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k-fold exterior powers of V

Let K be a field with charK 6= 2.

Let V a vector space over K , dimK V = m <∞.

V⊗k := V ⊗K · · · ⊗K V︸ ︷︷ ︸
ktimes

for k > 0,

V⊗0 := K ,

V⊗k := 0 for k < 0.

For k ≥ 0 we define the k-fold exterior power of V , denoted ΛkV , to be

the quotient space of V⊗k by the subspace generated by all v1 ⊗ · · · ⊗ vk

with two of the vectors equal, the projection being

p : V⊗k → ΛkV , p(v1 ⊗ · · · ⊗ vk) = v1 ∧ · · · ∧ vk .
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k-fold exterior powers of V

If {v1, . . . , vm} is a basis for V , then a basis for ΛkV is given by the set of

k-fold wedge products {vi1 ∧ · · · ∧ vik : 1 ≤ i1 < · · · < ik ≤ m} and there

are
(m

k

)
such expressions.

ΛkV has dimension
(m

k

)
.
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k-fold exterior powers of ϕ

Definition (Bourbaki)

Let ϕ : V × V → K be a bilinear form and let k be a positive integer not

greater than m. We define the k-fold exterior power of ϕ,

Λkϕ : ΛkV × ΛkV → K

by

Λkϕ(x1 ∧ · · · ∧ xk , y1 ∧ · · · ∧ yk) = det
(
ϕ(xi , yj)

)
1≤i ,j≤k

.

We define Λ0ϕ := 〈1〉, the identity form of dimension 1. For k > m, we

define Λkϕ to be the zero form, since ΛkV = 0 for all k > m.

Remark

Λkϕ is a bilinear form and is symmetric if ϕ symmetric.
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Useful facts

Let ϕ be a symmetric bilinear form over K with ϕ ' 〈a1, . . . , am〉. Then

Λkϕ ' ⊥
1≤i1<···<ik≤m

〈ai1 · · · aik 〉.

In particular,

Λk(m × 〈1〉) '
(

m

k

)
× 〈1〉 and Λk(m × 〈−1〉) =

(
m

k

)
× 〈(−1)k〉.

Let ϕ and ψ be symmetric bilinear forms over K . Then

Λk(ϕ ⊥ ψ) '⊥
i+j=k

Λiϕ⊗ Λjψ .
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Examples of exterior powers of forms

Suppose ϕ = 〈a, b, c , d〉. Then

Λ2ϕ = 〈ab, ac, ad , bc, bd , cd〉

Λ3ϕ = 〈abc, abd , acd , bcd〉 .

So if ϕ = 2×H = 2× 〈1,−1〉 then

Λ2ϕ = 〈−1, 1,−1,−1, 1,−1〉 ' 〈−1,−1〉 ⊥ 2×H

Λ3ϕ = 〈−1, 1,−1, 1〉 = 2×H .
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k-fold symmetric powers of V

We define the k-fold symmetric power of V , denoted Sk(V ), to be the

quotient space of V⊗k by the subspace generated by

v1 ⊗ · · · ⊗ vk − vσ(1) ⊗ · · · ⊗ vσ(k)

for all vi ∈ V and all permutations σ : {1, · · · ,m} → {1, · · · ,m}.
If {v1, . . . , vm} is a basis for V , then a basis for SkV is

{vki1
i1
· · · vki`

i`
: 1 ≤ i1 < · · · < i` ≤ m, ki1 + · · ·+ ki` = k}

Sk(V ) has dimension
(m+k−1

k

)
.
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k-fold symmetric powers of ϕ

Definition

Let V be an m-dimensional vector space over K . Let ϕ = 〈a1, · · · , am〉 be

the diagonalisation of a symmetric bilinear form on V and let k be a

positive integer. We define the k-fold symmetric power of ϕ,

Skϕ : SkV × SkV → K

by

Skϕ = ⊥
1≤i1<···<i`≤m
ki1

+···+ki`
=k

〈aki1
i1
· · · aki`

i`
〉 .

We define S0ϕ := 〈1〉. Clearly, S1ϕ = ϕ.
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Useful facts

Theorem 1 (McGarraghy, 2002)

Let ϕ be an m-dimensional symmetric bilinear form over K. Then

Skϕ '

dk/2e

⊥
i=0

(
m + i − 1

i

)
× Λk−2iϕ.

Sk(ϕ ⊥ ψ) '⊥
i+j=k

S iϕ⊗ S jψ

Remark

Λkϕ is always a subform of Skϕ.
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Examples of symmetric powers of forms

Suppose ϕ =< a, b, c , d〉. Then

S2ϕ = 〈a2, b2, c2, d2〉 ⊥ 〈ab, ac , ad , bc, bd , cd〉

= 〈a2, b2, c2, d2〉 ⊥ Λ2ϕ.

So if ϕ = 2×H = 2× 〈1,−1〉 ' 〈1, 1,−1,−1〉 then

S3ϕ ' 10×H = 8×H ⊥ Λ3ϕ.
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Hyperbolic forms: results

Proposition 1

Let φ ' h ×H where h ∈ N and k odd with 1 ≤ k ≤ 2h − 1. Then

Λkφ ' 1

2

(
2h

k

)
×H.

Proposition 2

Let φ ' h ×H where h ∈ N, k = 2` and 0 ≤ ` ≤ h. Then

Λkφ = Λ2`φ '
(

h

`

)
× 〈(−1)`〉 ⊥ 1

2

((
2h

2`

)
−
(

h

`

))
×H.

Remark

McGarraghy (2001) proved Proposition 2 for ordered fields.
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Hyperbolic forms: results

Let φ ' h ×H.

When K is an ordered field then

Λkφ hyperbolic ⇐⇒ k odd. (McGarraghy, 2001)

Proposition 2 shows that this is not true for fields in general.

e.g. If K contains
√
−1 and φ ' 4×H, we have

Λ2φ '
(

4

1

)
× 〈−1〉 ⊥ 1

2

((
8

2

)
−
(

4

1

))
×H

' 14×H.
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Hyperbolic forms: results

Proposition 3

Let k be any positive odd integer, h ∈ N. Then

Sk(h ×H) =
1

2

(
2h + k − 1

k

)
×H.

Remark

In the proof we use a Vandermonde-like identity, namely,

k∑
i=0

(
h + i − 1

i

)(
h + k − i − 1

k − i

)
=

(
2h + k − 1

k

)
for h and k arbitrary natural numbers (Gould, 1956).
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Hyperbolic forms: results

Proposition 4

Let k be any non-negative even integer, k = 2`,h ∈ N. Then

Sk(h×H) '
(

h + `− 1

`

)
×〈1〉 ⊥ 1

2

((
2h + 2`− 1

2`

)
−
(

h + `− 1

`

))
×H.

Remark

The identity

∑̀
i=0

(
2h + i − 1

i

)(
h

`− i

)
(−1)`−i =

(
h + `− 1

`

)
.

is used in the proof.
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Hyperbolic forms: results

Proposition 4

Let k be any non-negative even integer, k = 2`,h ∈ N. Then
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Hyperbolic forms: summary

ϕ ' h ×H

k Λkϕ Skϕ

odd Hyp Hyp

even

(
h
k
2

)
× 〈(−1)

k
2 〉 ⊥ Hyp

(
h + k

2 − 1
k
2

)
× 〈1〉 ⊥ Hyp
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Symbol algebras

Let A be a central simple algebra of degree n over K .

We write TA : A→ K for the quadratic trace form

TA(z) = TrdA(z2) for z ∈ A,

where TrdA is the reduced trace of A.
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Symbol algebras

Suppose K contains a primitive n-th root of unity ω, n ∈ N arbitrary. Let

a,b ∈ K× and let S be the symbol algebra over K generated by elements

x and y with

xn = a, yn = b and yx = ωxy .

We denote S as (a, b; n,K , ω).

Proposition 5

We have

(i) TS ' 〈n〉 ⊥ Hyp n odd

(ii) TS ' 〈n〉〈1, a, b, (−1)n/2ab〉 ⊥ Hyp n even.
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Exterior powers of TS

TS ' 〈n〉 ⊥ Hyp, for n odd

Proposition 6

Let n be odd and k an integer such that 0 ≤ k < n2. Then

ΛkTS '


(n2−1

2
k−1

2

)
× 〈(−1)

k−1
2 〉 ⊥ Hyp, if k is odd;(n2−1

2
k
2

)
× 〈(−1)

k
2 〉 ⊥ Hyp, if k is even.
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Exterior powers of TS

Let n be even. We write TS ' qS ⊥ Hyp where

qS ' 〈n〉〈1, a, b, (−1)
n
2 ab〉 .

Proposition 7

Let n be even. Then, for 0 ≤ k < n2,

(a) If k is odd,

ΛkTS '
(n2−2

2
k−1

2

)
× 〈(−1)

n(k−1)
4 〉qS ⊥ Hyp.

(b) If k is even,

· · ·
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Exterior powers of TS

Proposition 7

(b) If k is even,

ΛkTS '



(n2

2
k
2

)
× 〈1〉 ⊥ Hyp, if n ≡ 0 (mod 4);

(
1− 2k

n2

)(n2

2
k
2

)
× 〈(−1)

k
2 〉 ⊥ Hyp,

if k ≤ n2

2 and n ≡ 2 (mod 4);(
2k
n2 − 1

)(n2

2
k
2

)
× 〈(−1)

k+2
2 〉 ⊥ Hyp,

if k > n2

2 and n ≡ 2 (mod 4).
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Exterior powers of TA, A csaK of degree 4

Let K be a field containing a primitive 4th root of unity.

Let A be a central simple algebra of degree 4 over K .

Proposition 8 (Rost, Serre, Tignol, 2006)

In W (K ), for j = 1, . . . , 15, we have:

ΛjTA =

0 for j even,

TA for j odd.

Corollaire 2, ”La forme trace d’une algèbre simple centrale de degré 4”,

C. R. Acad. Sci. Paris, Ser. I 342 (2006) 83-87.
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Exterior powers of TS

Corollary 9 (to Prop. 7)

Suppose n = 2rps1
1 . . . ps`

` where r ≥ 2 and the pi are odd primes, si ≥ 0.

If k = 2upv1
1 . . . pv`

` , 1 ≤ u ≤ 2r − 1 and 0 ≤ vi ≤ 2si , then ΛkTS is

hyperbolic.

Corollary 10 (to Prop. 7)

Suppose n = 2ps1
1 . . . ps`

` where the pi are odd primes, si ≥ 0 If

k = 2pv1
1 . . . pv`

` , 0 ≤ vi ≤ 2si , then ΛkTS is hyperbolic.
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Symmetric powers of TS

Proposition 11

Let n be odd and k ≥ 0. Then

SkTS =


(n2+k−2

2
k−1

2

)
× 〈1〉 ⊥ Hyp, if k is odd;(n2+k−1

2
k
2

)
× 〈1〉 ⊥ Hyp, if k is even.

We use the identity

∑̀
i=0

(
2h + i

i

)(
h

`− i

)
(−1)`−i =

(
h + `

h

)
.
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Symmetric powers of TS

Proposition 11
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Symmetric powers of TS

Remark

For odd degree n, power k, the kth symmetric power of TS has dimension(
n2 + k − 1

k

)
.

When k is even, the corresponding number of copies of 〈1〉 is(n2+k−1
2
k
2

)
.
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Symmetric powers of TS

Proposition 12

Let n be even, k odd.

We write TS ' qS ⊥ Hyp where qS ' 〈n〉〈1, a, b, (−1)
n
2 ab〉.

Sk =

(n2+k−1
2

k−1
2

)
× qS ⊥ Hyp .

(TO BE CHECKED)
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