k) = (S2n+kV ⊗ Λ2W )dual.

Hence b induces, via the above diagram, an isomorphism

(S2n+kV ⊗ Λ2W )dual
∼

−→ HomP

(

OP(−1), ker(pb)
)

;

cf. also [22, Proposition 3.2]. Given a special (k + 1)-instanton monad

E• = [0 −→ OP(−1)(k+1) i
−→ E0

n,k

pb−→ E1
n,k −→ 0] ∈ Cpx(P),
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the components OP(−1) → ker(pb) of i thus span a linear subspace of
(S2n+kV ⊕ Λ2W )dual, which corresponds to a linear subspace

U ⊆ (S2n+kV )dual.

Since i is an isomorphism onto a subbundle, U has dimension k + 1,
and µ∗

n+k(f) is injective for all 0 6= f ∈ U ; cf. [22, (3.7)]. In this way,
the special (k + 1)-instanton monad E• defines a point in MP(k + 1).
Conversely, every linear subspace U ⊆ (S2n+kV )dual of dimension

k + 1 yields, by means of the above isomorphism, a linear subspace

(Λ2W )dual ⊗ U ⊆ HomP

(

O(−1), ker(pb)
)

of dimension k + 1, and hence a morphism of vector bundles

iU : OP(−1)(k+1) ∼= (Λ2W )dual ⊗ U ⊗OP(−1) −→ ker(pb).

If µ∗
n+k(f) is injective for all 0 6= f ∈ U , then iU is an isomorphism

onto a subbundle of ker(pb), so

0 −→ OP(−1)(k+1) iU−→ E0
n,k

pb−→ E1
n,k −→ 0

is a special (k + 1)-instanton monad. This shows that MP(k + 1) is a
coarse moduli scheme for special (k + 1)-instanton monads, and hence
also for special (k + 1)-instanton bundles due to Proposition 2.4. �

Remark 3.5. To make this precise using the formalism of moduli func-
tors, one would have to define what a family of special (k+1)-instanton
bundles is, say parameterized by a scheme S of finite type over C.
A family of isomorphisms b : (SnV ⊗ W )dual → H0(P,OP(1)) is

an isomorphism of the corresponding trivial vector bundles over S; it
induces as before a complex of vector bundles

[E0
n,k ⊠OS −→ E1

n,k ⊠OS]

over P × S. One could define that a family E• of (k + 1)-instanton
monads is special if its truncation τ≥0(E•) is étale-locally in S isomor-
phic to a complex of this form, and that a family of (k + 1)-instanton
bundles E is special if the corresponding family of (k + 1)-instanton
monads is. Then the arguments in the above proof of Theorem 3.4
extend routinely to families of special instantons.
Note however that the moduli functor in [22, p. 585] is slightly

different from this one for non-reduced S, since they only require that
the restriction of E to all closed points s ∈ S(C) is special.

Remark 3.6. The moduli space MP(k+1) is non-empty by [22, 3.7]. It
is by construction an irreducible smooth variety of dimension

dimMP(k + 1) = 2n(k + 1) + dimXn = 2n(k + 1) + (2n+ 2)2 − 7.
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4. Rationality

Let G be a linear algebraic group over C. Suppose that G acts on
an integral algebraic variety X of finite type over C. We denote by
C(X)G the field of G-invariant rational functions on X .

Lemma 4.1. Suppose that G acts on the integral variety X ′ over C as

well, and that there is an open orbit Gx′ ⊆ X ′ with x′ ∈ X ′(C). Then

C(X ×X ′)G ∼= C(X)StabG(x′).

Proof. This is a special case of the standard ‘lemma of Seshadri’, or
‘slice lemma’; cf. for example [6, Theorem 3.1]. �

The action of G on X is called almost free if there is a dense open
subvariety X0 ⊆ X such that the stabiliser subgroup StabG(x) ⊆ G is
trivial for each closed point x ∈ X0(C).

Lemma 4.2. Suppose V ∼= C2, and n ≥ 2. The natural action of

PGL(V ) on the Grassmannian Gr2(S
nV ⊕ SnV ) is almost free.

Proof. Suppose that α ∈ GL(V ) represents a nontrivial element in
PGL(V ). Up to multiplication by C∗, and the choice of an appropriate
basis for V , there are three cases:

1.) α =

(

1 0
0 λ

)

, λ ∈ C
∗, λr 6= 1 for all r ∈ {1, . . . , n},

2.) α =

(

1 0
0 ζ

)

, ζ a primitive rth root of unity, 2 ≤ r ≤ n,

3.) α =

(

1 1
0 1

)

.

In each case, let us estimate the dimension of the fixed point set

Gr2(S
nV ⊕ SnV )α.

In case 1.), SnV decomposes into 1-dimensional eigenspaces under
the semisimple endomorphism α, so SnV ⊕ SnV decomposes into 2-
dimensional eigenspaces. Every 2-dimensional α-invariant subspace

U ⊆ SnV ⊕ SnV

is either one of these eigenspaces, or a direct sum of lines in two of
them. The former are parameterized by a finite set, the latter by a
finite union of products P1 × P1. Hence we conclude in this case

dimGr2(S
nV ⊕ SnV )α = 2.

The union of these fixed loci has dimension ≤ 2 + dimPGL(V ) = 5.
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In case 2.), SnV decomposes into r eigenspaces (SnV )χ under the
semisimple endomorphism α. Their dimension is

dim(SnV )χ ≤ ⌈(n+ 1)/r⌉ ≤ ⌈(n + 1)/2⌉ ≤ (n + 2)/2.

So the eigenspace (SnV )2χ of SnV ⊕ SnV has dimension ≤ n + 2, and

the space of 2-dimensional subspaces U ⊆ (SnV )2χ has dimension

dimGr2
(

(SnV )2χ
)

≤ 2n.

If χ1 6= χ2 are two eigenvalues of α on SnV , then

dim(SnV )χ1
+ dim(SnV )χ2

≤ dimSnV = n+ 1.

So the space of direct sums U = U1 ⊕ U2, where Ui is a line in the
eigenspace (SnV )2χi

of α on SnV ⊕ SnV , has dimension

dimP
(

(SnV )2χ1

)

× P
(

(SnV )2χ2

)

≤ 2 dim(SnV )− 2 = 2n.

These two arguments cover all 2-dimensional α-invariant subspaces
U ⊆ SnV ⊕ SnV . Hence we can conclude in this case

dimGr2(S
nV ⊕ SnV )α ≤ 2n.

Such α ∈ GL(V ) yield finitely many 2-dimensional conjugacy classes
in PGL(V ). So the union of these fixed loci has dimension ≤ 2n+ 2.
In case 3.), we can choose a basis x, y ∈ V with

α(x) = x and α(y) = x+ y.

The endomorphism (α− id)r of SnV has kernel

ker(α− id)r = xn−r+1 · Sr−1V

for 1 ≤ r ≤ n+1. In particular, the kernel of (α− id)r on SnV ⊕ SnV
has dimension 2r. Suppose that U ⊆ SnV ⊕SnV is 2-dimensional and
α-invariant. It follows that α− id is a nilpotent endomorphism of U .
If α− id = 0 on U , then U coincides with the kernel C · xn ⊕ C · xn

of α− id on SnV ⊕ SnV ; hence U is unique in this situation.
Otherwise, we have (α− id)2 = 0 on U , and U = C · u⊕C · α(u) for

any element u ∈ U with α(u) 6= u. Here u can be any element in the
4-dimensional kernel of (α− id)2 on SnV ⊕ SnV with α(u) 6= u.
Hence we conclude in this case

dimGr2(S
nV ⊕ SnV )α = 4− 2 = 2.

This α ∈ GL(V ) yields one 2-dimensional conjugacy class in PGL(V ).
So the union of these fixed loci has dimension ≤ 2 + 2 = 4.
The Grassmannian Gr2(S

nV ⊕ SnV ) has dimension 4n. Using the
assumption n ≥ 2, we see that the closure of all these fixed points has
smaller dimension. On the open complement, PGL(V ) acts freely. �
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We say that the field C(X)G of G-invariant rational functions on X
is rational if it is purely transcendental over the base field C.

Example 4.3. The group PGL(V ) with V ∼= C2 acts on the vector space
End(V )2 over C by simultaneous conjugation. The action is known to
be almost free, and the field of invariants

(1) C
(

End(V )2
)PGL(V )

is rational. In fact, sending (α1, α2) ∈ End(V )2 to the traces of the five
maps α1, α2, α

2
1, α1α2, α

2
2 ∈ End(V ) defines an isomorphism

End(V )2//PGL(V )
∼

−→ A
5.

Lemma 4.4 (No-name lemma). Let G act linearly on vector spaces M
and M ′ of finite dimension over C. If G is reductive, and acts almost

freely on M , then C(M ⊕M ′)G is purely transcendental over C(M)G.

Proof. This statement is contained for example in [6, Corollary 3.8]. �

Example 4.5. Let the group PGL(V ) with V ∼= C2 act linearly on a
finite-dimensional vector space M ′ over C. Then the field of invariants

C
(

End(V )2 ⊕M ′
)PGL(V )

is purely transcendental over the field (1), and hence rational.

We keep the notation of the previous section, so V,W ∼= C2, and

Gn = GL(V )×GL(W )/ιn(Gm) with ιn(λ) := (λidV , λ
−nidW ).

Proposition 4.6. The coarse moduli space Xn = Gn\GL(SnV ⊗W )
constructed in Proposition 3.3 is rational.

Proof. The function field of Xn is by construction

C(Xn) ∼= C
(

(SnV ⊗W )2n+2
)Gn

.

We start with the special case n = 1. The action of G1 on V ⊗W has
an open orbit, whose points correspond to linear maps ψ : W dual → V
that are bijective. Thus Lemma 4.1 yields

C(X1) ∼= C
(

(V ⊗W )4
)G1 ∼= C

(

(V ⊗W )3
)StabG1

(ψ)
.

The canonical projection G1 ։ PGL(V ) restricts to an isomorphism

StabG1
(ψ)

∼
−→ PGL(V ).

Since the linear isomorphism

V ⊗W
(ψ−1)dual

−−−−−→ V ⊗ V dual = End(V )
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intertwines the action of StabG1
(ψ) with that of PGL(V ), we conclude

C(X1) ∼= C
(

End(V )3
)PGL(V )

.

Using Example 4.5, it follows that X1 is rational.
For the rest of the proof, we assume n ≥ 2. The group GL(V ) acts

on the 2-dimensional vector space

V (n) :=

{

C2 ⊗ det
n
2 V for n even,

V ⊗ det
n−1

2 V for n odd,

in such a way that the center Gm ⊆ GL(V ) acts with weight n. Thus
the action of GL(V )×GL(W ) on the 4-dimensional vector space

V (n)⊗W

descends to an action of Gn. This action again has an open orbit,
whose points correspond to bijective linear maps ψ :W dual → V (n).
Viewing elements of (SnV ⊗W )2 as linear maps from W dual to the

direct sum SnV ⊕ SnV , the open locus of injective linear maps is a
GL(W )-torsor over the Grassmannian Gr2(S

nV ⊕SnV ). Thus Gn acts
almost freely on (SnV ⊗W )2, due to Lemma 4.2.
It follows that the field C(Xn) is purely transcendental over the field

C
(

(SnV ⊗W )2 ⊕ End(V )2 ⊕ (V (n)⊗W )
)Gn

,

since both are purely transcendental over C((SnV ⊗W )2)Gn according
to Lemma 4.4, the former of transcendence degree 2n(2n + 2) ≥ 24,
and the latter of transcendence degree 12.
Thus Lemma 4.1 yields that C(Xn) is purely transcendental over

C
(

(SnV ⊗W )2 ⊕ End(V )2
)StabGn (ψ).

But this field is rational according to Example 4.5, since the stabiliser
of ψ in Gn projects again isomorphically onto PGL(V ). �

Remark 4.7. The conic bundle C → Xn with fibers PV is not Zariski-
locally trivial; cf. [22, Proposition 8.5]. It follows that the Gn-torsor
GL(SnV ⊗W ) → Xn is not Zariski-locally trivial either. The obstruc-
tion against both is a Brauer class, which can be described as follows:
The proof of Proposition 4.6 shows that C(Xn) is actually purely

transcendental over C(End(V )2)PGL(V ). Over the latter, one has the
so-called generic quaternion algebra; cf. [20, Chapter 14]. Its image in
the Brauer group of C(Xn) is the obstruction class in question.
An equivalent way to state this is to say that the stack quotient

of GL(SnV ⊗W ) modulo GL(V ) × GL(W ) is birational to an affine
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space times the stack quotient of End(V )2 modulo GL(V ). This can
be proved along the same lines as Proposition 4.6 above.

Remark 4.8. The variety Xn, its rationality, and the local nontriviality
of bundles over it in Remark 4.7, did not depend on k. But the existence
of Poincaré families over P×Xn does depend on k, as follows.
Fix k ≥ 1. The closed points x ∈ Xn(C) correspond to certain

isomorphism classes of complexes

E• = [E0 −→ E1] ∈ Cpx(P)

with E0 ∼= O
2n+2(k+1)
P

and E1 ∼= OP(1)
k+1. A complex of vector bundles

E• = [E0 −→ E1] ∈ Cpx(P×Xn)

is a Poincaré family if for every closed point x ∈ Xn(C), the corre-
sponding isomorphism class contains the restriction of E• to P× {x}.
There is a universal family buniv of isomorphisms b, parameterized by

GL(SnV ⊗W ); cf. Remark 3.5. It induces a complex of vector bundles

[E0
n,k ⊠OGL(SnV⊗W )

p
buniv−−−→ E1

n,k ⊠OGL(SnV⊗W )]

over P×GL(SnV ⊗W ). On this complex, GL(V )×GL(W ) acts; the
image of Gm under ιn acts with weight −k.
If k is even, we can tensor the complex with the 1-dimensional rep-

resentation detk/2(V ) of GL(V )×GL(W ). After that, the image of Gm

under ιn acts trivially, so the action of GL(V )×GL(W ) descends to an
action of Gn. Then the complex descends to a complex E• over P×Xn,
which is indeed a Poincaré family in the above sense.
If k is odd, then one can show that no Poincaré family E• over P×Xn

exists; cf. [22, Proposition 8.5].
One way to view this is to note that the moduli stack parameterizing

the complexes in question does depend on k. It is in fact the stack quo-
tient Xn,k of GL(SnV ⊗W ) modulo the group GL(V )×GL(W )/ιn(µk),
which can be proved along the same lines as Proposition 3.3.
The stack Xn,k is birational to an affine space times the stack quotient

of End(V )2 modulo GL(V )/µk; cf. the previous remark. Thus the
obstruction against Poincaré families is k times the Brauer class over
C(Xn) coming from the generic quaternion algebra. So we see again
that the obstruction vanishes if and only if k is even.

Theorem 4.9. For n ≥ 1 and k ≥ 1, the coarse moduli spaceMP(k+1)
of special (k + 1)-instanton bundles over P = P2n+1 is rational.

Proof. Recall thatMP(k+1) is constructed as an open subvariety in the
Grassmannian bundle Grk(C

(2n+k)) over Xn. We have just seen that
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Xn is rational. Using [10, Proposition 2.2], it follows that Grk(C
(2n+k))

is also rational, since k and 2n+ k have the same parity. �

Remark 4.10. In the special case n = 1, which means P = P
3, the

rationality of MP(k + 1) has already been proved by Hirschowitz and
Narasimhan [10, Théorème 4.10]. They also prove the rationality of X1

[10, Théorème 3.4.II]; their proof is different from the one given here.

Remark 4.11. What [10, Proposition 2.2] proves is that the Grassman-
nian bundle Grk(C

(2n+k)) → Xn has rational generic fiber. This does
not necessarily mean that it is Zariski-locally trivial. One can show
that it is Zariski-locally trivial if and only if k is even; cf. Remark 4.8.

Remark 4.12. [22, Theorem 8.2] states that there is a Poincaré family
of special instanton bundles E over P ×MP(k + 1) if and only if k is
even. In fact the obstruction class is the pullback of the obstruction
class on Xn explained in Remark 4.8.
An equivalent way to state this is to say that the moduli stack

MP(k + 1) of special instanton bundles is birational to an affine space
times the stack Xn,k in Remark 4.8. Observing that MP(k+1) is open
in a Grassmannian bundle over Xn,k, this can also be proved using
Lemma 5.5 and Lemma 4.10 in [11].
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