MARKOVIANITY AND THE THOMPSON GROUP F
CLAUS KOSTLER AND ARUNDHATHI KRISHNAN

ABSTRACT. We show that representations of the Thompson group F' in the automor-
phisms of a noncommutative probability space yield a large class of bilateral stationary
noncommutative Markov processes. As a partial converse, bilateral stationary Markov
processes in tensor dilation form yield representations of F. As an application, and
building on a result of Kiimmerer, we canonically associate a representation of F' to
a bilateral stationary Markov process in classical probability.

1. INTRODUCTION

The Thompson group F' was introduced by Richard Thompson in the 1960s and many
of its unusual, interesting properties [CEFP96, [CF11] have been deeply studied over the
past decades, in particular due the still open conjecture of its nonamenability. Recently
Vaughan Jones provided a new approach to the construction of (unitary) representations
of the Thompson group F' which is motivated by the link between subfactor theory and
conformal field theory (see [JolT, [Jol18al [Jo18b, BJ19al BJ19bl [AJ21]). Independently,
another approach to the representation theory of the Thompson group F' is motivated
by recent progress in the study of distributional invariance principles and symmetries in
noncommutative probability (see [K610, [EGKIT] and [KKW20, Introduction]). More
precisely, a close relation between certain representations of the Thompson monoid F™*
and unilateral noncommutative stationary Markov processes is established in [KKW20)].
The goal of the present paper is to demonstrate that this connection appropriately ex-
tends to one between representations of the Thompson group F' and bilateral stationary
noncommutative Markov processes (in the sense of Kiimmerer [Kii85]). Throughout we
will mainly focus on a conceptual framework that is relevant in the operator algebraic
reformulation of stationary Markov processes in classical probability theory.

One of our main results is Theorem [3.2.3 which is about the construction of a local
Markov filtration and a bilateral stationary Markov process from a given representation
of the Thompson group F'. Going beyond the framework of Markovianity, this construc-
tion is further deepened in Theorem and Corollary [3.2.8] to obtain rich triangular
arrays of commuting squares. A main result in the converse direction is Theorem
where we provide a canonical construction of a representation of the Thompson group
F from a given bilateral stationary noncommutative Markov process in tensor dilation
form. Finally, we apply this canonical construction to bilateral stationary Markov pro-
cesses in classical probability. We establish in Theorem that, for a given Markov
transition operator, there exists a representation of the Thompson group F' such that
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this Markov transition operator is the compression of a represented generator of the
Thompson group F'.

We keep the presentation of our results on the connection between representations
of the Thompson group F' and Markovianity as close as possible to our treatment for
the Thompson monoid F* in [KKW20]. Here we focus on the dynamical systems ap-
proach for noncommutative stationary processes and deliberately omit reformulations
in terms of noncommutative random variables. In parts this is attributed to the fact
that usually the noncommutative probability space generated by a bilateral stationary
Markov sequence of noncommutative random variables turns out to be ‘too small’ to
accommodate a representation of the Thompson group F. This is in contrast to the
situation in [KKW20] where unilateral stationary Markov sequences generate a non-
commutative probability space which is large enough to support a representation of the
Thompson monoid F*. Some of these conceptual differences are further discussed and
illustrated in the closing Subsection 4.4} Therein we constrain ourselves to the basics
of the construction of representations of the Thompson group F' from a given Markov
transition operator and postpone a more-in-depth structural discussion to the future.

Let us outline the content of this paper. Section [ starts with providing definitions,
notation and some background results on the Thompson group F' (see Subsection .
The basics of noncommutative probability spaces and Markov maps are given in Subsec-
tion [2.2 We review in Subsection the notion of commuting squares from subfactor
theory, as it underlies the present concept of Markovianity in noncommutative proba-
bility. Furthermore we provide the notion of a local Markov filtration which allows us to
define Markovianity on the level of von Neumann subalgebras without any reference to
noncommutative random variables. Finally we review some results on noncommutative
stationary processes in Subsection [2.4, Here we will meet bilateral noncommutative
stationary Markov processes and Markov dilations in the sense of Kiimmerer [Ki85] as
well as bilateral noncommutative stationary Bernoulli shifts.

We investigate in Section [3| how representations of the Thompson group F' in the
automorphisms of noncommutative probability spaces yield bilateral noncommutative
stationary Markov processes. Subsection [3.1] introduces the generating property of
representations of F' in Definition [3.1.1} This property ensures that the fixed point
algebras of the represented generators of F' form a tower which generates the noncom-
mutative probability space, see Proposition [3.1.5] This tower of fixed point algebras
equips the noncommutative probability space with a filtration which, using actions of
the represented generators, can be further upgraded to become a local Markov filtra-
tion. Subsection [3.2] considers certain noncommutative stationary processes which are
adapted to this local Markov filtration.

The closing Section [4] shows that representations of F' can be obtained from an im-
portant class of bilateral stationary noncommutative Markov processes. To be more
precise, in Subsection [4.1| we provide elementary constructions of the Thompson group
F' in the automorphisms of a tensor product von Neumann algebra. This extends the
representation of the Thompson monoid F* obtained in [KKW20] and also provides
examples of bilateral noncommutative Markov and Bernoulli shifts. We show in Sub-
section that Markov processes in tensor dilation form give rise to representations
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of F. Finally, in Subsection we use a result of Kiimmerer to show that, given a
bilateral stationary Markov process in the classical case, we can obtain representations
of F' such that the associated transition operator is the compression of a represented
generator of F'. We provide more details to further motivate the construction of these
representations in Subsection [4.4] also pointing out differences between the unilateral
and bilateral cases in the process.

2. PRELIMINARIES

2.1. The Thompson group F. The Thompson group F', originally introduced by
Richard Thompson in 1965 as a certain group of piece-wise linear homeomorphisms on
the interval [0, 1], is known to have the infinite presentation

F=(90,91,92, - | grge = gex19x for 0 <k < £ < o0).

We note that we work throughout with generators g which correspond to the inverses of
the generators usually used in the literature (e.g. [Be04]). Let e € F' denote the neutral
element. As it is well-known, F is finitely generated with F' = (g, ¢1). Furthermore,
as shown for example in [Be04, Theorem 1.3.7], an element e # g € F' has the unique
normal form

b() —bk ap .

9=90 "0 " Gp"gp° (2.1.1)
where aqg, ..., a,bo,...,b, € Ng, k>0 and

(i) exactly one of a; and by is non-zero,
(ii) if a; # 0 and b; # 0, then a1 # 0 or b1 # 0.

As the defining relations of this presentation of F' involve no inverse generators, one
can associate to it the monoid

Fr= (90791,92> e | 9r9e = Ges1gi for 0 <k <l < °°)+, (2-1-2)

referred to as the Thompson monoid F*. We remark that, alternatively, the generators
of this monoid can be obtained as morphisms (in the inductive limit) of the category
of finite binary forests, see for example [Be04, [Jo18a].

Definition 2.1.1. Let m,n € Ny with m <n be fixed. The (m,n)-partial shift sh,,, is
the group homomorphism on F' defined by

gm ifk=0
hmn = .
Shon.n (k) {gn+k if £>1.

We remark that the map sh,, ,, preserves all defining relations of F' and is thus well-
defined as a group homomorphism.

Lemma 2.1.2. The group homomorphisms sh,, , on F' are injective for all m,n € Nj.

Proof. 1t suffices to show that sh,,,(g) = e implies g = e. Let g € F have the (unique)
normal form as stated in (2.1.1). Thus, by the definition of the partial shifts,

- -b a a
Shinn(g) = G0 gk gk g
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ag ao _ bi

Thus sh,, ,(g) = e if and only if g% - gnt = gn+k---gf§$. Since the elements on both sides
of the last equation are in normal form, its uniqueness implies a; = b; for all ¢. But this
entails ¢ = e. 0

2.2. Noncommutative probability spaces and Markov maps. Throughout, a
noncommutative probability space (M, 1)) consists of a von Neumann algebra M and
a faithful normal state v on M. The identity of M will be denoted by 1,4, or sim-
ply by 1 when the context is clear. Throughout, V;;; M; denotes the von Neumann
algebra generated by the family of von Neumann algebras {M;},; ¢ M for I c Z.
If M is abelian and acts on a separable Hilbert space, then (M) is isomorphic to
(L=(2,%, 1), [y du) for some standard probability space (2, %, ).

Definition 2.2.1. An endomorphism « of a noncommutative probability space (M, )
is a *- homomorphism on M satisfying the following additional properties:

(i) ¥ o av =1 (stationarity);

(ii) a and the modular automorphism group o commute for all £ € R (modularity).
The set of endomorphisms of (M,) is denoted by End(M,+). We note that an

endomorphism of (M, 1)) is automatically injective. In this paper, we will chiefly work
with the automorphisms of (M, ) denoted by Aut(M,)).

Note that o € End(M, 1) automatically satisfies
a(ly) =1pm (unitality).
Indeed, the *~homomorphism property and stationarity of « entails

Y((a(lam) - 1a) " (a(lm) - 1m)) =0.
Now the faithfulness of ¥ ensures a (1) — 1 = 0.

Definition 2.2.2. Let (M, %) and (N, ) be two noncommutative probability spaces.
A linear map T: M — N is called a (¢, p)-Markov map if the following conditions are
satisfied:
(i) T is completely positive;
(ii) T is unital;
(iii) o T =1;
(iv) Tool =of o T, for all t € R.

Here 0% and 0% denote the modular automorphism groups of (M, ) and (N, ),
respectively. If (M) = (N, ), we say that T is a - Markov map on M. Conditions
to imply that a Markov map is automatically normal. The condition is
equivalent to the condition that a unique Markov map T%: (N, ¢) - (M, 1)) exists such
that

V(T (y)z) =p(yT(z)) (reMyeN),
The Markov map T™* is called the adjoint of T and T is called self-adjoint if T = T*.
We note that condition (iv)) is automatically satisfied whenever ¢ and ¢ are tracial, in
particular for abelian von Neumann algebras M and . Furthermore, we note that any
T € End(M, ¢) is automatically a ¢»-Markov map and, in particular, any 7' € Aut(M, 1))
is a 1)-Markov map with adjoint T = T1.
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We recall for the convenience of the reader the definition of conditional expectations
in the present framework of noncommutative probability spaces.

Definition 2.2.3. Let (M, 1) be a noncommutative probability space, and N be a von
Neumann subalgebra of M. A linear map E : M — N is called a conditional expectation
if it satisfies the following conditions:
(i) E(x) =2 for all z e N;
(ii) |E(z)| < |z| for all x e M;
(iii) Yo E = 1.

Such a conditional expectation exists if and only if A is globally invariant under
the modular automorphism group of (M, ) (see [Ta72], [Ta79] and [Ta03]). The von
Neumann subalgebra N is called 1)-conditioned if this condition is satisfied. Note that
such a conditional expectation is automatically normal and uniquely determined by

¥. In particular, a conditional expectation is a Markov map and satisfies the module
property E(axb) = aE(x)b for a,be N and z € M.

2.3. Noncommutative independence and Markovianity. We recall some equiva-
lent properties as they serve to define commuting squares in subfactor theory (see for
example [GHJI89, [JS97, [Po89]) and as they are familiar from conditional independence
in classical probability.

Proposition 2.3.1. Let My, M1, My be 1p-conditioned von Neumann subalgebras of the
probability space (M, 1)) such that Mo c (MynMy). Then the following are equivalent:
(i) Enmy(2y) = Epmy(2)Enm, (y) for all x € My and y € May;

(ZZ) EM1EM2 = E/Vlo;'

(iii) EMI(MQ) = ./Vlo,'

(ZU) EIJ\/IIEJ\/l2 = EM2EM1 and Ml ﬁ./\/lg = Mo.
In particular, it holds that My = M1 n My if one and thus all of these four assertions
are satisfied.

Proof. The case of tracial ¢ is proved in [GHJ89, Prop. 4.2.1.]. The non-tracial case
follows from this, after some minor modifications of the arguments therein. OJ

Definition 2.3.2. The inclusions

MQ c M
U U
My c My

as given in Proposition are said to form a commuting square (of von Neumann
algebras) if one (and thus all) of the equivalent conditions (fi) to are satisfied in
Proposition [2.3.1]

Notation 2.3.3. We write I < J for two subsets I, JcZ if i< j for alliel and j € J.
The cardinality of I is denoted by |I|. For N € Z, we denote by I + N the shifted set
{i+ N |iel}. Finally, Z(Z) denotes the set of all ‘intervals’ of Z, i.e. sets of the form
[m,n] ={m,m+1,...,n}, [myo0):={mym+1,...} or (~oo,m]:={...,m—-1,m} for
—00<m<n<oo.
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We next address the basic notions of Markovianity in noncommutative probability.
Commonly, Markovianity is understood as a property of random variables relative to
a filtration of the underlying probability space. Our investigations from the viewpoint
of distributional invariance principles reveal that the phenomenon of ‘Markovianity’
emerges without reference to any stochastic process already on the level of a family of
von Neumann subalgebras, indexed by the partially ordered set of all ‘intervals’ Z(Z).
As commonly the index set of a filtration is understood to be totally ordered [Vel7],
we refer to such families with partially ordered index sets as ‘local filtrations’.

Definition 2.3.4. A family of ¢)-conditioned von Neumann subalgebras M, = { M} 1ez(z)
of the probability space (M, ) is called a local filtration (of (M,)) if

IcJ = Mj;pcM,j. (Isotony)
The isotony property ensures that one has the inclusions
M 7 C M
U U
M K C M J

for I,J, K € Z(Z) with K c (InJ). Finally, let N, = {N}} ez(z) be another local filtration
of (M,1). Then N, is said to be coarser than M, if N; c M; for all I € Z(Z) and we
denote this by N, < M,. Occasionally we will address N, also as a local subfiltration of

M..

Definition 2.3.5. Let M, = {M/}c7(z) be a local filtration of (M,). M, is said to
be Markovian if the inclusions
./\/l(_oo,n] c M
u u
Mpn) € M)

form a commuting square for each n € Z.

Cast as commuting squares, Markovianity of the local filtration M, has many equiv-
alent formulations, see Proposition In particular, it holds that

EM oy EMppy oy = EMp g for all n € Z. (M)
Here Ej,, denotes the i-preserving normal conditional expectation from M onto M;.

2.4. Noncommutative stationary processes and dilations. We introduce bilat-
eral noncommutative stationary processes, as they underlie the approach to distri-
butional invariance principles in [K610, [GK09]. Furthermore we present dilations of
Markov maps using Kiimmerer’s approach to noncommutative stationary Markov pro-
cesses [KUu85|]. The existence of such dilations is actually equivalent to the factoraliz-
ability of Markov maps (see [ADO6] and [HMII]).

Definition 2.4.1. A bilateral stationary process (M., a, Ag) consists of a probabil-
ity space (M,v), a 1-conditioned subalgebra Ay ¢ M, and an automorphism « €
Aut(M, ). The sequence

(Ln)neZ: (.Ao, ¢0) - (M, ¢), Ly = an|A0 = Oénbo,
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is called the sequence of random variables associated to (M, 1, a, Ay). Here 1)y denotes
the restriction of ¥ from M to Ay and ¢y denotes the inclusion map of Ay in M.
The stationary process (M, v, ar, Ag) is called minimal if

\/ Oéi(.Ao) = M

i€Z
Definition 2.4.2. The (not necessarily minimal) stationary process (M,w,a,Ao) is
called a (bilateral noncommutative) stationary Markov process if its canonical local
filtration

{Ar=V a'(Ao) L)
i€l

is Markovian. If this process is minimal, then the endomorphism « is also called a
Markov shift with generator Ay. Furthermore, the associated p-Markov map 7" = 1§
on Ay is called the transition operator of the stationary Markov process. Here ¢y denotes
the inclusion map of Ay in M, and g is the restriction of ¥ to A,.

The next lemma gives a simplified condition to check that a bilateral stationary
process is a Markov process.

Lemma 2.4.3. Let (M,w,a,flo) be a bilateral stationary process with canonical local
filtration {As = Vier ' (Ao) } rez(z)- Suppose
P _00,01P0,00) = Pl0,0],

where P; denotes the -preserving normal conditional expectation from M onto Aj.
Then {Ar}rezzy is a local Markov filtration and (M,w,a,AO) is a bilateral stationary
Markov process.

Proof. For all k € Z and I € Z(Z), we have o*P; = Pp,a* (see [Kii85, Remark 2.1.4]).
Hence, for each n € Z,
P(foo,O]P[O,oo) = P[O,O] — OznP(,oo’O]P[O’DO)OJ_n = CJénP[070](l{_n
— P(—oo,n]P[n,oo) = P[n,n]a

which is the required Markovianity for the local filtration {A;}rez(z)- O

Definition 2.4.4. [Kii85 Definition 2.1.1] Let (A,¢) be a probability space. A ¢-
Markov map 7" on A is said to admit a (bilateral state-preserving) dilation if there exists
a probability space (M, 1)), an automorphism a € Aut(M, 1)) and a (p,1)-Markov map
o+ A= M such that, for all n € Ny,

T" = 150" L.

Such a dilation of T is denoted by the quadruple (M, v, a, 1p) and is said to be minimal
if M = Vyezamo(A). (M1, a,u) is called a dilation of first order if the equality

T = 150 alone holds.

Actually it follows from the case n = 0 that the (p,)-Markov map ¢g is a random
variable from (A, ¢) to (M, 1) such that ¢ is the ¢-preserving conditional expectation
from M onto ¢o(A).
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Definition 2.4.5. [Ki85, Definition 2.2.4] The dilation (M, 4, a;, 1) of the p-Markov
map 7" on A (as introduced in Definition [2.4.4]) is said to be a (bilateral state-preserving)
Markov dilation if the local filtration {A; := V. anLO(A)}IeI(Z) is Markovian.

Remark 2.4.6. A dilation of a p-Markov map 7" on 4 may not be a Markov dilation.
This is discussed in [KS83|, Section 3] where it is shown that Varilly has constructed
a dilation in [Va81] which is not a Markov dilation. We are grateful to B. Kiimmerer
for bringing this to our attention [Kui21]. Note that this does not contradict the result
that the existence of a dilation and the existence of a Markov dilation are equivalent
(see [HM11, Theorem 4.4] or [KKW20|, Theorem 2.6.8]).

Definition 2.4.7. [Ku85l Definition 4.1.3] Let (A, ) be a probability space and T be
a ¢-Markov map on A. A dilation of first order (M,,a,19) of T is called a tensor
dilation if the conditional expectation tof : M — 1o(A) is of tensor type, that is,
there exists a von Neumann subalgebra C of M with faithful normal state x such that

M =1p(A) ®C and (Lotd)(to(a) ® x) = x(x)a for all a e A,z € C.

Let us next relate the above bilateral notions of dilations and stationary processes. It
is immediate that a dilation (/\/l, U, a, LO) of the ¢-Markov map T on A gives rise to the
stationary process (./\/l, U, a, LO(A)). Furthermore this stationary process is Markovian if
and only if the dilation is a Markov dilation, as evident from the definitions. Conversely,
a stationary Markov process yields a dilation (and thus a Markov dilation) as it was
shown by Kiimmerer, stated below for the convenience of the reader.

Proposition 2.4.8. [Ku85, Proposition 2.2.7] Let (M,v¥,a, Ag) be a bilateral non-
commutative stationary Markov process and T = 5o be the corresponding transition
operator where 1o is the inclusion map of Ay into M. Then (M,¥,a,19) is a dilation
of T'. In other words, the following diagram commutes for all n € Ny:

(A07 ¢0) T_"> (AU7 ¢0)

(M>¢) Oé_n> (M7¢)
Here 1)y denotes the restriction of 1 to Ay.

We close this subsection by providing a noncommutative notion of operator-valued
Bernoulli shifts. The definition of such shifts stems from investigations of Kiimmerer on
the structure of noncommutative Markov processes in [Kii85], and such shifts can also
be seen to emerge from the noncommutative extended de Finetti theorem in [K610].

In the following, M? := {x € M | B(z) = 2} denotes the fixed point algebra of j €
Aut(M, ). Note that M# is automatically a 1-conditioned von Neumann subalgebra.

Definition 2.4.9. The minimal stationary process (M,@b,ﬁ,lﬁ'o) with canonical local
filtration {B; = Vi1 B5(Bo) }rez(z) s called a bilateral noncommutative Bernoulli shift
with generator By if M#? c By and

B[ c M
@] @]
Mﬂ c BJ
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forms a commuting square for any I,J € Z(Z) with I nJ = @.

It is easy to see that a noncommutative Bernoulli shift (M,,,By) is a minimal
stationary Markov process where the corresponding transition operator ¢3¢ is a condi-
tional expectation (onto M#, the fixed point algebra of 3). Here ¢y denotes the inclusion
map of By into M.

3. MARKOVIANITY FROM REPRESENTATIONS OF F

We show that bilateral stationary Markov processes can be obtained from representa-
tions of the Thompson group F' in the automorphisms of a noncommutative probability
space. Most of the results in this section follow closely those of [KKW20, Section 4],
suitably adapted to the bilateral case.

Let us fix some notation, as it will be used throughout this section. We assume that
the probability space (M,v) is equipped with the representation p: F' - Aut(M, ).
For brevity of notion, especially in proofs, the represented generators of F' are also
denoted by

0 = p(gn) € Aut(M, ),
with fixed point algebras given by Mo := { € M | a,,(z) = x}, for 0 < n < oo. Of
course, Mo = Me' . Furthermore the intersections of fixed point algebras

M, = [ M

k>n+1

give the tower of von Neumann subalgebras

MPE) c Myc MycMyc...c My, = \ M, c M.
n>0

From the viewpoint of noncommutative probability theory, this tower provides a filtra-
tion of the noncommutative probability space (M,1). The canonical local filtration
of a stationary process (M, ¥, ag, Ag) will be seen to be a local subfiltration of a local
Markov filtration whenever the 1-conditioned von Neumann subalgebra Ay is well-
localized, to be more precise: contained in the intersection of fixed point algebras M.
It is worthwhile to emphasize that, depending on the choice of the generator Ay, the
canonical local filtration of this stationary process may not be Markovian. Subsec-
tion investigates in detail conditions under which the canonical local filtration of a
stationary process (M, 1), ag, Ag) is Markovian.

3.1. Representations with a generating property. An immediate consequence of
the relations between generators of the Thompson group F is the adaptedness of the
endomorphism «aq to the tower of (intersected) fixed point algebras:

ag(M,) € Mg for all n € N,.

To see this, note that if x € M,, and k > n+2, then agag(x) = apag_1(z) = apgz. On the
other hand, if z € M,, and k > n, then axog' () = ag'ag(z) = ag(x). This gives that
agt(M,) € M1 for n > 1. Hence, actually ag(M,,) = M, for all n € Ny. We also
note that ag'(My) c M.
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Thus, generalizing terminology from classical probability, the random variables
to = 1d|py : Mo = Mo c M
L1 = Qolpy : Mo > My c M
Ly = QG| pmy i Mo > My c M

ln = | pmy: Mo = My ¢ M

are adapted to the filtration My c M; c My c ... and qg is the time evolution of the
stationary process (M, ), ag, My). An immediate question is whether a representation
of the Thompson group F’ restricts to the von Neumann subalgebra M.,.

Definition 3.1.1. The representation p: F' - Aut(M, ) is said to have the generating
property if My, = M.

As shown in Proposition below, this generating property entails that each in-
tersected fixed point algebra M, = Nisn1 M equals the single fixed point algebra
Mo+ Thus the generating property tremendously simplifies the form of the tower
My c My c..., and our next result shows that this can always be achieved by restric-
tion.

Proposition 3.1.2. The representation p: F — Aut(M, ) restricts to the generating
representation peen : F' = Aut(Meo, Voo) such that a,(Me) € Mo and Ep, Epgon =
Enan Epq,, for all n € Ny. Here 1o denotes the restriction of the state ¥ to M.
Enen and E g, denote the unique y-preserving normal conditional expectations onto
Mo and M, respectively.

Proof. We show that «;(M,) ¢ M1 for all i,n >0. Let x € M,,. If i >n+1 then
a;(x) = x is immediate from the definition of M,,. If i <n + 1 then, using the relations
for the generators of the Thompson group, «;(x) = a;ags1(z) = agroa;(x) for any k > n,
thus a;(x) € M,,1. Consequently «; maps U,so M, into itself for any i € Ny. It is also
easily verified that o;'(M,,) c M,, for all 7 and n > 0. Now a standard approximation
argument shows that M., is invariant under «; and a; ! for any 7 € Ny. Consequently the
representation p restricts to Mo, and, of course, this restriction pgen has the generating
property.

Since M, is globally invariant under the modular automorphism group of (M, ),
there exists the (unique) t-preserving normal conditional expectation E, from M
onto M. In particular, pgen(gn) = anm.. commutes with the modular automorphism
group of (Mo, %) which ensures pgen(gn) € Aut(Meoo, Vo). Finally that Exq. and
Eren commute is concluded from

EmeomEm. = B,
which implies Epyjan Eaq, = Faq, Eagen by routine arguments, and an application of the
mean ergodic theorem (see for example [K610, Theorem 8.3]),
1y
E an = hm — Oéz,
M N—oo N ZZ; n

where the limit is taken in the pointwise strong operator topology. 0
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Lemma 3.1.3. With the notations as above, My = M%+1. n M, for all k € Ny.

Proof. For the sake of brevity of notation, let @), = Earen denote the i-preserving
normal conditional expectation from M onto Men. Let us first make the following
observation: if x € M, then Q,(z) € M, for every n € Ny. Indeed, by Proposition
m, z € Mo, implies a,(z) € Mo and thus - S M o (z) € M, for all M > 1. As
Qn(7) = limproeo 5 22 @i (7) in the strong operator topology, this ensures @, () €
M.
By the definition of M, and M, it is clear that My c M+ n M. In order to
show the reverse inclusion, it suffices to show that Q,Qx|m.. = Qr|m., for 0 <k <n < oco.
We claim that, for 0 < k <n,

QnQilMe = Qilme. = QrQnQilmo. = Qrlme.-

Indeed this equivalence is immediate from

P((QuQr = Qi) (¥ ) (QnQi — Qi) (2)) = (¥ (QuQn — Q1) (QnQr — Qi) ()
= ¢(y*(Qk - QanQk)(m))

for all z,y € Mo. We are left to prove QrQ,Qklm.. = Qrlm., for k < n. For this
purpose we express the conditional expectations )5 and (), as mean ergodic limits in
the pointwise strong operator topology and calculate

1 M N

QrQnQrlm.. = hmooj&{}om :1]:1%04] QMo

1 M N
= lim lim —— J
L v IPIL AL VR

M N
= Jim lim e 375 0 Qklae

1 M
= lim — i = -
i M;Q QrlMe = Qulmea

The last equality is ensured as z € M., implies that Q(z) € M, hence as MPF) c
Mo c...c My = VusoM,, there exists sufficiently large ig such that Q,,,;Qr(x) = Qr(x)
for all ¢ > ig. Thus

lim — Z Qn+sz|Mm =1d Qk|Mm

M—>oo
in the pointwise strong operator topology. 0

Corollary 3.1.4. With notations as introduced at the beginning of the present Section
[3, the following set of inclusions forms a commuting square for every n € Ny:

Mona o M
u U
M, © M
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Proof. Let @), and Ej_ be the v-preserving normal conditional expectations from
M onto Mo and M., respectively for n € No. For n € Ny, by Proposition [3.1.2]
Qni1Em.. = Em.,Qns1 and by Lemma [3.1.3] M,, = M1 n M. By (iv) of Proposition
[2.3.1], we get a commuting square. O

Proposition 3.1.5. If the representation p: F' - Aut(M,v) has the generating prop-
erty then the following equality holds for all n € Ny:

M, = MPgn+1)
In other words, one has the tower of fixed point algebras

MPED) ¢ MP0) ¢ M9 € MPI2) e M= \) MPE).

n>0
Proof. If the representation p is generating, then M., = M. Hence M,, = M+ for all
n € Ny as a consequence of Lemma [3.1.3] O]

The following intertwining property will be crucial for obtaining stationary Markov
processes from representations of the Thompson group F'.

Proposition 3.1.6. Suppose p: F' - Aut(M, ) is a (not necessarily generating) rep-
resentation of F'. Then with oy, = p(g,), the following equality holds:
OZan = Qn+1ak

for all0 <k <n<oo. Here QQ, denotes the V-preserving normal conditional expectation
from M onto the fized point algebra M of the represented generator oy, € Aut(M, ).

Proof. An application of the mean ergodic theorem and the relations between the gen-
erators of the Thompson group F' yield that, for k < n,

1 N-1 A N-1
= 1i — t =i - v = .
axQn = lim ; axa;, = lim ; g = Qi

Here the limits are taken in the pointwise strong operator topology. OJ

3.2. Commuting squares and Markovianity for stationary processes. Given
the representation p: F' - Aut(M,v), with represented generators «,, = p(g,), for
n € Ny, we recall that

M, = () M,

k>n+1

denotes the intersected fixed point algebras. Throughout this section, let Ay be a
y-conditioned von Neumann subalgebra of My. Then (M, 1, ap, Ag) is a (bilateral
noncommutative) stationary process with generating algebra A, (as introduced in Def-
inition . Its canonical local filtration is denoted by A, = { A} 1ez(z), where

'AI = \/Iaf)(‘AO)u
and an ‘interval’ [ € Z(Z) is written as [m,n]:={i€Z|m <i<n} or [m,o0):={i €
Z|m<i}or (—oo,n]:={ieZ|i<n}. Furthermore P; will denote the -preserving
normal conditional expectation from M onto A;. Note that the endomorphism ay
acts compatibly on the local filtration, i.e. ag(A;) = Ay for all I € Z(Z), where
I+1:={i+1]iel}.
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We record a simple, but important, observation obtained from the relations of F' on
stationary processes to which we will frequently appeal.

Proposition 3.2.1. Let (M, 9, a9, Ag) be the (bilateral noncommutative) stationary
process with Ay a - conditioned subalgebra of My. Then it holds that A(_en) © My
for all n e Ny.

Proof. As Ay c My, it holds that a,,(z) = x for any z € Ay and n € N. Thus using the
defining relations of F' we get for 0 <k <n </,

() = abary(z) = ab(x).
On the other hand, for £ <0 and ¢ > 1,

aeag(2) = agari(z) = a5 (2).

Hence

Acon = V ai(A)cMocM,, neN,.

i€(—o0,n]

O

We next observe that the generating property of the representation p can be concluded
from the minimality of a stationary process.

Proposition 3.2.2. Suppose the representation p: F - Aut(M,¢) and Ay c My are
given. If the stationary process (M, 1, ag, Ag) is minimal, then p is generating.

Proof. For the stationary process (M, 1, ag, Ag), recall that A ) = Viez a(Ao)
and minimality implies A(_w ) = M. By Proposition @ A(coom] € My, for all
n € Ng. Thus M = V50 Aceon] € VnzoMn = Ms. We conclude from this that the
representation p has the generating property, i.e. M, = M. O

In the following results, it is not assumed that the stationary process is minimal or
that the representation p is generating unless explicitly mentioned.

Theorem 3.2.3. Suppose p: F' - Aut(M, ) is a representation with o, := p(g,) as
before. Let Ay c My and Afo,e) := Vpen, 0§ (Ao) be von Neumann subalgebras of (M, 1))

such that the inclusions

Mo ¢ M
@] U
-/40 c A[O,oo)

form a commuting square. Then the family of von Neumann subalgebras A, = {AI}kI(Z),
with

'AI = \/0‘6(-'40)7

iel

18 a local Markov filtration and (M, U, oy, AO) is a (bilateral) stationary Markov process.
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Proof. Let (),, and P; denote the v-preserving normal conditional expectations from
M onto M and Aj respectively. Note that the commuting square condition implies
Q1 P0,00) = Pro,0]- From Proposition A(=0,0] € Mo c M. Hence we get

P(—oo,O]P[(),oo) = P(,M’OJQ1P[07DO) (Since A(,oo’o] C Moq)
= P(~00,01F70,01770,00) (by commuting square condition)
= P[O,O] (as -A[O,O] c A(,oo’o] and -A[O,O] c A[O,oo))-
Thus, by Lemma {Ar}rez(z) s a local Markov filtration and (M, v, ap, Ap) is a
bilateral stationary Markov process. O

Corollary 3.2.4. Suppose p: F' - Aut(M, 1)) is a representation with ag = p(go). Then
the quadruple (M,w,ao,/\/lo) 1 a bilateral stationary Markov process.

Proof. We know from Corollary that the following is a commuting square:

M ¢ M
@] (G
MO c Moo

Let {M;}rez(z) denote the local filtration given by My = V;raf (M) and Pr be the
corresponding conditional expectations. As M(_w ] € M, for all n € Ny, it is easily
verified that M(_e 00) © Moo. Let By := Fg ] be the tp-preserving conditional expecta-
tion from M onto My. Then from the commuting square above, we have Fj_ Q1 = Py,
where FE s is of course the conditional expectation onto M,,. This in turn gives
Pleo0,00)Q1 = Pl—o0,00) EMoc @1 = Pl—c0,00)F0 = P. Hence we get that M, is a von Neu-
mann subalgebra of M such that

M> c M
u u
M, «c M[o,oo)
forms a commuting square. By Theorem m (/\/l, Y, ao,./\/lo) is a stationary Markov
process. 0

Corollary 3.2.5. Suppose p: F' - Aut(M, ) is a representation with o, = p(gm), for
m € Nyg. Then the quadruple (/\/l,w,ozm,/\/ln) 18 a bilateral stationary Markov process
for any 0 <m<n < oo.

Proof. Consider the representation py, ,, := poshy, ,: F' = Aut(M, ¢) where sh,, ,, denotes
the (m,n)-partial shift as introduced in Definition [2.1.1 We observe that p,,,(g0) =
p(gm) and pm, . (gx) = p(gn+r) for all k> 1. In particular we get

mMpm,n(gk) — mMp(gkm) — ﬂ MPLar) =M,,.

k>1 k21 k2n+1
Thus Corollary applies for the (m, n)-shifted representation p,, ,, and its applica-
tion completes the proof. O

Corollary 3.2.6. Suppose p: F' - Aut(M, 1)) is a generating representation. Then the
quadruple (M,w,ozm,./\/lo‘nﬂ) s a bilateral stationary Markov process for any 0 <'m <
n < oo.
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Proof. 1f the representation p is generating, then Men+1 = M,,. Hence the result follows
by Corollary [3.2.5] O

Theorem 3.2.7. Let the probability space (M, 1)) be equipped with the representation
p: F' > Aut(M, ) and the local filtration As = {Ar}rez(zy, where Ar = Ve p(g5)(Ao)
for some 1-conditioned von Neumann subalgebra Ay of My = N1 MPYR) . Further
suppose the inclusions

Mp(gk+1) c M

U @]
Ajor] € A

form a commuting square for every k > 0. Then each cell in the following infinite
triangular array of inclusions is a commuting square:

€ A2 € Afw-1] € Arowo € Arowa] © Arowp] € 0 € Ao

U @] ] U U U
¥ ¥ ¥ ¥ U ¥
Ao © Ao © Ao © Agn] © Aag) © 0 € Alsw)
U ] U U U
-/4[—1,—1] c A[—1,0] c -A[—l,l] c A[—1,2] c - C A[—1,oo)

@] U U U
Apo; ¢ Apap € Apg € o Ao
U U U

Apap ¢ Apgp © ¢ A

@) U

Apgy € - Apc

In particular, A, is a local Markov filtration.

Proof. All claimed inclusions in the triangular array are clear from the definition of
Apmn). We recall from Proposition m that af(Ag) ¢ M1 for k < n. Hence
Apmn) € Menst for all m < n. Next we show that, for —oo < m < n < oo, the cell of
inclusions
A[m,n] c A[m,n+1]
U U

A[m+1,n] c A[m+1,n+1]
forms a commuting square. So, as P; denotes the normal -preserving conditional
expectation from M onto A;, we need to show
P[m,n]P[m+l,n+l] = P[m+1,n]'

As af Prag™ = Pr.p, for all m € Z, it suffices to show that, for all n € N,
PlonPini1) = Pl

or, equivalently,
Pionjc0Pon) = aoPlon-1]-
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We calculate

Il
faw e [iia v e

Pronja0Po,n) = Plon)@ni100 P00
0,110 &7 P[0,n]
100Qn Plo,00) Plo,n]

o,n]OéoP[o,n—l] P[o,n]

3

0,

0,n] % F0,n-1]

I
e

0Po,n-1]-
Here we have used Pjon)] = Pjon@n+1, the intertwining properties of ag and the

commuting square assumption Qo) = Pon-1]- Thus each cell of inclusions in this
triangular array forms a commuting square. 0

More generally, we may consider a probability space which is equipped both with
a local filtration and a representation of the Thompson group F, and formulate com-
patiblity conditions between the local filtration and the representation such that one
obtains rich commuting square structures.

Corollary 3.2.8. Suppose the probability space (M, 1)) is equipped with a local filtration
N, = {NI}IEZ(Z) and a representation p: F' - Aut(M, ) such that

(i) p(90)(N7) = Nps1 for all I € Z(Z) (compatibility),
(i) Nion) € MPOn1) for all n e Ny (adaptedness),
(i1i) the inclusions

MPgre1) M

U U
Now € Noe)
form a commuting square for all k € Ny.
Then each cell in the following infinite triangular array of inclusions is a commuting
square:

c M—oo,—Z] c N(—oo;l] c N(—oo,O] c -/V’(—oo,l] c N(—oo72] c = C N(—oo,oo)

U U U ] U U
¥ N ¥ U ¥ ¥
Niga) © Negp © Moo © Neap € NMaggp © € N
U U ] U U
Ny € Mo © Moy © Mag © € Mow

U @] U @] .
Mooy © MNoip © Moz © = © Ny
] U U
NMigp € Nugp ¢ = © Miw
U U
Npgp € = Nae

(@]

In particular, N, is a local Markov filtration.
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Proof. Let P; be the normal v-preserving conditional expectation onto N;. Let a;, =
p(gn) and @,, be the normal 1-preserving conditional expectation onto M as before.
We observe that N = Mg o) ¢ M by the adaptedness condition (ii). This adaptedness
property also gives us N ,,) ¢ M+ and thus Py ,] = Plon)@n+1, for any n e No. The
rest of the proof follows the arguments used in the proof of Theorem [3.2.7] OJ

4. CONSTRUCTIONS OF REPRESENTATIONS OF F' FROM STATIONARY MARKOV
PROCESSES

This section is about how to construct representations of the Thompson group F' as
they arise in noncommutative probability theory. It will be seen that a large class of
bilateral stationary Markov processes in tensor dilation form (see Definition will
give rise to representations of F'. In particular, this will establish that a Markov map on
a probability space (A, ¢) with A a commutative von Neumann algebra can be written
as a compressed represented generator of F'.

4.1. An Illustrative Example. Let (A, ¢) and (C, x) be noncommutative probability
spaces. We have already shown in [KKW20] how to obtain a representation of the
Thompson monoid F* and a unilateral stationary Markov process on

(A®C®0, e x®0).

In general, especially for C finite dimensional, this tensor product model for a non-
commutative probability space is ‘too small’ to accommodate a representation of the
Thompson group F. Also, even though the extension

(A®C®Z,g0®x®z)

suffices to set up a bilateral extension of a unilateral stationary Markov process (see
for example [Ku85, 4.2.2]), it would still be ‘too small’ for canonically extending a
represention of the monoid F'* to one of the group F.

This motivates the following model build on two given noncommutative probability
spaces (A, ¢) and (C, x). Throughout this final section, consider the infinite von Neu-
mann algebraic tensor product with respect to an infinite tensor product state given
by

(M, ) = (A C™%, o ™).
This probability space can be equipped with a representation of the Thompson group
F. Also it can be used to set up a bilateral noncommutative Bernoulli shift and,
more generally, a bilateral stationary noncommutative Markov process. We start with
providing a representation of the Thompson group F'.

For k € Ny, let 5; be the automorphisms of M defined on the weak*-total set of finite
elementary tensors in M as

T2i+1,j if j =0,
Bo (a ® ( X l’u)) =a® ( 039 ym‘) with — yij = @20 =1,
(iJ)ENg (i’j)eNg xi,j—l lf] > 2

and
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Tij it j<k-1,
: Ti41, if j =k,
/Bk a® ® IL ; =a® ® yi, - Wlth yi’ - 5J ] .
((i,j)el\% J) <(i,j)eNg ]) ’ T2 -1 ifj=k+1,
Tij-1 lf_] >k+1.

for k € N. It is evident from these two definitions that the actions of 5, and [, are
induced from corresponding shifts on the index set NZ, as visualized graphically in
Figure [I]

60 = 61 = ¢
[ ]
[
Ti e
[ ] )
j j
— —

FIGURE 1. Visualization of the action of the automorphisms [y (left)
and /1 (right). Here m denotes an element of A and e denotes an element
of C, and the blue arrows indicate how the automorphisms act as shifts
when considered on the index set N2.

We note that the fixed point algebras M#P and M5 of By and B, are given by,
respectively,

M= A1 @1y @ 15" ® - (4.1.1)
M= A®C® @10 @1, ® - (4.1.2)
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Let By := ﬁal(.A ® ]1?NO ® C® @ E?NO ® ) which can be thought of as the ‘present’
von Neumann subalgebra at time n = 0 of the explicit form

® ® ®

1c 1c 1c
® ® ®
C 1c 1c
® ® ®
1c 1c 1c
® ® ®

A ® C ® lg @ I ®

Proposition 4.1.1. The maps g, = pp(gn) = Pn, with n € Ny, extend multiplicatively
to a representation pg:F — Aut(M, ) which has the generating property. Further,
(M, 9, Bo, By) is a bilateral noncommutative Bernoulli shift with generator By.

Proof. For 0 < k < £ < oo, the relations Syf¢ = Bey10k are verified in a straightforward
computation on finite elementary tensors. Since ¥ o 3, = 1, the maps g, = pp(gn) =
B extend to a representation of F' in Aut(M,v). The generating property of this
representation will follow from the minimality of the stationary process by Proposition
. Indeed, let B; := Vi Bi(Bo) for I € I(Z) and note that By = By. Clearly
Bz = M, hence the stationary process (M,v, 5y, By) is minimal. We are left to show
that this minimal stationary process is a bilateral noncommutative Bernoulli shift.
Clearly, MPBo c By. We are left to verify the factorization

Qo(ry) = Qo(2)Qo(y)

for any x € By, y € By whenever InJ = @. Here () is the y-preserving normal conditional
expectation from M onto M#?0 which is of the tensor type

Qo CL®( ® xi,j) :a®< ® X(xi’j):ﬂ_c)
(1,4)eN3 (4,5)eNg

for finite elementary tensors in M. Now the required factorization easily follows by

observing that distinct powers of the ‘time evolution’ 3y send elements of Bj to elements

which are supported by disjoint index sets in NZ. O

To obtain more general representations of the Thompson group F, we can further
‘perturb’ the automorphisms (,. Here we focus on a very particular case of such
perturbations, as it will turn out to be useful when constructing representations of F'
from bilateral stationary noncommutative Markov processes.

Given an automorphism v € Aut(A®C,p® x), let 79 € Aut(M, 1)) denote its natural
extension such that

Y (a@( ® xm)):V(a@%o)@( ® xw)

(4,5)€NG (4,4)eNg~{(0,0)}
Furthermore, let
ag =Y © o, oy, =3y, (n21)'
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Proposition 4.1.2. The maps g, = pa(gn) = an, with n € Ny, extend multiplicatively
to a representation py: F' — Aut(M, ) which has the generating property. Further, the
quadruple (M, 1, ag, M) is a bilateral noncommutative stationary Markov process.

Proof. For 1 <k </, the relations agoy = oy are those of the §,-s from Proposition
4.1.1. The relations agay = a1 for [ > 0 are verified on finite elementary tensors by
a straightforward computation. Similar arguments as used in the proof of Proposition
ensure that the maps g, = pa(9n) = @, extend multiplicatively to a representation
pu: F — Aut(M, ). Tts generating property is again immediate from the minimality of
the stationary process by Proposition [3.2.2, Finally, the Markovianity of the bilateral
stationary process (M, 1, ap, M) follows from Corollary . 0

Given the stationary Markov process (M, v, ap, M) (from Proposition , a
restriction of the generating algebra Mt to a von Neumann subalgebra 4, provides
a candidate for another stationary Markov process. Viewing the Markov shift oy as
a ‘perturbation’ of the Bernoulli shift 3y, the subalgebra A, = M#P is an interesting
choice.

Proposition 4.1.3. The quadruple (M, ¥, ag, MP0) is a bilateral noncommutative sta-
tionary Markov process.

Proof. We recall from (4.1.1)) that
MP = A1 @1, @10 ® .

Let P; denote the t-preserving normal conditional expectation from M onto A; :=
Vier ady(MPo) for an interval I c Z. By Lemma , it suffices to verify the Markov
property

Pl-00,0170,00) = Ho,0)-
For this purpose we use the von Neumann subalgebra

® ® ®

DO = ]1(? ]10 ]lc
® ® ®

A ® C © 1l 8 1 ®

and the tensor shift 3y to generate the ‘past algebra’ D. := V. 5i(Dy) and the ‘future
algebra’ D, := V50 85(Do). One has the inclusions

A(foo,(]] c D<7 A[O,oo) c DZa D< N DZ = Mﬁo

Here we used for the first inclusion that ag = 90 8y and thus o' = S51o75!. The second
inclusion is immediate from the definitions of the von Neumann algebras. Finally, the
claimed intersection property is readily deduced from the underlying tensor product
structure. Let Ep_ and Ep, denote the 1)-preserving normal conditional expectations
from M onto D. and D;, respectively. We observe that Ep_Ep, = P ) is immediately
deduced from the tensor product structure of the probability space (M,). But this
allows us to compute

P_00.01P0,00) = P(=0,01ED. EDy Pi0,00) = P(=00,01F70,01F[0,00) = Pl0,0]-
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O

Remark 4.1.4. The above constructed bilateral noncommutative stationary Markov
process (M, 1, ag, MP0) is not minimal, as the von Neumann algebra generated by
ap(M#m) for all n € Z is clearly contained in the subalgebra

®

C 1c 1c
® ® ®
C 1c 1c
® ® ®
c 1c 1c
® ® ®

Ao C & C ® C ®

This subalgebra is invariant under the action of ag = p(go), but it fails to be invariant
under the action of oy = p(g;). This illustrates that the von Neumann algebra of a
bilateral stationary Markov process may be ‘too small’ to carry a representation of the
Thompson group F' such that its Markov shift represents the generator gg € F'.

4.2. Constructions of Representations of F from stationary Markov pro-
cesses. The following theorem uses the tensor product construction of the present
section to show that automorphisms on tensor products give representations of F' such
that the compressed automorphism is equal to a compressed represented generator.

Throughout this subsection we will use the following notion of an embedding for
two noncommutative probability spaces (A, ¢) and (M,v). An embedding v: (A, ¢) -
(M, ) is a (p,1)-Markov map ¢: A - M which is also a *-homomorphism. Further-
more, recall the notion of a dilation of first order from Definition [2.4.4]

Theorem 4.2.1. Suppose v € Aut(A®C, p®x) and let 1y be the canonical embedding of
(A, @) into (A®C,p®x). Then there exists a noncommutative probability space (M,1)),
generating representations pg, pyr: F' = Aut(M, ) and an embedding k: (A®C, p®x) —
(M, ) such that

(2) ’{LO(A) = MPB(QO)’

(11) 1§y = 5 par(gy ) ko for all n e Ny.
In particular, (M, 1, par(go), MPB90)) is a bilateral noncommutative stationary Markov
process.

Proof. We take
(M, 9) = (A ™8, p e ™)

and let x be the natural embedding of (A ® C,¢ ® x) into (M,1)). We construct
two representations of the Thompson group F' as done for the illustrative example in
Subsection [£.1] That is, we define the representation pg: F' - Aut(M, ) as pp(gn) =
B for n > 0 (see Proposition and the representation py;: F' - Aut(M, ) as
prm(gn) = a, with ag = 790 By and a,, = B, for n > 1 (see Proposition . The
generating property of these two representations pp and pj; has already been verified
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in Propositions and [L.1.1] We recall from Subsection [L.] that 7o is the natural
extension of v to an automorphism on (M, 1)) which is easily seen to satisfy

Ky kLo =" o, (n eNp). (4.2.1)
Note that for the case n =1, the left hand side of this equation can be written as

K Yokty = K Yo Bkt = K*agklLg. (4.2.2)

Now Proposition ensures that (M,v, ag, M) is a bilateral noncommutative
stationary Markov process with rig(A) = M5, as claimed in (i) of the theorem. We
note that kug(kig)* is the -preserving normal conditional expectation from M onto
MPbo = r15(A), and by definition, the stationary Markov process (M, ), g, MP0) has
the transition operator

T := kio(Keo)  aokto(KLg)™.

We observe that (4.2.1]) and (4.2.2)) allow us to rewrite 1" as follows:
T = Kio(KLo)  agkto(KLg)™ (4.2.3)

= Koty (K apkitg) (Keg)™

= Koty (K* Yokt gk
= KoLy YloloR”
On the other hand, Proposition [2.4.8| gives that T satisfies
T" = k(Ko ) af ko (kL) ™, (n e Np). (4.2.4)

Hence by (4.2.3) and (4.2.4),
(rtot5)7" (ko)™ = [(Keotg)y(ktorg) 1"
=T" = kio(KLo)*afkeo(keo)*.
Simplifying, we get
15y o = LR  af Kig (n eNp),
as claimed in (ii) of the theorem. 0J

This result builds on an observation related to the existence of Markov dilations
already made by Kiimmerer in [Kii85, Theorem 4.2.1]: if a p-Markov map R on A has
a tensor dilation of first order (A ®C,» ® x,7, o), then this implies the existence of a
(Markov) dilation on the noncommutative probability space (A ® C®z, o ® x®z). Here
we have utilized this fact and amplified further the dilation to the noncommutative
probability space (M,¢) = (A ® C®N(2J,go ® X®N3), such that a representation of the
Thompson group F' can be accommodated.

4.3. The Classical Case. We state a result of Kiimmerer that provides a tensor di-
lation of any Markov map on a commutative von Neumann algebra. This will allow us
to obtain a representation of F' as in Theorem [4.2.1

Notation 4.3.1. The (non)commutative probability space (L£,try) is given by the
Lebesgue space of essentially bounded functions £ := L= ([0,1],\) and try := f[0,1] -d\
as the faithful normal state on £. Here A\ denotes the Lebesgue measure on the unit
interval [0,1] c R.
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Theorem 4.3.2 ([Kii86, 4.4.2]). Let R be a w-Markov map on A, where A is a com-
mutative von Neumann algebra with separable predual. Then there exists v € Aut(A®
L, p®try) such that (A® L, p ®try,7,to) is a Markov (tensor) dilation of R. That is,
(AR L, p®try,v, A® 1) is a stationary Markov process, and for all n € Ny,

mn _ * n
R" = 159",

where tg: (A, ) > (A® L, p®try) denotes the canonical embedding 1o(a) =a® 1, such
that Ey = 190 1 is the ¢ ® try-preserving normal conditional expectation from A® L
onto A®1,.

A proof of this result on bilateral commutative stationary Markov processes is con-
tained in [Kii86]. For the convenience of the reader, this proof is made available in
[KKW20], with minor modifications to the unilateral setting of such processes. This
folkore result ensures that, in particular, every transition operator of a commutative sta-
tionary Markov process has a dilation of first order, which was the starting assumption
of Theorem [£.2.1] Consequently, we can associate to each classical bilateral stationary
Markov process a representation of the Thompson group F.

Theorem 4.3.3. Let (A, @) be a noncommutative probability space where A is com-
mutative with separable predual, and let R be a p-Markov map on A. There exists a
probability space (M,1)), generating representations pg, par: F - Aut(M, ), and an
embedding 1: (A, p) - (M, ) such that

(i) t(A) = Mr5(g0)
(1) R™ = v*ppr (g8 )e for all me Ny.

Proof. By Theorem [1.3.2] there exists v € Aut(A® £, ® try) such that (4® L, ®
try, 7, A® 1z) is a stationary Markov process, and R"™ = 1§ v™u, for all n € Ny, where
to: (A, p) > (A® L, p ®try) denotes the canonical embedding to(a) =a® 1.

By Theorem , there exists a probability space (M, 1)), generating representations
pg,par: F =~ Aut(M, 1)), and an embedding r:(A® L,o ® x) — (M,)) such that
K(A® 1) = Mr0) and 1iy™ iy = 1 k* par (g )kio for all n € Ng. The proof is completed
by taking ¢ := K o 1o, as we get

R™ = 157"
=15k pa (g8 ko = L par (9o )t (n e Np).
U

4.4. Further Discussion of the Classical Case. We illustrate Theorem [4.3.3] for
a classical stationary Markov process taking values in the finite set [d] := {1,2,...,d}
for some d > 2, adapting the classical construction of such processes to our algebraic
approach.

Consider the unital *-algebra A := C4 = { f:[d] = C}. Then ¢(f) = Y%, ¢;f (i) defines
a faithful (normal tracial) state ¢ on A if and only if X%, ¢; = 1 and 0 < ¢; < 1 for all
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1 <i<d. Now consider the transition operator R: A — A given by the matrix

P11 P12 - DPid
L

Pda1 Pd2 - Pdd
for some p; ; € [0,1] satisfying Z?:lpi,j =1forallt=1,...,d. One easily verifies that

d
poR=p <+— Z%’pi,j =q; forall 1<j<d (Stationarity).
i1

The usual Daniell-Kolmogorov construction of a stationary Markov process can now be
algebraically reformulated as follows. Here we closely follow the exposition provided in
[K1i86]. A state @ is defined on the infinite algebraic tensor product ®z.A by

P ®1AS [ ® [ i1 @8 fr1© [ @T4® )

= (Lo R(Fomt RC-Fu RU)-)) ).

This state @ extends to a faithful normal state @ on the von Neumann algebraic tensor
product A := @ A such that (4, ) is a noncommutative probability space (in the sense
of Subsection [2.2). Furthermore, the tensor right shift on ®zA extends to an auto-
morphism A of (A, 7). Finally, let Tpx:A - A denote the injection which canonically
embeds f € A into the 0-th position of the infinite tensor product A = ®;A. Then it
can be verified that (A, 3, T,7px(A)) is a minimal stationary Markov process (in the
sense of Definition [2.4.2).

However, the Daniell-Kolmogorov construction does not seem to accommodate a rep-
resentation 7t F' - Aut(A, §) with p(go) = T which satisfies the additional localization
property Tpg(A) c AP(n) for n > 1. This observation is connected to the well-known
fact that the Daniell-Kolmogorov construction puts all information about a stochastic
process into the state @, while the automorphism T is simply implemented by a bilateral
tensor shift.

Fortunately, Kiimmerer’s approach to the construction of stationary Markov pro-
cesses is more feasible for finding representations of the Thompson group F' with prop-
erties as addressed above. This open dynamical system approach is alternative to the
Daniell-Kolmogorov construction in classical probability; and it is actually independent
of it for finite-set-valued processes. As explained in [Kii86], this alternative approach
provides a construction which puts some information of the stationary Markov process
into the automorphism while simplifying the state (see Theorem [4.3.2). More specifi-
cally, this strategy divides the construction into two steps. One first tries to construct a
dilation of first order, and then one attempts in a second step to extend this first-order
dilation to a full (Markov) dilation (see Subsection[2.4). In fact, as already observed in
Subsection [4.2] this two-step strategy can be further extended to construct a representa-
tion of the Thompson group F which encodes the Markovianity of the given stationary
process. Let us further discuss this alternative construction for a tensor dilation for the
present example (A = C?, ¢) with transition operator R on A. For this purpose, recall
Notation [£.3.1] Similar as done for the case d = 2 in [KKW20, Example 3.4.3] and as
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detailed in [Kii86], one can construct an automorphism v € Aut(A ® L, » ® try) such
that the ¢-Markov map R on 4 has the dilation of first order (A ® L, ¢ ® try,7,t0).
As before, 1y denotes the canonical embedding of (A, ¢) into (A® L, p®try). In other
words, the diagram

(A ) A %)

l” T (4.4.1)

(A9 L, potry) —— (A® L, p®try)
commutes.

Remark 4.4.1. All information about the ¢-Markov map R on A is contained in the
¢ ® try-preserving automorphism v on A ® L. Generally, Az = V,z7"(A® 1) is
strictly contained in A4 ® £. In other words, Theorem [4.3.2] provides a non-minimal
stationary Markov process, in general. Actually, our first step in the construction of a
representation of the Thompson group F' consists in finding a suitable dilation of first
order . Kimmerer’s Theorem guarantees the existence of such dilations.
However, we refrain from further discussing the structure of these dilations of first order,
as this would go beyond the scope of the present paper.

Having arrived at this dilation of first order, several straightforward constructions of
stationary Markov processes are possible. Here we discuss those which are of relevance
for obtaining unilateral and bilateral versions of stationary Markov processes, in par-
ticular with the view of obtaining suitable representations of the Thompson group F|,
and its monoid F'*, as introduced in ([2.1.2]).

A unilateral noncommutative stationary Markov process (M, 1), @, 7(A)) is obtained

by putting (M, @Z) = (A ® L%, p® trfNO ) with @ := 303, where

Bo(f@rp®a,® )= fRl, @1)®@ T ® -,
Fo(forg®@xr;®)=v(f®x)) @11 ® -,
Af)=folrel,®--

for f € A, xg,x1,... € L. This construction was the subject of [KKW20|, as it allows to
introduce the representations pg and py; of the Thompson monoid F* by putting

o5(gr) =B for k>0, (4.4.2)

- ap for k=0
Par(gr) =

A 4.4.3
By fork>0’ (44:3)

with Ek(f QLY® Ty 1 T ®Tp1 @)= [T ® Q1 QL ®x) ®--. It is now
elementary to verify the relations

BiBe = Bra1 B (0<k<l<o0),
O, 0lp = Qlpy1 O, (OSl{<€<OO).
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The choices made in are canonical for the partial shifts [, (see also [EGK17,
KKW20]). The choice made in is also canonical from the dynamical systems
viewpoint of constructing a stationary Markov process as a local perturbation of a
Bernoulli shift. But of course, other choices are possible for pys(gx) for k > 1, respect-
ing the localization property 7(A) c Mpru (o) without violating the relations of the
Thompson monoid F* (see also [KKW2(), Subsection 5.3]). This construction is nicely
illustrated in Figure [2| with actions of injective maps on the set {m} uNy. Here the set
{m} pictures the algebra A (or an element of it), e pictures a copy of the algebra £ (or
an element of it), and disjoint unions of sets correspond to tensor products in the alge-
braic formulation. Now the action of the partial shifts 3y and 3; become injective maps
on the set {m} u Ny which can be visualized by blue arrows. Furthermore, the action
of the local automorphism 7 is visualized by a bijection on {m} LNy which moves only
those elements inside the red ellipse, as indicated in red colour in Figure 2 A similar
visualization is immediate for the actions of Ek for £ > 1. We finally note for Figure
that o visualizes the one-dimensional subalgebra C1, c £ (or its element 1) which
is actually given by the empty set @ on the level of sets. Here we could have omitted
these isomorphic embeddings for our visualization, but these embeddings will guide our
consecutive amplifications, in particular as relevant for canonically constructing repre-
sentations of F'. As it can be clearly seen in Figure 2| the set {m} uNj is invariant for
the injections which visualize the actions of B,’s and Yo-

o o o o
11 o o o 0 .- 1 o o o 0 -
° o o o - o o o o
o—So——e ] ° o— So—e
Yo Bo B
i J
ER ER

FIGURE 2. Visualization on the set {m} U Ny of the action of the one-
sided Bernoulli shift 3y (blue, left), and the local automorphism 7y (red,
left) and the action of the one-sided Bernoulli shift 5; (blue, right).

Next we extend the unilateral stationary Markov process (M., @, 7(A)) to the
bilateral stationary Markov process (M, ¥, @y, 7(A)) by putting (M, ) := (A®L’®Z, ol
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tlrfZ ) with @ := ’7‘030, where

Zo T
Bl ez 8@ |eor@|=01,.0] ® |®20® -,
f f
o Zo
TWole0r i 0|le|er @ |=-02_ 108y ®|®r &,
f f
Ie
T(f) =1, 9| ® |®1,Q-
f
for fe A, ...,x_1,x0,21,... € L. Considering the automorphism @, as a canonical
bilateral extension of the endomorphism @y, we are interested in identifying bilateral
extensions of the other endomorphisms &7, @s,... to automorphisms of (/T/l\, {b\), now

satisfying the relations of the Thompson group F. But this seems to be impossible,
as (/W, {b\) provides ‘too little space’ for accommodating such automorphisms. This
is illustrated in Figure |3| again on the level of the set {m} U Z, when visualized as an
appropriate subset of {m} UN2. Note that we have made a particular choice of how
to embed {m} UZ into {m} UN2, and there are many other interesting possibilities for
choosing such an embedding.

\‘ fe) o) O e ° o (¢] O -
o o [e) O +oe (e] (@] o O -
[0} o (e} QO eo- o [e} le) O +oe
11 o o o 0 -e- 11 o o o O en
® o le) O +oe [ ] (@] o O -
<(j o [e) O +os o (@] [¢] O ---
® o o) O +os [ ] (@] [¢] O -
@'—h_% B e e——e——e
~ z b
o Bo
J
7 d
—>

FIGURE 3. Visualization on the set {m}UZ of the action of the two-sided
Bernoulli shift B, and the local automorphism 7o and of the ‘inability’ to
extend /3, from {m}uN; to an automorphism 5, on {m}UZ such that the
relations of F' are satisfied.
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_This challenge to provide sufficient space for properly extending all partial shifts
{Br | k >0} c(M,p) is overcome by choosing

(M, 1) = (A ®L %y trng )

with the canonical embedding ¢: (A, p) - (M,1) given by v(a) = a® (®(i’j)eNg ]]_L).
This approach has already been detailed in the illustrative example of Subsection

For the convenience of the reader, let us repeat how the partial shifts Bk and the local
automorphism 7y on M are extended to automorphisms on M:

T2i+1,5 if =0,
Bo (a ® ( ® a:”)) =a® ( ® yi’j) with Yij =\ T2ij-1 if j=1,

(4,5)eN2 (4,4)eN2 Zij1 if 22,
and, for k e N,
Tij if j<k-1,
i1, if j =k,
B a®( ® x”) :=a®< 0y yi,j) with ;= T2i+1 1 J
(4,5)eNg (i,5)eNZ T2 j-1 if j=k+1,
Ti -1 1f] >k+1.

Furthermore, the local perturbation v € Aut(A, £) is amplified to

Y (a@( ® .ZUZ'J)):’Y(G@:EOO)@( ® xw)

(4,5)eNg (4,3)eNg~{(0,0)}

We refer the reader to Figure |4] for a visualization of the action of the two-sided shifts
Bo, 81 and the action of the local automorphism ~y.
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J
—

FIGURE 4. Visualization on the set {m} uNZ of the action of the two-

sided Bernoulli shift Sy, the local automorphism ~,, and the two-sided
Bernoulli shift ;.

We address {3 | k> 0} as a canonical extension of the family {5 | k> 0}. Of course,
there are many other interesting possibilities to arrive at suitable extensions. Now the
multiplicative extension of the automorphisms

PB(gk) = Bk for k > 07 (446)

( )._ Oéoi=’}/0ﬁ0 for k=0
PMAGe) = ap:=pF, fork>0’

provides us with two representations pg, pa: F' — Aut(M, ), as it is elementary to
verify the relations

(4.4.7)

BrBe = Bes1 Pk (0 <k<l< OO), (448)
Oy = 01O (0 <k<il< OO) (449)
Note that fails to be valid for k = ¢, in contrast to the relations for the partial
shifts B in (4.4.4). We have already verified in Proposition that (M, 9, ag, t(A))
is a bilateral noncommutative Markov process.
The above discussion has provided additional background information on the ideas
underlying Theorem and on its proof strategy.
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